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Measurement of the g Factor of Free, High-Energy Electrons* 
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Harrison M. Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 


(Received August 17, 1960) 


100-kev electrons in 0.1-usec bunches are sent into a gold foil. 
The part of the electron bunch which is scattered at right angles, 
and which, consequently, is partially polarized, is trapped in a 
magnetic field and held for a measured length of time (up to 
300 usec). The bunch is then released from the trap and allowed to 
strike a second gold foil. Counters receive the electrons scattered 
at plus and minus approximately 90°. The cycle is repeated 1000 
times per sec. The asymmetry in intensity in the two directions 
depends upon the final direction of polarization. A plot of the 
intensity asymmetry vs trapping duration is a cosine curve, whose 
frequency is the difference between the orbital frequency and the 
spin precession frequency. This is related to the g factor as follows: 


I. INTRODUCTION 


HE research to be described in this report is a 
continuation of a program which was started 
many years ago. At that time Louisell, Pidd, and Crane! 
undertook to measure experimentally the gyromagnetic 
ratio of the free electron by means of a modification 
of the Mott double-scattering scheme, in which the 
electrons were made to precess in a magnetic field be- 
tween the first (polarizing) scatterer and the second 
(analyzing) scatterer. A result which agreed with the 
value known from experiments on bound electrons to 
within the rather wide limits of their experimental error 
(+4%) was obtained. In the paper in which the experi- 
ment was reported,! a review of the theoretical and ex- 
perimental developments relating to the g factor anom- 
aly in bound electrons as well as descriptions of the 
earlier attempts to measure the g factor of the free 
electron were given. Therefore, we shall refer to the 
article mentioned without repeating the discussion of 
the background material. It will, however, facilitate the 
* This work was supported by the U. 

Commission. 
t Now at General Atomic Corporation, LaJolla, California. 


‘ W. H. Louisell, R. W. Pidd, and H. R. Crane, Phys. Rev. 94, 
7 (1954). 
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wpmoc/Be=a, where g is 2(1+a). Thus the “anomaly,” a, is 
measured directly. The determination of B presents some diffi- 
culty because the field must be slightly nonuniform in order to 
trap the electrons. The spatial variation in B from the center of 
the trap to the ends is only 0.3%, and the time average of B 
which applies to the trapped electrons is evaluated to 0.1%. 
Measurements made at other electron energies, down to 50 kev, 
showed a slight dependence of a upon energy. The dependence is 
attributed to electrostatic charges on the surfaces in the trapping 
region. The final standard error quoted is, however, purposely 
made large enough so that the variation of @ with energy is brack- 
etted. The result is a=0.0011609+0.0000024. 


‘ 
description of the present experimental method if we 
recapitulate the features of the method used by Louisell 
et al. 

An electron beam (420 kev) enters a long (30-ft) 
solenoid in the plane perpendicular to the axis, as shown 
in Fig. 1, and is scattered by a thin gold foil. The elec- 
trons which are scattered through 90° are moving paral- 
lel to the magnetic field and are, according to the Mott? 
theory, partially polarized in the direction perpendicular 
to the direction of motion (axis of the solenoid) and to 
the direction of the incident beam. At the other end of 
the solenoid the beam is scattered by a second gold foil 
into two oppositely place counters, as shown. Again 
in accordance with the Mott theory, if the beam incident 
on the second scatterer is polarized there will be an 
asymmetry in intensity in the two counters and it will 
be maximum when the line connecting the two counters 
is normal to the plane of polarization. By plotting the 
intensity ratio in the counters through 360 deg of rota- 
tion of the head, the plane of polarization is determined. 
The amount of rotation of the plane of polarization 
which occurs between the scatterers, together with the 
value of the magnetic field and other constants, gives 
the g factor. For this purpose the formula of Mendlo- 


2.N. F. Mott, Proc. Roy. Soc. (London) A124, 425 (1929). 
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witz and Case® for a beam of Dirac electrons applies. 
It is, for a beam moving parallel to the magnetic field, 
w,= g(eB/2myc) (1—8?), where w, is the angular velocity 
of the rotation of the plane of polarization. 

The experiment just described was limited in accuracy 
by the small number (5) of cycles of rotation of the 
plane of polarization that could be observed in the 
length of path available. Therefore, a modification in 
the geometrical arrangement was devised,‘ which is the 
basis of the experiment to be described. 

As shown in Fig. 2, the beam, before impinging upon 
the first scatterer, is parallel to the magnetic field. 
Electrons which are scattered at about 90 deg follow 
a helix of small pitch. At the second foil, electrons which 
are scattered at 90 deg move parallel to the magnetic 
field, to the right or left. After the first scattering, the 
direction of polarization is along the radius of the helix, 
as indicated in the sketch. At the second scattering, 
radial polarization results in an intensity asymmetry 
in the two directions parallel to the magnetic field. 

If the g factor were exactly 2, the angular velocities of 
the precession and of the orbital rotation (“cyclotron” 
rotation) would be identical. In that case the polariza- 
tion would remain fixed relative to the radius. But since 
the g factor is expected to differ from 2 by about 0.1% 
the direction of polarization with respect to the radius 
is expected to rotate with an angular velocity which is 
the difference between the angular velocities of the 
spin precession and orbital motion. The following 
formulas’ give the pertinent angular velocities. It should 


Counter #| | Counter #2 


~~ 


———i> 


B 


Fic. 2. Schematic diagram of the geometrical relations of gun, 
scattering foils, counters, and magnetic field, in the present 
experiment. 


3H. Mendlowitz and K. M. Case, Phys. Rev. 97, 33 (1955); H. 
Mendlowitz, thesis, University of Michigan (unpublished). 

4H. R. Crane, R. W. Pidd, and W. H. Louisell, Phys. Rev. 91, 
475 (1953). 


Fic. 1. Schematic diagram of the 
first apparatus for the measure- 
ment of the rotation of the plane 
of polarization of an electron beam 
in a magnetic field. The arrows 
indicate the change in the polari- 
zation along the path followed by 
the electrons. 


be noted that the spin precession angular velocity for 
the case in which the velocity is perpendicular to mag- 
netic field (present case) is different from that for the 
case of the velocity parallel to the magnetic field (as in 
Fig. 1). 


wWe=wo(1—f*)!, 


a 


w= ea + 


|a—e v1 B 
(1—,?)! 


w,=wo(1+a)(1—67)',  o||B. 


wo is the “zero energy” cyclotron angular velocity 
eB/moc, and a is the “anomaly” in the g factor, defined 
by g=2(1+<a). 

The one further feature of the new experimental 
scheme is that the magnetic field is modified slightly 
into a “betatron shape,” such as to make it possible 
to trap some electrons and hold them for an arbitrarily 
long (and measured) time before letting them strike 
the second scattering foil. If electrons are so trapped, 
and if the ratio of the intensities in the two counters 
is plotted against the duration of trapping, a curve 
having a sinusoidal modulation of frequency (w,—w,)/2m 
=wp/2mr sec will be expected. The g-factor anomaly, 
a, is then obtained directly, according to the foregoing 
formulas, as d=wp/wo. Since a is only about 0.001, a 
measurement of a to a part in a thousand is equivalent 
to a measurement of the g factor to a part in a million. 
The only fact that mars this simple relationship is that 
the trapping process requires the use of a slightly 
inhomogeneous magnetic field, and since wo is a function 
of the magnetic field B, it becomes necessary to evaluate 
the time average of B as experienced by the electrons 
in the trap. The method of treating this point will be 
described later. 

An important advantage of the new method comes 
from the fact that injection and counting are separated 
in time. Consequently no background is caused by the 
electron gun or the primary beam. 


Il. APPARATUS 
General Layout 


A scale drawing of the essential structure of the ap- 
paratus is shown in Fig. 3. An aluminum pipe 12 in. 
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Fic. 3. Drawing of the 
entire vacuum chamber, 
including the inner parts 


TARGET 


in diameter and 19 ft long serves as the vacuum chamber 
and also as the form for the solenoid. At each end there 
is an aluminum box, in the form of a cube equipped with 
several manholes and windows. The high-voltage gun 
is built into one of these boxes. The other box serves 
little purpose for the g-factor experiment, but it was 
used for a parallel experiment.’ A 6-in. oil diffusion 
pump with refrigerated trap is attached to the bottom 
of each box. All of the parts which are inside the sole- 
noid can be pulled out in two intact assemblies: One of 
these is built on a central pipe, 2 in. in diameter and 
nearly 12 ft long. It can be pulled out through a man- 
hole in the box at the right-hand end, through an ap- 
propriately placed hole in the wall of the room, and into 
the adjoining room. It is provided with wheels and nylon 
skids, which move along a pair of rails on the inside 
wall of the solenoid pipe. At the other end a sleeve, 
40 in. long, which just fits inside the solenoid pipe is 
integral with the box. The gun parts are built into this 
sleeve. The box and sleeve therefore carry the entire 
gun assembly including the high-voltage accelerating 
tube. The assembly can be moved out of the solenoid 
pipe by the aid of a trolly which runs on the ceiling 
of the room. 


High-Voltage Supply 


A doubling circuit is used which gives voltages to 120 
kilovolts. For regulation a signal is taken from the 
precision resistor used for the voltmeter. This is con- 
verted to ac by an electronic chopper, amplified and 
rectified. The resulting dc is used in a saturating re- 
actor control in the primary circuit of the high-voltage 
transformer. This stabilizes the slow variations in the 


5D. F. Nelson and R. W. Pidd, Phys. Rev. 114, 728 (1959). 














to +1%. Rectifier 
ripple and spikes due to corona discharges are suppressed 
to within +2% by the capacitance across the output. 


high voltage (0.1 second or longer 


Electron Gun 


The electron gun produces a pulsed beam of approxi- 
mately 100-ma peak current, about 0.1 usec duration, 
at a repetition rate of 1 kc/sec. The emitter is a flat 
spiral of tungsten. This is mounted in a water-cooled 
cup 1 in. in diameter and 1} in. deep as shown in the 
detail of Fig. 3. The cathode assembly is placed inside, 
and insulated from, the high-voltage electrodes of the 
gun. The latter is machined from a section of 2-in. 
diameter aluminum pipe. The electrode is supported 
on glass legs at one end, and from the top of a 16-in. 
diameter glass cylinder at the other end. The top of the 
glass cylinder and the gun are at approximately — 100 
kv. The assembly can be seen in Fig. 3. 

The cathode cup is normally at +500 v with respect 
to the high-voltage electrode, which is sufficient to cut 
off the electron current. To produce a burst of electrons 
a negative 3000-v pulse, 0.13 usec wide, generated by 
a thyratron pulser is applied to the cathode assembly. 
The average beam current is measured by placing a 
collector cup in the path. From this value, and the pulse 
length and the repetition rate, the instantaneous current 
is calculated. 


Beam Deflection and Focusing Coils 


The first scatterer on which the beam must be fo- 
cussed is about 50 in. in front of the gun. Partial focusing 
is provided by the main solenoid field, but an additional, 
controllable, focusing field is needed. This is provided 
by a small solenoid 10 in. long and 2 in. in diameter. 
In order to center the beam spot on the polarizer target, 
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horizontal and vertical deflection coils are also provided. 
These consist of two pairs of rectangular, coils 3} in. 
wide and 8 in. long. The three sets of coils are located 
in a vacuum-tight box just in front of the gun shown in 
Fig. 3, and are supplied with regulated current. When 
adjusted for typical conditions, the stray field these 
coils produce in the trapping region, which is 80 in. 
away, is negligible. 


Polarizer Assembly 


The targets are mounted on a wheel which is movable 
from outside the vacuum system. There are four posi- 
tions: a gold polarizer target which produces the polar- 
ized beam, an aluminum target which produces an 
unpolarized beam necessary for studying possible spur- 
ious instrumental asymmetries, a blank target holder 
used to study hackground counting rates, and a col- 
lector cup used to monitor the beam intensity. The in- 
coming beam is defined by a round hole in a diaphragm 
ahead of the target position, so that electrons strike 
only the foil. The position of the polarizer assembly can 
be seen in Fig. 3. 


Solenoid 


The selenoid is wound on a form made from two 10-ft 
pieces of 12-in. i.d., 3-in. wall aluminum pipe, which 
also serves as the vacuum chamber. The winding con- 


sists of four layers of No. 10 B. and S. gauge Formvar- 
insulated copper wire, close-wound, connected in series. 
The field at the center is approximately 117 gauss at 
6 amperes. Regulation is accomplished by passing the 
solenoid current through a bank of 48 power triodes 
(6AS7’s) connected in parallel. The triodes are con- 
trolled by the output of a high-gain dc difference ampli- 
fier whose imput voltages are a reference voltage and a 
voltage proportional to the solenoid current. The latter 
is obtained from a diode that is sensitive to magnetic 
fields (G.E. 2B23) placed in an auxiliary coil which is 
in series with the solenoid. The plate voltage of this 
diode is used as an input signal for the difference ampli- 
fier. The regulator reduces ripple to less than 0.1% and 
the slow drift to less than 0.05%/hr. 

The current in the selenoid is set according to the 
voltage across a standard shunt as read with a precision 
potentiometer. The settings are reproducible to less than 
0.1%. The magnetic field, in terms of these settings, 
is found from measurements with a proton resonance 
device. 


Earth’s Field Correction Coils 


Correction for the earth’s magnetic field (as modified 
by the structural iron of the building) is provided by 
two rectangular coils, each consisting of 30 turns of 
wire in wooden forms 28 ft by 5 ft. The long sides of 
the rectangles and the axis of the solenoid are horizontal, 
parallel to one another and in the north-south magnetic 
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direction. The planes of the rectangles are horizontal ; 
one is below the solenoid and one above. The coils pro- 
duce a vertical field in the trapping space of 0.16 
gauss/ampere, and the current is set so the vertical 
component of the earth’s field is cancelled. The hori- 
zontal component, which is parallel to the solenoid axis, 
adds to the solenoid field and is taken into account in 
the calibrations and calculations. 


Field-Shaping Coil 


The magnetic field is modified slightly so as to pro- 
duce a region having the “betatron form,”’ by means of 
an external coil whose field is opposed to that of the 
solenoid (see Fig. 3). The coil is 18 in. in diameter and 
6 in. wide, and contains 593 turns of No. 30 wire in a 
single layer. The current is regulated by a chopper-type 
circuit. The field produced by the shaping coil, at the 
center of the solenoid, is constant to within +0.001 


gauss. 
Internal Potential Shields 


The capture of the electrons in the trap and their 
release is accomplished by applying a pulsed, axial 
electric field in the trapping region. The trapping pro- 
cedure will be discussed later; here we shall only 
point out the structural features. The potential shields 
consist of three pairs of concentric brass cylinders (A, 
B, and C in Fig. 3) 9} in. and 5? in. in diameter. The 
electron orbits lie between the larger and the smaller 
diameter shields. The inner and outer member of each 
pair are connected together. An axial electric field is 
produced by applying a potential difference between 
one pair and another. 


Analyzer Assembly 


The analyzer assembly consists of a multiple target 
holder and three Geiger counters. The target holder is 
controlled from outside the vacuum chamber. A gold 
foil or an alurninum foil may be lowered into the path 
of the beam, or the beam may be allowed to pass without 
striking a foil. Slits before the target restrict the beam 
to a radial spread of } in. The targets are simply curtains 
of foil which are supported from a point inside the beam 
radius; consequently, there is no possibility of electrons 
being scattered by the target holder. Three Geiger 
counters are used for detecting the scattered beam, two 
at 80° scattering angles, for the measurement of the 
asymmetry, and one at 15° as a monitor of the beam 
intensity. All three are on the “transmission side” of 
the foil. The counters are standard end-window Geiger 
counters, 23 in. long with an inside diameter of 3 in. 
The central wire, 0.005-in. tungsten, is supported at 
one end by a glass insulator and is terminated in a bead. 
The window is 0,00025-in. aluminized Mylar. Each of 
the counters is enclosed in a lead box } in. thick, as a 
shield against the x rays which are due to the stopping 
of the electrons which are scattered at other angles. 
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4. Block diagram of the 
master timing circuit. ’ 
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Control Circuits and Their Operation 


Figure 4 is a block diagram of the control circuits. 
The sequence of events, repeated 1000 times per second, 


1S: 


1. A negative potential of 100 v is applied to shield 
pair B. (A and C are at ground potential.) 

2. The gun is pulsed, emitting a 0.13-ysec bunch of 
electrons. 

3. The potential of shield pair B reduced to ground. 
(This is the change which captures some of the elec- 
trons in the trap. It will be called the capture pulse.) 

4. The Geiger counters are pulsed up to operating 
voltage. 


y 
| 





AMPLIFIER 


! 


CATHODE 
FOLLOWER 


> ‘SCOPE 
TRIGGER 


























+—* EJECTION PULSER 


AND COUNTING GATE 


5. Shield pair A is pulsed to a negative potential. 
(This is the ejection pulse.) 

6. The counting circuit gates 
scalers. 

7. Shield pair A is returned to ground potential. 


are opened to the 


The only timing circuit that is absolute is the one 
which controls the interval between capture and ejec- 
tion. It is shown in block form in Fig. 4. A 1-Mc/sec 
crystal oscillator with an accuracy of 0.01% is followed 
by a shaper that generates both positive and negative 
pulses 0.06 usec wide and 40 v high. The pulses drive 
the first of three scale-of-ten circuits, using the Bur- 
roughs magnetic beam switching tube No. 6700. This 
tube has 10 anodes which receive the beam in succession. 
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Fic. 5. Block diagram 
of the electronic equip- 
ment. 
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An output pulse can be obtained from any anode by 
means of a selector switch. The output from the tenth 
(zero) anode is fed into a coincidence circuit along with 
the pulses from the master oscillator so that the output 
is a pulse in phase with the master oscillator, but delayed 
by 10 usec. This pulse drives another scale-of-ten and 
coincidence circuit, identical to the first, which gives 
an output pulse in phase with the master oscillator but 
delayed by 100 usec. A third stage increases the delay 
to 1000 usec. The adjustable output from each scale- 
of-ten is fed into a fourfold coincidence circuit with the 
master oscillator pulses, and when there is a coincidence 
between all four pulses an output pulse is obtained. 
In this manner, a pulse separated from the pulse of the 
last anode of the last stage by any interval from 0 to 
999 usec, in 1 usec steps is obtained. Half-ysec steps are 
obtained by switching in a fixed } usec delay line ahead 
of the shaper. A mixer circuit mixes the pulses from the 
master oscillator with the zero time pulse and the de- 
layed pulse for monitoring with an oscilloscope. 

The zero time pulse and the delayed pulse, just dis- 
cussed, initiate, respectively, the injection and ejection 
sequences (Fig. 5). The first of these pulses drives a 
thyratron pulser that transmits a signal to circuits which 
are at — 100 kv. There the pulse is reshaped and used to 
drive another thyratron pulser that generates a 0.13 
usec, 4000-v pulse for the gun. This pulse is delayed and 
clipped to 3000 v before reaching the cathode of the 
gun. Successful trapping depends critically upon the 
time relationship between the gun pulse and the re- 
moval of the negative potential on shield pair B (cap- 
ture pulse). The capture pulse is therefore triggered by 
a pulse obtained directly from the gun pulse, through 


PULSER 
© = 


INJECTION 
PULSE 


TO GUN 
CATHODE 
—— - 





-100 KV 
D.C. SUPPLY 
— 











a high-voltage blocking condenser. A 0-1 usec variable 
delay line is used for adjusting the capture pulse with 
respect to the gun pulse. The capture pulse is a 015 usec, 
100-v rectangular pulse with a rise time of 0.03 usec, 
generated by a delay line pulser. 

The second pulse from the timing circuit can be ad- 
justed in time with respect to the first, from 0 to 999.5 
usec. It controls the trapping duration. It turns on the 
counting circuits and the ejection pulser. A variable 
delay line is inserted just ahead of the pulser so that 
the timing of the counting circuits can be varied with 
respect to ejection. 

Counting Circuits 

The counting circuit block diagram is shown as part 
of Fig. 5. The voltage on the Geiger counters is normally 
at a value below the threshold for counting, and is 
pulsed into the counting region about 0.2 usec before 
the beam is ejected. This time is controlled by the vari- 
able delay line just ahead of the ejection pulser. In the 
injection process a large number of electrons which are 
not caught in the trap enter the counters. If the counters 
were continuously at operating voltage, they would dis- 
charge at injection and be “dead” for about 100 psec 
thereafter. Trapping times of less than the dead time 
would not be observable. In the scheme used the high- 
voltage pulse of course appears in the output of the 
Geiger counter, in addition to the pulse due to the 
counting discharge. The former is rejected by an anti- 
coincidence circuit of the cathode follower type which 
receives the output of the counter as well as a signal 
from the high-voltage pulser. The Geiger pulse alone 
is thus obtained, at a low output impedance. These 
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Fic. 6. Total magnetic field. 
The points are values measured by 
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the calculated values. 
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circuits are situated near the Geiger counters, in a 
vacuum-tight box within the solenoid. The outputs are 
fed into a discriminator circuit through a shielded 
balanced line and then shaped. Another gate circuit 
is added to insure that only the pulses that occur during 
a short period of time after the ejection pulse is applied 
are counted. 


III. PROCEDURE OF OPERATION AND 
CALIBRATION 


Trapping 


To explain the trapping process, attention is directed 
to the gap between shield pair A and shield pair B, 
which is in the plane of symmetry of the trapping region 
and of the betatron-shaped magnetic field. A 0.13-ysec 
pulse of electrons enters from the left and strikes the 
first scatterer. The electrons which are scattered in the 
favorable direction (only one in 10° to 10°) pursue 
helical paths of small pitch, progressing to the right and 
across the gap A-B. At the time the bunch crosses the 
gap, the difference of potential is 100 v, in such a 
direction as to reduce the axial momentum of the elec- 
trons (or reduce the pitches of the helices). While the 
bunch is still to the right of the gap, the potential dif- 
ference is reduced to zero. Therefore when the bunch 
recrosses the gap, moving toward the left, the lost 
axial momentum is not regained, and the electrons are 
permanently caught in the trap, which from that time 
on is a purely magnetic one. To spill the electrons out 
at the right-hand end of the trap so that they will 
proceed to the second scatterer, the process is reversed, 
applying a potential difference of opposite sign across 
the gap. 

The first success in trapping the electrons was achieved 
by working with a short trapping time (5 usec) and a 
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high current in the field shaping coil. After the various 
adjustments were optimized under these conditions the 
trapping time was gradually increased and the current 
in the shaping coil decreased. To maintain trapping 
when the field was made nearly uniform it was necessary 


to place, empirically, two small permanent magnets 
in the neighborhood of the apparatus, one near the gun 
and one near the trapping region. By careful adjustment 
of these magnets it was possible to reduce the field of the 
shaping coil to such a value that the change in axial 
magnetic field from median plane to the extremities 
of the trap was only 0.3%, and to hold the electrons in 
the trap for 600 usec. Under the final set of conditions 
used for the experiment, the field contributed in the 
trapping region by the permanent magnets was less 
than one part in 10° of the main field. The slight gradient 
they produce is probably the important effect. 


Magnetic Field 


The magnetic field at the mean radius of the beam 
(9.53 cm) was computed, in axial and radial components, 
both for the solenoid and the shaping coil. The field 
was mapped, experimentally, at the same radius by 
means of a proton resonance device using a sample 
consisting of a 0.1M solution of CuCl, in water. The 
radio-frequency coil and sample were maintained at the 
beam radius, but the azimuthal angle and the axial 
position were varied. The results are shown in Fig. 6. 
Each point is the average of values obtained over a range 
of azimuthal angles. The range of variation with azi- 
muth was less than 0.15%. The resonant frequency 
was found by mixing the oscillator signal from a 500- 
kc/sec crystal oscillator, and measuring the beat fre- 
quency on a calibrated oscilloscope. The earth’s mag- 
netic field is cancelled by the correction coils except for 
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Fic. 7. An experimental test for asymmetry of instrumental origin. An aluminum analyzer was 
used, in order to reduce the polarization asymmetry to a small value. Circles indicate aluminum 


analyzer; squares, gold analyzer. 


the axial component. This component was measured by 
reversing the solenoid field, measuring the field at a 
given point in the solenoid, subtracting this value from 
the value obtained with the normal field direction, and 
taking one-half of the difference. It was found to be 
0.16 gauss, opposed to the solenoid field. 

The values of the two parameters in the calculated 
field, namely the solenoid and shaping coil currents, 
which gave the best fit with the experimental points 
(after correction for the axial component of the earth’s 
field) were then found. They are /(solenoid)=6.2718 
amperes and /(shaping coil)=0.01762 ampere. The 
currents found in this way agreed with the readings of 
the current measuring instruments (shunt and potenti- 
ometer) to within the limits of accuracy of the latter. 
After this calibration was once made the solenoid and 
trapping coils were set according to current, and the 
field (not including the contribution from the earth) 
was assumed to be proportional to current, for purposes 
of shifting to other values of field. The calculated mag- 


netic fields due to the currents in the coils are given in 
full, in Table I, because the relative contributions are 
of interest. 


Trapping Time Scale 


Although the timing circuit generates accurately 
spaced pulses, the actual time of the first scattering 
event with respect to the control pulses, has to be 
determined. By operating the Geiger counters continu- 
ously and by keeping the beam intensity low, the pulses 
which correspond to electrons with large axial mo- 
mentum, which pass through the trap in negligible time, 
can be observed on the oscilloscope in relation to the 
“zero time” pulse from the timing circuit. This measure- 
ment shows that 0.6-£0.05 usec is to be subtracted from 
the times indicates on the timing circuit, to obtain the 
true trapping time. It may be pointed out that this 
“end effect” does not enter into the results when the 
difference frequency is obtained by measuring the num- 
ber of cycles between two finite ejection times. 





NORMALIZED COUNTING RATIO C,/C, 


TABLE I. ( 


Z from 
median 
plane 

(meters) 


0.000 
0.025 
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Fic. 8. An experimental test of the sensitivity of the asyn 
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Solenoid 
I =6.2718 amp 


Axial field 


(gauss) 
117.3900 
117.3893 
117.3886 


117.3880 
117.3874 
117.3855 
117.3836 
117.3808 
117.3780 
117.3746 
117.3711 
117.3665 
117.3617 
117.3570 
117.3523 
117.3385 
117.3228 
117.3027 
117.2789 
117.2507 
117.2174 
117.1741 


Radial field 
(gauss) 


0.0000000 
0.0003061 
0.0006124 


—0.0009185 
—0.0012397 
—0.0015687 
—0.0018979 


—0.0026041 
—0.0033784 
—0,0045584 


—0.0052324 
—0.0063784 
—0.0077315 
—0.0093544 
—0.0122691 
—0.0137855 
—0.0168771 
—0.0208455 
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‘alculated axial and radial components of the magnetic 
field at the mean beam radius, 9.53 cm 


Shaping coil 
I =0.01762 amp 


Axial field 


(gauss) 


—0.32000 
0.28387 
0.22967 


—0,16516 
—0.12129 
—0.08774 
—0.06193 
—0.04387 
—0,.03200 
—0.02479 
—0,01909 
—0.01549 
—0.01238 
—0.00878 
—0.00722 
—0.00516 


Radial field 
(gauss) 


0.0000000 
0.0170324 
0.0340638 
0.0454194 
0.0526450 
0.0541927 
0.0505800 
0.0387091 
0.0273545 
0.0196127 
0.0139359 
0.0103221 
0.0072256 
0.0048510 
0.0034069 
0.0020640 
0.0015488 
0.0010325 
0.0005163 
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metry to several of the parameters of the apparatus. 


Spurious Asymmetries 


Spurious asymmetries may be present after second 
scattering even if there is no Mott asymmetry. A test 
can easily be made. Since true polarization asymmetry 
is appreciable only for high atomic number scatterers, 
an aluminum analyzer target is a convenient tool with 
which to isolate such spurious asymmetries. 

One class of spurious asymmetries is related to the 
geometry of the system: asymmetric scattering angles 
to the counters, asymmetry in the magnetic field, and 
misalignment in the slits, counters and target holders. 
The scattering angle for one of the counters is not quite 
the same as that for the other due to the fact that the 
beam travels in a helix and, therefore, strikes the ana- 
lyzer target at a slight angle. The two counting rates are, 
therefore, different due to the dependence of the scat- 
tering cross section on angle. The angle of incidence 
may not be independent of trapping time for very short 
trapping time, since it depends on the axial momentum 
given the beam on ejection which, in turn, depends on 
the position of the electron bunch at the instant of 
ejection. Results for the aluminum analyzer are shown 
in Fig. 7. For comparison, results obtained under the 
same conditions with a gold analyzer are shown for the 
300 to 305.5 wsec interval. The error flags shown are 
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Fic. 9. Plot of the total radial magnetic field at the orbit radius, 
according to the calculated values in Table I. 


those due to statistical fluctuations in the number of 
counts. The conclusion drawn from these tests is that 
no correction for asymmetries of geometrical origin is 
necessary. 

Another class of asymmetries is related to the adjust- 
ment of the electrical parameters of the system: the 
currents in the solenoid and shaping coil, and the height 
of the pulse used for ejection and the kinetic energy 
of the electron beam. Since these parameters are con- 
stant only within limits, during a run, it is desirable 
to know how critically they affect the asymmetry. To 
this end, runs were made using the aluminum analyzer, 
in which the parameters mentioned were varied individ- 
ually. The results are shown in Fig. 8. From these graphs 
it can be seen that spurious asymmetries of this type 
are small (<0.5%) and are negligible compared to the 
Mott asymmetry. Drifts of this type are slow compared 
to the time necessary to measure the difference fre- 
quency in one of the 5.5-usec sections, so it can cause 
only a gradual shift of the counting ratio, with negligible 
effect on the difference frequency. 


Determination of the Time-Average 
Axial Magnetic Field 
As mentioned earlier, it is necessary to estimate as 
accurately as possible the time average of the axial com- 
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Fic. 10. Effective potential well for 100-kev electrons. 
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ponent of magnetic field which the electron experiences 
while in the trap, in order to compute the value of the 
g factor from the difference frequency. The error as- 
sociated with this estimate is minimized by using a 
field which is as nearly uniform as is possible, consistent 
with holding the electrons in the trap. For all of the 
measurements of difference frequencies, the maximum 
variation in the axial field, from the ends of the trap 
to the center, was only about 0.3°%, as is seen in Fig. 6. 
Thus the entire range corresponds to only about 3 parts 
per million in the g factor. However, we wish to attempt 
a closer estimate. To do so we must describe some of the 
detailed properties of the trap. 

The total radial component of magnetic field at the 
orbit radius, taken from Table I, is shown by the solid 
line in Fig. 9. This applies to the solenoid and shap- 
ing coil settings used in the experiments at the highest 
energy, 100 kev. When lower energy electrons were used, 
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Fic. 11. Period of oscillation vs z amplitude, for a 100-kev 


electron in the trap. 


only the current in the solenoid was reduced ; the current 
in the shaping coil was the same at all times. The total 
radial field does not vary appreciably, because the con- 
tribution from the solenoid is small. The dotted line in 
Fig. 9 shows the total radial field in the case of the 
lowest energy, 50 kev. 

The total velocity of a trapped electron is constant, 
as it moves in a static magnetic field. The maximum 
pitch of the helical motion in the trap is about 3 degrees, 
a value which comes out of the calculation at a later 
point. Consequently, the azimuthal component of 
velocity, V4, varies by less than 0.3%, and it can be 
considered to be constant for our immediate purpose. 
The axial force, F,= (eV 4/c)B,(z), can therefore be con- 
sidered to be a function of only one variable, namely 
z. We have what amounts to a potential well for the 
electrons, and we may plot it in terms of electron volts. 
It is shown in Fig. 10. The period as a function of ampli- 
tude can be found by graphical integration. It is shown 
in Fig. 11. 
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The period of z oscillation in the trap was measured 
experimentally. At the instant the electrons are trapped, 
they are all on one side of the median plane. They 
remain bunched for the first few periods of axial (z) 
oscillation. If the ejection pulse is applied within this 
short time, the number of electrons which leave the 
trap will be time dependent. The electrons leave the 
trap and go to the counters (to the right) only if the 
bunch is on the left side of the median plane at the time 
the pulse is applied. The result of such a measurement 
for electron energy 100 kev is shown in Fig. 12. The 
period is 0.88 usec. 

The period observed fixes the amplitude at 0.487 
meter, indicating that most of the trapped electrons 
have z amplitudes which are about 90% of the length 
of the trap. At that amplitude the curve of amplitude 
vs period is quite steep. Therefore, since the electrons 
remain bunched for such a long time, we conclude that 
they occupy only a very narrow energy band in the 
potential well. The spread in period must not be more 
than a few percent, and this implies (referring to the 
curves of Figs. 10 and 11) that the spread in energy in 
the well must not be more than a few ev. 

The above result is surprising, in view of the fact 
that the trapping procedure, in principle, admits an 
energy band whose width is as great as the change in 
potential applied to the shields at the instant of capture, 
namely about 100 ev. We therefore postulate that im- 
perfections in the magnetic field impose a further 
restriction on the energy band (or z amplitude) which 
can exist in the trap. We know, from the way in which 
the final adjustments are made, that imperfections are 
important. The trap, for reasons already explained, is 
extremely weak (0.3% maximum variation in field). 
After trapping is initially accomplished in a stronger 
trap, the gradual reduction to the 0.3% variation is 
possible only if small, empirical adjustments, including 
the placing of two small permanent magnets in the 
neighborhood of the solenoid are made. 

An important imperfection which is to be expected 
in a weak trap is a lack of coincidence between the mag- 


netic axis and the physical axis of the apparatus. We 
believe this can account for the observed restriction on 
the permitted z amplitude, in the following way. If the 
axis of the helix into which the electrons are launched at 
injection does not coincide with the magnetic axis, the 
former will drift around the latter, at constant distance 
from it. If there is appreciable separation (2 cm or more) 
between these two axes, there will not be room enough 
for the drift motion, and the electrons will strike the 
walls. The angular velocity with which the one axis 
drifts around the other is given by 

[(1—n)'—1 J~—ha0.n 


Wr We =, 


r OB, 


~— jw 


"B, 02° 


where n= (r/B,)(0B,/dr)= (r/B.)(0B,/0z) and w, is the 
“cyclotron” angular velocity. The sense of the drift 
reverses where 0B,/dz changes sign, that is, at each of 
the crests of the curve in Fig. 9. There will be a value 
of the z amplitude (greater than the distance between 
the two crests) for which the time average of w-—w, is 
zero. (Such a solution must exist, since the time spent 
beyond the crests can take any value from 0 to «, 
according to Fig. 11.) For electrons which satisfy this 
condition as to z amplitude, the axis of the helix will 
merely oscillate back and forth over a small range rather 
than drift all the way around the physical axis. In this 
way the drift which normally causes the beam to destroy 
itself by striking the wall does not occur. 

The foregoing mechanism is subject to the condition 
that the drift of the one axis around the other is slow 
compared to the z oscillation in the trap. A check is 
made as follows: the falloff index, » has its maximum 
value at the center of the trap, and is (for the 100-kev 
setting) 0.0006. This gives a maximum for w,—w, of 
0.4X 10° rad/sec, which is the rate of 0.1 radian per 
quarter-period of the z oscillation. This places an upper 
limit of +0.1 radian for the excursions of the axis. The 
criterion is well satisfied. 
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TaBLe II. Results of the computation of the time-average 
magnetic field for trapped electrons of the eight different energies 
used in the experiments. 


Time 
average 
magnetic Electron 
field energy 
(gauss) 


82.074 
88.674 
91.698 
98.764 


average 
Shunt magnetic 
reading 


(volts) 


0.7500 
0.8000 
0.8212 
0.8313 117.319 


Shunt 
reading 
(volts) 


Electron 
energy 
kev 


50 0.5819 
58 0.6286 
60 0.6500 
70 0.7000 


The ratio of the number of final counts to the number 
of electrons incident on the first foil, per pulse, is con- 
sistent with the assumption that only a very small 
energy interval in the potential well is occupied. The 
cross section for scattering by a gold nucleus at 90 deg 
and 100 kev (8=0.55) is about 6X 10-*! cm?/steradian.*® 
A 3-ev interval in the potential well corresponds to a 
10~ radian interval in the angle of first scattering, in 
the plane parallel to the solenoid axis. The interval in 
angle in the plane normal to the solenoid axis which will 
be accepted can be estimated from the spacing between 
the internal shields. It is taken to be 0.1 radian. Thus 
the solid angle accepted after the first scattering is 10~* 
steradian. The solid angle subtended by the counter 
at the second scatterer is ~ 0.03 steradian. The number 
of electrons incident on the first scatterer is about 
8X 10" per pulse. The foregoing figures combine to give 
an expected count of 0.3 per pulse. This is to be compared 
with the observed counting rate, which ranged from 
0.1 to 0.01 count per pulse, depending on the trapping 
duration. 

The consistency of the data with the foregoing 
analysis leads us to adopt the value of 0.487 meter for 
the z amplitude for all of the electrons in the trap. 
The same amplitude is taken to apply to the experi- 
ments at the several values of-electron energy, because 
(a) the radial magnetic field is very nearly independent 
of B, (Fig. 9), and (b) the z amplitude which satisfies 
the condition w,—w,=0 is independent of B, in first 
order (the z motion depends on B,, and B, is only a 
multiplicative constant for w,—w,). In computing the 
values of time-average axial field it was assumed that 
the contribution of the main solenoid is proportional 
to the current and that the axial contributions of the 
shaping coil and the earth were constant. The values 
are listed in Table II. 


IV. RESULTS AND ANALYSIS 
Measurement of the Difference Frequency 


The trapping time was varied in steps of 0.5 usec 
over the range of 30 to 305.5 usec, and the counting 
rate ratio was measured at each setting. 25 groups of 
12 points, each group extending over 5.5 usec, were 


6 Noah Sherman, Phys. Rev. 103, 1601 (1956). 
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taken. The set which will now be described in detail 
is the main one and it consists of 13 groups of 12 points 
taken at 100-kev electron energy. The runs in this set 
cover the first 5.5 usec of each 30-usec interval, from 
30 to 300 usec, with the last run repeated four times. 
The data are shown in Fig. 13. 

The first step in the analysis is to determine the 
number of cycles between 0 and the last maximum, in 
order to obtain a value for the period, which will be 
used in the second step. This is done by fitting, visually, 
a cosine curve to the points, with particular attention 
to the interval at the top end (300-305.5 usec) since 
there are four runs in that interval. We estimate that 
this fit can be made to within § period, at the top end. 
The estimate of the period will therefore be accurate 
to about one part in 1200, provided the number of 
cycles assumed to lie between the origin and the top 
interval is not in error by a whole number. The pos- 
sibility of such an error is tested by attempting to fit 
cosine curves having one more, and one less, cycle than 
the number assumed to be correct. When this is done 
the disagreement in the middle part of the series seems 
to us to be decisive. In Fig. 13 small arrows are inserted 
to indicate the positions of the crests of the cosine curve 
which was used. Arrows with + and — signs indicate, 
respectively, the crests of cosine curves in which one 
more, or one less, cycle is introduced, respectively. 

The second step is as follows: A cosine curve having 
the period just found is adjusted to each 5.5-usec group 
of points, independently. The amplitude of the cosine 
curve is varied, and it is slipped along the abscissa 
until a least squares solution is found. The operation 
is carried out using an IBM 650 computer. The time 
in wsec from the origin to the first maximum in the 
cosine curve which falls within the 5.5-usec interval is 
found in each case. The results (M,) are given in the 
first column of Table III. Since less than two cycles 
of the cosine curve fall within the 5.5-usec interval, the 
result for M; is not sensitive to the value of the period 
used in the fitting process. The preliminary estimate 


TABLE III. Results of fitting a cosine curve to each 5.5-ysec 
section of the counting ratio vs trapping time data. M; is the 
trapping time corresponding to the maximum of the cosine curve. 








Run Energy M; 
No. 


(kev) (usec) 

I 100 32.030 

II 100 60.822 

Ill 100 92.307 
IV 100 121.128 
Vv 152.507 
VI 181.164 
VII 210.189 
VIII 241.346 
IX 270.422 
x 301.703 
xI 301.941 
XII 301.913 
XIII 301.961 


Run Energy M; 
No. (kev) (usec) 


XIV 98 300.346 
XV 81 302.657 
XVI 70 203.042 
XVII 70 252.321 
XVIII 70 268.062 
XIX 70 281.120 
p% 4 70 302.003 
XXI 60 252.236 
XXII 60 301.776 
XXIII 60 301.745 
XXIV 58 301.990 
XXV 50 303.266 
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of the period made in step one is of more than sufficient 
accuracy for the purposes of step two. 

In addition to the main series, I to XIII, similar runs 
over 5.5-usec intervals were made at different values 
of electron energy and magnetic field. These were an- 
alyzed in the way just described, except that in some 
electron-energy groups there were not enough runs to 
permit an independent determination of the total num- 
ber of cycles. The information was obtained readily by 
reference to the main series (I-XIII) and by intercom- 
parisons. The runs (XIV-XXV) are shown in Fig. 14, 
and the values of M; are given in the right column of 
Table III. 

Finally, two sets of runs were taken which check 











Fic. 13. The double-scattering asym- 
metry vs trapping duration, in usec, for 
100-kev electrons. 


particular estimates used in the evaluation of the final 
result. The first of these is a single, continuous run, at 
95 kev, from 30 to 130 sec (Fig. 15). A cosine curve was 
fitted to this run by the least squares method. When 
this was extended to the left, the zeroth maximum was 
found to be displaced 0.60.1 usec to the right of the 
zero of the abscissa scale, in confirmation of the direct 
measurement of the zero time correction described 
earlier. The second of these sets comprises 15 runs over 
the 300-305.5 usec interval at 100 kev, with identical 
settings of the parameters but scattered in time over 
an interval of three weeks. The object was to obtain 
an experimental value for the rms deviation of M; from 
the mean. It wa> found to be 0.3 usec. 
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Fic. 14. The double-scattering asym- 
metry vs trapping duration, in usec. Run 
XIV, 98 kev; run XV, 81 kev; runs 
XVI-XX, 70 kev; runs XXI-XIII, 60 
kev; run XIV, 58 kev, and run XXV, 50 
kev. 
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(d) 
Computation of the Anomaly 


We wish to use the M, values in Table III to obtain 
a properly weighted average value of a=wp/wo, for 
each group having a particular electron energy. 


a;=2nN ymc/(M ;— to) Bie, 


where NV; is the number of cycles measured from the 
origin, éo is the “end effect” correction to the time scale 
and B is the magnetic field. For purposes of making 
the weighted average of a, we consider only the non- 
systematic errors in M;, ¢o, and Bj, i.e., those which 
are associated with the number of counts, with the 
resetting of the meters and timing circuits from one 
day to another, with temperature and power line fluctu- 
ations, etc. We postpone the introduction of the esti- 


mated systematic errors to the stage at which we will 
have a single value of a. 

The standard error in the least-squares fit of the cosine 
curve to the points in the 5.5-usec interval is difficult to 
determine analytically. We estimate it to be 0.3 usec. 
The experimental rms deviation in M ; (described earlier) 
which may include fluctuations of origin other than the 
statistical ones is no larger than the 0.3 usec here 
adopted; therefore we believe that the estimate is con- 
servative. We estimate the standard error of nonsyste- 
matic origin in B to be 0.05% and that in fy to be 0.05 
usec. The error in M; is the most important, since it 
ranges from 0.1% at 300 usec to 1% at 30 usec. When 
the above three errors are combined for each a; and 
when all a; for a given electron energy are combined 
in a weighted average, the values in Table IV are found. 

Systematic errors are estimated, and given in terms 





MEASUREMENT 


of standard (0.7 probability) errors. They may be listed 
under three headings. 

1. Systematic errors which are of the order 0.01% or 
smaller, and which therefore affect the final result for 
a by 0.1 part per 10° or less. These are: (a) The absolute 
time rate. This was checked against WWV. (b) The 
proton resonance mapping of the magnetic field. (c) 
The values of the physical constants, including the 
proton g factor. (d) The measurement of the high 
voltage. While this measurement is only good to 1%, 
it does not enter the final result in first order. Its effect 
on wp/w comes only through its effect on the radius of 
the orbit and through interaction with stray radial 
electric fields in the trapping region. (e) Axial electric 
field. The axial restoring force, toward the median plane, 
is due mainly to B,, but it can also contain a small con- 
tribution from an axial electric field, if one is present. 
The latter would be present only as the result of con- 
tact potential differences or surface charges. The change 
of potential across the trapping region, due to these 
causes, would not be expected to be more than the order 
of 0.1 volt. Since the effective potential well due to B, 
is about 200 volts deep, axial electric field effects are 
considered to be negligible. (f) The effect of B, on the 
precession. If the electron remains in the trap, the time 
average of the z force must be zero; therefore, assuming 
that the force is due entirely to B,, the time average 
of B, at the electron must be zero. The z oscillation 
frequency is higher than the “difference frequency” so 
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Fic. 15. The double-scattering asymmetry vs trapping duration in 
a continuous run from 30-130 usec. 
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TABLE IV. The g-factor anomaly a, or wp/wo calculated for the 
various electron energies, prior to the introduction of the esti- 
mated systematic errors. 


Standard 
error 


Energy 
B (gauss) (kev 
16448 x 10~ .24x 10-6 
16255 10- .23 10-6 
16308 x 107 0.74 10-6 
16346 107-3 0.62 10-6 
.16224X 10™ 1.211078 
.16168 x 10 1.20 10-6 
16232 107% 0.45 107° 


82.074 50 
88.674 58 
91.698 60 
98.764 70 
105.830 81 
115.892 98 
117.319 100 


we expect the precession of the spin axis caused by 
B, to average to zero. (g) The pitch of the helix. The 
time average of the absolute value of the pitch angle, 
a, can be computed from the known z amplitude and 
z frequency. It is about 0.7 deg. The effect of pitch 
angle upon wp has been calculated. All terms are 
antisymmetric in a, and therefore have a time average 
of zero except one, which is : 


1—(1—,?)! 
(- — ) sina 
(1—g?)! 


compared to 1. An estimate of the time integral of the 
above term over a cycle of the z motion indicates that 
the pitch angle effect is of the order of 0.01% and there- 
fore negligible. 

2. Systematic error in the determination of the time 
average magnetic field. This is a complicated procedure 
(already described). The standard error assigned (0.1%) 
seems to be generous, since it is about 3 the entire range 
of B in the trapping region. It enters linearly, so it 
amounts to 1 part per 10° in the final result for a. 

3. Stray radial electric fields in the trapping region. 
This is a possible source of systematic error whose 
importance can be inferred only from an analysis of 
the data. Such fields could be caused by the charging 
of insulating specks on the surfaces by the electrons 
and by contact potentials. The effect would be to add 
a term to the equation for wp/w» as follows: 


WD E, B?—1 
—=a+- ( —— +08 ). 
Wo cB B 


A radial E of approximately 20 volts/cm (time-averaged 
over the path of the electron) would reduce wp to zero. 
Since, in the above expression the orbit radius, r, is 
constant, B and £B are related. Therefore 8 can be 
eliminated, as follows: 


wD _ E,(aB’K*—1) 


‘> T mT = , 
wo cB?K (1+ B°K?)! 


where K = re/myc?. 
In the range studied, K?B* varies from 0.21 to 0.44, 
and aB?K*«1. Therefore, on a 1/B* scale, in the range 
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Fic. 16. Plot of wp/wo vs 1/B?. 


considered, wp/wo is nearly a straight line whose slope 
is proportional to F,. The values of wp/wo from Table 
IV plotted against 1/B* are shown in Fig. 16. A least 
squares fit of a straight line to the points gives a slope 
which indicates that #,=0.04 v/cm with an estimated 
uncertainty of 0.02 v/cm. When this value of EZ, is 
inserted in the equation (which itself represents nearly 
a straight line) the value of a which produces tangency 
with the least square straight line at the middle of the 
1/B* range is 0.0011609. 

The foregoing analysis must be treated as being based 
upon an uncertain hypothesis. While a stray radial 
electric field of some small value certainly is present, 
it is by no means certain that it accounts fully, or even 
mainly, for the slope in the 1/B* plot. Two weaknesses 
in the hypothesis that the slope is due to an electric 
field are: (a) The behavior would be expected to be 
erratic due for example to changes in the condition of 
the metal surfaces. Positive indication of this was 
searched for but not found. The trend was not found 
to be correlated with the age of the apparatus. The runs 
at different voltages were not made in order, but were 
purposely “scrambled,” yet they fell into place on the 
sloping line. On several occasions in the course of the 
experiment the apparatus was opened and the surfaces 
were cleaned. This would be expected to change the 
tendency of the surfaces to hold charges, but no abrupt 
change was observed. (b) The assumption that the 
electric field is the same for all the values of electron 
energy is open to objection. Although the orbit radius 
is the same for different voltages, a dependence of the 
number of electrons lost to the surfaces on energy would 
not be unexpected. Thus the possibility that the trend 
of the value of a with electron energy is due to some 
other instrumental cause, or even that there is a real 
dependence not included in present theory cannot be 
excluded. 

In deciding upon a single value for a to give as the 
result of the experiment, our judgement is that we should 
recognize the trend of the points in Fig. 16, and proceed 
on the assumption that a radial electric field is present, 
in spite of certain weaknesses in the evidence for it. 
The value a=0,.0011609, obtained in this way, may be 


PIDD, 


' 10° for the group. This results in a 


AND CRANE 

compared with a simple weighted average of the data 
of Table IV, which is 0,0011627. We adopt the value 
0.0011609 but assign a standard error which is great 
enough to include the weighted average of Table IV, 
namely +0.0000020. Finally, we combine with this the 
estimated systematic standard errors. The principal one 
of these is the one concerned with the estimate of the 
time average magnetic field (1 part per 10° in a). The 
others are considerably smaller. We use 1.4 parts per 


final value of 
a=0.0011609+0.0000024. 


V. COMPARISON OF RESULTS WITH CALCULATIONS 
AND WITH OTHER EXPERIMENTAL RESULTS 


In 1948 Schwinger’ * expressed the g factor as a series 
of radiative correction terms added to the Dirac value 
of 2, in powers of the fine structure constant. The term 
in first order in @ was calculated by Schwinger with 
the result : 


ge=2(1+a/2) = 2X 1.00116138. 


The second-order term in a was evaluated by Karplus 
and Kroll® and by Sommerfield.” The results were 


ge= 2(1+a/24—2.9730?/r?) = 2X 1.0011454, 
(Karplus-Kroll) 

ge= 2(1+a/24—0.32802/x?) = 2X 1.0011596. 
(Sommerfield) 


Recently this difference has been resolved and the ac- 
cepted value is 2 1.0011596. It is in agreement with 
the bounds calculated by Petermann." 

A number of experiments have been reported that 
determine the magnetic moment and g factor of an 
electron when bound in an atom. Kusch and Foley” 
have shown that g,=2(1.00119+0.00005) by atomic 
beam measurements of the Zeeman effect in the ground 
state of Ga, In, and Na. A more precise determination 
is achieved by combining the results of two separate 
experiments. One type of experiment determines the 
magnetic moment of the proton in units of the Bohr 
magnetron, (u,/uo) and the other determines the ratio 
of the magnetic moment of the electron to the magnetic 
moment of the proton (u./u,). The product of these 
two results gives the magnetic moment in Bohr mag- 
netons or one-half the g factor for the bound electron. 
By applying suitable relativistic corrections the mag- 
netic moment of the free electron can be obtained. 

In 1949 Taub and Kusch" made the first determina- 
tion of u./u, by a molecular beam magnetic resonance 


7 J. Schwinger, Phys. Rev. 73, 416 (1948). 

8 J. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949); 76, 
790 (1949). 

* R. Karplus and H. M. Kroll, Phys. Rev. 77, 536 (1950). 

” C, M. Sommerfield, Phys. Rev. 107, 328 (1957). 

1 A. Petermann, Nuclear Phys. 5, 677 (1958). 

2 P, Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948). 

13 H. Taub and P. Kusch, Phys. Rev. 75, 1481 (1949). 
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method. They measured the frequency corresponding 
to a reorientation of the proton in the molecule NaOH 
and the frequency corresponding to a transition between 
certain of the hyperfine structure levels of the ground 
state of both Cs'* and In"*®. By combining this result 
with measurements obtained in related experiments,'*:!® 
they found that 


Me/bp(NaOH) = 658.21+0.03. 


The most precise values of u./u, for a bound state are 
obtained by observing the ratio of the electronic-spin 
g value of atomic hydrogen in the 2S, state to the proton 
g value in a sample of mineral oil or water, in the same 
magnetic field. A relativistic correction is applied to 
account for the binding energy of the electron in the 
hydrogen atom and then u,/u, for the free electron is 
obtained. Three results have been published by different 
groups'*'® using the above methods and the results 
are all in agreement to within 2 parts per million. The 
average of their results yield p./u,(oil)=658.2292 
+0,.0012. A least-squares analysis made by DuMond 
and Cohen in 1955, recently reviewed by DuMond” 
gave 658.2288+0.0004. 

A determination of y,(oil)/uo has been completed by 
Gardner and Purcell* and independently by Franken 
and Liebes.”! In these experiments the ratio of the nuc- 
lear magnetic resonance frequency of protons to the 
cyclotron frequency of free low-energy electrons was 
determined. Both frequency determinations were per- 
formed as nearly as possible in the same location in the 
magnetic field so that a measurement of the magnetic 
field was not necessary. The results of these experiments 

‘4 P. Kusch and H. Taub, Phys. Rev. 75, 1477 (1949). 

18 P. Kusch and H. M. Foley, Phys. Rev. 74, 250 (1948). 

16S. H. Koenig, A. G. Prodell, and P. Kusch, Phys. Rev. 88, 
191 (1952). 

17 R. Beringer and M. A. Heald, Phys. Rev. 95, 1474 (1954). 

18 J. S. Geiger, V. W. Hughes, and H. E. Radford, Phys. Rev. 
105, 183 (1957). 

19 J. W. M. DuMond, IRE Trans. on Instrumentation I-7, 136 
(1958). 

»” J. H. Gardner and E. M. Purcell, Phys. Rev. 76, 1262 (1949) ; 
J. H. Gardner, Phys. Rev. 83, 996 (1951). 

21 P. Franken and S. Liebes, Jr., Phys. Rev. 104, 1197 (1956) 
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were 
Ho/w,p(oil) = 657.4754-0.008 (Gardner-Purcell), 
uo/ up (oil) = 657.462+4-0.003 (Franken-Liebes). 


When these results are combined with the value for 
ue/u,p(oil) the following values for the g factor are 
obtained: 


g-=2(1.001146+0.000012) (Gardner-Purcell), 
g-=2(1.001165+0.000005) (Franken-Liebes). 


The Gardner and Purcell measurement is considerably 
below the present theoretical value of 2 1.0011596, 
but it has recently been re-evaluated by Hardy and Pur- 
cell” with the result that g.=2(1.001156+0.0000015). 

In addition to the foregoing derived results on the 
g factor of the free electron, a direct measurement, by 
an optical pumping technique, which compares the g 
factor of the free electron to that of the sodium ground 
state has been reported by Dehmelt.” The result agrees 
with other determinations, within the rather large 
standard deviation, 30 parts per 10°. A direct method, 
employing the induction of spin state transitions of free 
electrons trapped in a magnetic field has been described 
by Bloch,™ but the experiment has not yielded results. 

In comparing our result with the theoretical value, 
it is of interest to state it in terms of powers of the 
fine-structure constant. 


Theory: a=a/2x—0.328a"/x’, 


Present experiment: ad=a/2r—(0.1+0.4)a*/z’. 
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Energy-Momentum Tensor for Plane Waves* 
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(Received August 19, 1960) 


A general form is established for the energy momentum tensor for plane waves propagating in a homo- 
geneous medium, the field equations of which are derivable from a quadratic Lagrangian function. Energy 
density and momentum density are proportional to frequency and the wave vector, the coefficient of propor 
tionality being “action density.”” Energy flow and momentum flow are related to energy density and momen- 
tum density by the group velocity. The relation between momentum density and the wave vector is valid 
even in a nonlinear system. For a wave packet, one finds that the total energy is related to frequency and 
the total momentum to the wave vector by the total action of the packet, in close analogy with corresponding 


relations of quantum mechanics. 





N arecent article in this journal, Post! has established 

a simple formula [Eq. (1) of that article] for the 
energy-momentum tensor of plane acoustic waves. This 
formula is, as it stands, misleading: The Lagrangian 
density, which appears in the formula, is nonzero only 
if the field equations are nonlinear, whereas the assump- 
tion of linearity is employed frequently in Post’s 
derivation. 

When corrected, the formula given by Post is valid 
for any propagating medium of which the field equations 
are derivable from a quadratic Lagrangian density, as 
has already been noted and used elsewhere.” We shall 
derive this formula and point out where the assumption 
of linearity enters, showing that the momentum compo- 
nents of the formula are valid even in a nonlinear 
medium. It will be seen that introduction of the action 
density enhances the beauty and significance of the 
formula. 

If we write (x“) or (x°,x") for the coordinates of time 
(x°=?) and space (x"=<2", 2,x*), da(x) (a=1, 2,---) for 
the dynamical variables, and ¢.;, for do./dx*, the 
action principle for a uniform stationary medium, 


5 f £(60:ns)a%x=0, (1) 


leads to the following field equations, 
aw. = (d/dx*)(0L/dda:y) = IL/ Ida. 
The canonical energy-momentum tensor 
T,”= 8 "'ba:y— £6,” 
satisfies the conservation equation 
(4) 


T°= energy density ; 7»”= energy flux vector; T,°= mo- 
mentum density; 7,*= momentum flux tensor. 
We now consider a plane-wave solution of (2) for 


*The research reported in this document was supported 
jointly by the U. S. Army Signal Corps, the U. S. Air Force, and 
the U. S. Navy (Office of Naval Research). 

1E. J. Post, Phys. Rev. 118, 1113 (1960). 

2 P. A. Sturrock, J. Appl. Phys. 31, 2052 (1960). 


which all quantities are expressible as functions (in 
general nonsinusoidal) of @ of period 27, where 
O= ky x4 +eHwlthpv’+k. (5) 


The phase parameter « enables us to ascribe an action 
density 27J° to the wave function, where 


J»*=(1 2n) Gf ds rw Od.,/ OK T™(dda/OK))av, (6) 


the angular brackets indicating an average taken over 
space (or time). We see immediately from (3), (5), and 
(6) that the average momentum density is given by 


(T\ay= Jk, (7) 
The corresponding energy-frequency relation is less 
simple. (3), (5), and (6) now give 
T° =J°w— £. 
We see from (2) that 


5( L) ay= (d/dt) (4 do. 


\ 


dda comprises two parts: 5y¢., a change of functional 
form, and a part due to the dependence of w on ampli- 
tude: 


bGa= 5 hat bw tdba/ OK. (10) 


Since 5), and 0¢,/0« are still of frequency w, (9) and 
(10) give 
(11) 
so that (8) gives 
6( T 0°) av = wb J”, (12) 


Hence in nonlinear theory 


(To av - f w | x \dx. 


(13) 


In linear theory, w is independent of J°. It then 
follows from (11) that (£),,=0 if (L£),.y,=0 in the 
unperturbed medium, and from (13) that 


(To av=J%. (14) 





ENERGY-MOMENTUM TE 

In linear theory (assuming the system has not a 
nondenumerably infinite number of degrees of freedom) 
we may go further by setting up a wave packet? of the 
form 


gba(x",l) =Pa(k,)A(x"—w'l) exp(i0)+c.c., (15) 


where u’=—0w/dk, is the group velocity, and the 
amplitude A (x") may be regarded as arbitrary provided 
it varies sufficiently slowly. For such wave packets, 
the “local” averages of quadratic functions of the field 
variables are expressible in the following form: 


(Fe tt" b)) ae =. | A 27 (kr), etc. ( 16) 


We now obtain from (7) and (14) relations analogous 
to familiar relations of quantum mechanics, 


P,=Jk, E=Jo, (17) 


where P,, E, and J are integrals over the packet of 
T,°, T°, and J°. We may also deduce from (4) and 
(16) that 


\ T\’ hav (To avi", \ re av— (T avi’, (18) 
thus demonstrating the equivalence of the group 
velocity, ‘energy velocity,” and ‘“‘“momentum velocity.” 
Hence, on compiling (7), (14), and (18), we obtain the 
following formula for the energy-momentum tensor of 


a plane wave in a linear sysiem: 
4 T° ) ay J WwW, 
\ T,’ av FRe; 


\ r av Janu’, 


(Te a =F Well 


(19) 


3J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p. 332. 


NSOR FOR PLANE WAVES 19 
Permissib!e transformations of the field variables are 
conventionally restricted to the form‘ 


0,"=T,’+ fu’’;0, (20) 


where f,’’ is a function of the field variables anti- 
symmetric in »,¢; this term does not contribute to 
(@,”)av, 0 that the form (19) is preserved. 

The equation of conservation of angular momentum, 
applied to a classical (spinless) system, leads to the 
requirement that the energy-momentum tensor be 
symmetric,‘ but we see from (19) that in an anisotropic 
medium the energy-momentum tensor of a linear 
system is asymmetric. Of possible resolutions of this 
paradox, the following should not be overlooked: If 
the system is strictly nonlinear so that the Lagrangian 
function is not purely quadratic and contains in 
particular a cubic contribution, and if the unperturbed 
state is not stress-free, one may find that the energy- 
momentum tensor formed from the quadratic part of 
the Lagrangian function is not identical with the 
quadratic part of the energy-momentum tensor formed 
from the exact Lagrangian function. Of these two 
tensors, it is the former which is given by (19) but 
the latter to which physical arguments concerning 
symmetry apply. This explains, in particular, the 
asymmetry of the energy-momentum tensor derived 
elsewhere® for small-amplitude disturbances of an elec- 
trodynamic system. 


‘L. Landau and E. Lifschitz, The Classical Theory of Fields 
(Addison-Wesley Publishing Company, Reading, Massachusetts, 
1951), p. 82. 

6 Pp. A. Sturrock, Ann. Phys. 4, 306 (1958). 
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Nuclear Magnetic Resonance of Xe’*’® in Natural Xenon*} 
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(Received August 3, 1960) 


The spin-lattice relaxation time 7; of Xe has been measured 
as a function of temperature in the liquid and as a function of 
pressure in the gas. A strong shift AH in the external field required 
for resonance at constant frequency but varying sample density p 
has been discovered. As the sample density increases in the region 
above 48 atm, AH decreases linearly at the rate of 3.45 milligauss 
per amagat (density at standard conditions) in a field of 8060 
gauss. In the liquid the temperature dependence of the product 
of 7; and p can be described by an activation energy of 0.7+0.1 
kcal/mole. In the gas at room temperature between 48 and 73 
atm, 7; varies as p-?-'*°-4, The largest value of 7, observed was 
2600+600 sec for a gas sample at 48 atm, and the shortest value 


was 572 sec in the liquid at —101°C. The experimental values 
of JT, have been compared with theoretical predictions in two 
limiting cases, the rare gas and the dense liquid. In both cases the 
experimental values, although larger than previously reported 
values, are still two to three orders of magnitude smaller than 
predicted from an intermolecular nuclear magnetic dipole inter- 
action. The relaxation time was found to be independent of field. 
Implications of our data for determining the relaxation mecha- 
nism are discussed. It is suggested that the relaxation may be 
caused by a fluctuating magnetic field at the nucleus resulting 
from the motion of nonsymmetrical electronic charge distribu- 
tions during collisions. 





I. INTRODUCTION 


TUDIES of nuclear spin relaxation times can reveal 

important information concerning the microscopic 

properties of liquids and gases.'~* Liquid and gaseous 
xenon samples are particularly interesting. 

Xenon is expected to be an excellent system for in- 
vestigation because of the simplicity of both its general 
structure and its anticipated spin relaxation mecha- 
nism. The xenon molecules are monatomic and spheri- 
cally symmetric. They are sufficiently massive that the 
intermolecular collisions do not exhibit major quantum 
effects. As a result xenon represents the simplest type 
of classical fluid. The nuclear spin relaxation involves 
several simplifications. Two xenon isotopes found 
abundantly in natural samples have nuclear magnetic 
dipole moments. They are Xe” (26.2%) and Xe! 
(21.2%). Of these, Xe has spin 4 and no electric 
quadrupole moment. The Xe™ spin relaxation is, 
therefore, free from complications due to electric quad- 
rupole effects. Also, because xenon is monatomic, the 
relaxation is free from complications due to intra- 
molecular nuclear dipole fields with their time variation 
determined by rotational motion. Only the inter- 
molecular nuclear dipole fields with their time variation 
determined predominantly by translational diffusion 
are expected to provide a relaxation mechanism. 
Torrey* has developed a detailed theory for relaxation 
by this mechanism. Although xenon is a simple system, 


* Based on a thesis submitted in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy by Ralph L. 
Streever, Jr., to the Graduate Faculty of Rutgers, The State 
University, New Brunswick, New Jersey, December, 1959. 
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it is difficult to work with experimentally because the 
nuclear signals are weak and the relaxation times long. 

There is a second reason for immediate interest in 
xenon. Despite the fact that the theoretical predictions 
of nuclear spin relaxation times for Xe in pure xenon 
samples are expected to be quite straightforward, 
Staub’s®:* early measurements on gaseous xenon re- 
vealed Xe™ relaxation times differing from the pre- 
dicted values by four orders of magnitude. This large 
discrepancy does not exist for Xe" relaxation which 
can be accounted for in terms of an electric quadrupole 
effect during collisions.” It is possible that Xe’ 
possesses an unexpected relaxation mechanism quite 
different from and more effective than the direct nuclear 
dipole mechanism. On the other hand, since the pre- 
dicted relaxation times in the rare gas are quite long, 
smali amounts of an impurity, such as oxygen, either in 
the fluid or on the container walls might act as a domi- 
nant source of relaxation. 

Since an understanding of the relaxation mechanism 
is a prerequisite to further important nuclear resonance 
studies of xenon, we initiated the present work in an 
effort to learn more about Xe” relaxation under a 
variety of conditions. 


Il. THE XENON SAMPLES 


Six natural xenon samples having room temperature 
pressures from 30 to 109 atm were prepared for this 
work, Xenon gas was slowly admitted to and frozen in 
small Pyrex bulbs having a 0.4-cm inner diameter and a 
1-cm length. Each bulb was at one end of a long capil- 
lary. After the desired amount of gas had been ad- 
mitted and frozen, the other end of the capillary about 
20 cm from the bulb was sealed. The volume of a bulb 


5 E. Brun, J. Oeser, H. H. Staub, and C. G. Telschow, Phys. 
Rev. 93, 904 (1954). 

*E. Brun, J. Oeser, H. H. Staub, and C. G. Telschow, Helv. 
Phys. Acta 27, 173 (1954). 

7F, J. Adrian, thesis submitted to the faculty of Cornell Uni- 
versity, 1955 (unpublished). 

8H. Staub, Helv. Phys. Acta 29, 246 (1956). 





NUCLEAR 
and capillary was measured to within 0.5%. The mass 
of the gas admitted was measured by two methods; by 
weighing the samples before and after the filling pro- 
cedure and by measuring the volume of gas at room 
temperature and atmospheric pressure before it was 
admitted to the bulb. These two measurements agreed 
to within 1%, but the weighing provided the more 
accurate means for determining the density of the 
sample. Figure 1 is a plot of the pressure of xenon as a 
function of density at 25°C. The density is given in the 
relative unit of an amagat which corresponds to the 
gas at O°C and one atmosphere of pressure. For xenon 
one amagat unit of density is 4.49 10-5 mole/cc. This 
is within about 1% of the ideal gas value. The mass 
density at these standard conditions is 0.00589 g/cc. 
The small arrows in the Fig. 1 indicate the densities and 
pressures of our six samples. Precise data on the six 
samples are given in Table I. 


Fic. 1. Xenon pres 
sure as a function of 
density at 25°C from A. 
Michels, T. Wassenaar, 
and P. Louwerse, Phys- 
ica 20, 99 (1954), and 
J. A. Beattie, R. J. Bar- 
riault, and J. S. Brierley, 
J. Chem. Phys. 19, 1219 
(1951). The arrows indi- 
cate points correspond- 
ing to our samples. 
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We have observed nuclear magnetic resonance in 
liquid xenon as a function of temperature by lowering 
the temperature of the above samples below the critical 
temperature of 17°C. The critical pressure is 58 atm. 
As the temperature decreases below room temperature, 
the sample remains at its uniform density until it con- 
denses into two phases. The condensation temperature 
for a particular density is given by the coexistence 
curve of Fig. 2. For still lower temperatures, the density 
of the liquid phase is given by the high-density side of 
the coexistence curve. The ratio of the capillary to bulb 
volumes for our sealed samples is such that below the 
condensation point the bulb is entirely filled with the 
liquid phase. Since the nuclear resonance coil surrounds 
only the bulb, the observed relaxation times are those 
of the liquid phase. 

In order to obtain as large a liquid range as possible, 
one uses a sample whose density is near to the critical 
density 1.11 g/cc. In the present work we have used our 
1.44 g/cc sample. From Fig. 2 it is seen that the liquid 
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TaBLe I. Density dependence for Xe! at 25°C and 8060 gauss. 





Pres- 
sure Density Density T; AH=H—-H, 
(atm) (g/cc) (amagats) (sec) (gauss) 


30 0.193 33 0.96+0.06 
48 0.386 66 0.90-+.0.06 
61 0.648 111 0.732-0.06 
66 0.959 167 0.53+0.03 
73 1.44 246 0.30+0.03 
109 1.81 310 0.06+0.03 


Sample 


2600+ 600 
900+ 180 
420+ 180 
160+30 





range for this sample begins at approximately 15°C and 
continues down to the triple point at —112°C. If one 
works with a sample at atmospheric pressure, the 
liquid range extends only from —107°C to —112°C. 
It is interesting to note that xenon expands on freezing. 
The density of the liquid at the triple point is 3.05 
g/cc and the density of the solid is 2.7 g/cc. 

The mass spectrometric analysis of our assayed 
reagent-grade xenon obtained from the Matheson Com- 
pany indicated that the number of impurity oxygen 
molecules was less than one part in 10°. In order to re- 
move oxygen from the bulb volume and surfaces, the 
bulb was pumped down to 30 microns pressure and then 
flushed twice with helium gas. The estimated maximum 
amount of oxygen which could leak into the system 
while the pump was off during the sealing process was 
also the order of one part in 10°. However, the amount 
of oxygen finally remaining in each sample is still less. 
The temperature used to freeze out the xenon gas was 
sufficiently high that oxygen did not freeze out. Just 
before the seal was made, the sample was again pumped 
down to 0.03 mm. Depending on precisely how much 
oxygen was trapped in the frozen xenon, the oxygen 
impurity in our samples may be as low as one part in 
108; one part in 10° is a liberal upper limit. 


Ill. METHODS OF MEASUREMENT 
We have used two methods to measure the Xe” 
spin-lattice relaxation times. In the measurements of 


20 
O 
~26 


0 -40 

Fic. 2. Liquid-vapor 
coexistence curve for xe 
non from data in Jnter- 
national Critical Tables. 


-60 


TEMPERATURE — °C 





DENSITY — GRAMS/CC 


wewrevwre es re ee 


2 








22 R. L. STREEVER 
the gas relaxation times as a function of pressure, the 
free-precession null technique was used.’ In this method 
the sample is first allowed to come to equilibrium with 
its magnetic polarization parallel to a strong external 
static magnetic field Ho. Then the equilibrium polariza- 
tion is inverted 180° by a strong short rf pulse. At the 
time 7; In2 the polarization will be zero as it returns to 
its equilibrium value. By measuring this null time one 
obtains 7}. 

To determine the null time, a 90° pulse is applied 
at varying times following the initial 180° pulse. The 
90° pulse rotates the polarization into the plane per- 
pendicular to the external field. This polarization then 
precesses freely about the external field. From the 
magnitudes of the induced nuclear rf signals, the time 
of the null can be identified. 

This free-precession null method was also used to 
measure gas relaxation times at room temperature as a 
function of magnetic field. The samples were allowed 
to relax in the variable field of a second magnet. The 
polarization was then measured by applying the neces- 
sary pulses and observing the free-precession signal in 
the first magnet which had a fixed resonant field corre- 
sponding to the frequency of the equipment. 

The above null method is destructive. Once the po- 
larization is in the plane perpendicular to the external 
field, the polarization normally decays in a time much 
shorter than any of the relaxations times of the gas or 
liquid samples. This decay is related to the inhomo- 
geneity of the external field Ho. 

After each measurement it is necessary to wait approxi- 
mately six relaxation times before repeating the pro- 
cedure. Otherwise, the sample will not return to its 
equilibrium value before the application of the new 180° 
pulse. For our xenon samples with relaxation times be- 
tween one minute and one hour, this is an extremely 
time consuming and experimentally difficult procedure. 
We have, therefore, modified the above null method 
with a nondestructive measuring technique. At a time 
r following each 90° pulse we apply a 180° pulse using 
a rf signal which is phase coherent with that used for 
the 90° pulse. Our value of 7 is much shorter than the 
relaxation times being measured but equal to or slightly 
larger than the decay tirne associated with the in- 
homogeneity of the magnet. A spin echo forms.® Just as 
the echo attains its maximum amplitude at a time 27 
following the first 90° pulse, we apply a second 90° 
phase coherent rf pulse. This rotates the magnetic 
polarization vector back to its original position parallel 
to the external field. As long as the pulse adjustments 
are accurate and the time 27 is small compared to the 
relaxation times of the sample, the value of the polariza- 
tion at the end of the measuring procedure is equal to 
that at the beginning. This procedure is nondestructive. 
In theory, one should be able to measure within one 
relaxation event ten or twenty points on the relaxation 


9H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 


AND @. ¥. CARR 

curve. In practice such a procedure involves an accumu- 
lation of the errors related to imperfect pulses. One 
should be able to eliminate this accumulation by omit- 
ting the 90° pulse at 27 and using a 180° pulse at 37 
and shifting by 180° the phase of the rf signal in both 
this pulse and a last 90° pulse applied at 4r. 

A second method for measuring spin-lattice relaxa- 
tion times was used for our liquid samples. This in- 
volves a modification” of the steady-state free pre- 
cession technique.'! Two advantages related to improve- 
ments in the nuclear signal strength are particularly 
important for the weak xenon signals. First, as in 
transient free-precession techniques, the effect of the 
inhomogeneity of the external magnet on signal strength 
can be eliminated. Second, as in steady-state forced 
precession techniques, the steady-state signal can be 
received through a narrow bandwidth with a resulting 
improvement in the signal-to-noise ratio. In the present 
work we have used the transient from zero polarization 
to a finite steady-state free precession polarization. It 
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Fic. 3. Log log plot 
of Xe relaxation time 
T, in the gas as a func- 
tion of reciprocal den- 
sity. The magnetic field 
is 8060 gauss and the 
temperature 25°C. 
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can be demonstrated theoretically that this transient 
growth is exponential with the time constant 7}. In 
some cases we observe the transient when an unpolarized 
sample is initially placed in the magnet; in other cases 
a polarized sample already in the magnet is saturated 
with rf pulses before starting the observation. 

This method represents a substantial improvement 
since the bandwidth is determined by the xenon spin- 
lattice relaxation time (~ 10-10 000 sec) rather than, 
as is the case for the null method, by the decay time 
due to the inhomogeneity of the magnetic field (~0.05 
sec). We have not as yet been able to exploit this method 
fully for relaxation times over 200 sec. 

In the present work we have made one exploratory 
measurement of the self-diffusion coefficient of liquid 
xenon. The nuclear resonance method described by 
Carr and Purcell? was used. 

1 R. L. Streever, thesis submitted to the faculty of Rutgers, 


The State University, 1959 (unpublished). 
1H. Y. Carr, Phys. Rev. 112, 1693 (1958). 





NUCLEAR MAGNETIC RESONANCE 


As reported in the next section, resonance field shifts 
as a function of density have been observed. These 
shifts were measured by obtaining audio beats between 
the rf nuclear signals from the samples and a continuous 
rf leakage signal from our signal generator. A set of 
Helmholtz coils provides a small additional contribu- 
tion to Ho. The current control for these coils is a 
sensitive means of adjusting the precessional frequency 
of the nuclei. This current was initially adjusted to give 
a beat frequency of zero between the leakage signal and 
the nuclear signal from a reference sample. The shifts 
relative to the reference sample were determined from 
the change in Helmholtz coil current required to bring 
the beat frequency to zero for the other samples which 
were substituted for the reference sample. 


IV. RESULTS 


The Xe” relaxation times for the gas samples at 
room temperature in a 8060-gauss field are given in 
Table I and plotted in Fig. 3. An estimated maximum 
error is given with each value. In Fig. 3, JT, as a function 
of 1/p is plotted on a log-log scale. The density p is 


TABLE II. Temperature dependence for Sample E at 8060 gauss. 


Temp. (°C) p (g/cc) T, (sec) 


160+30 
150+30 
50 112+10 
115+10 
90+ 10 
77+ 4 
574 2 


2542 
30+2 
-39+2 
—471+2 
—61+2 
—81+2 
101+2 


1.44 
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given in amagat units. The slope is 2,140.4 indicating 
that 7; varies as approximately 1/p? in this region. 

The relaxation time 7; of Sample E at 25°C was in- 
vestigated as a function of field. The observed times at 
14 500 gauss, 8060 gauss, and in the earth’s field were 
200+30 sec, 190-40 sec, and 250-+60 sec, respectively. 
Thus no field dependence was observed outside the 
experimental error. 

The Xe” relaxation times for Sample £ in the gas 
phase above 15°C and the liquid phase below this 
temperature are given in Table II and the product Tip 
for the liquid phase is plotted in Fig. 4. Again estimated 
maximum errors are indicated and the magnetic field is 
8060 gauss. These relaxation times correspond to points 
on the coexistence curve, Fig. 2. 

At —75°C an exploratory measurement of the dif- 
fusion coefficient was made. It was found to be 
(0.4+0.2) x 10-* cm?/sec. 

Finally, the most unexpected result of this work was 
the discovery of large resonant external field shifts in 
the xenon samples having different densities but a 
constant resonant frequency. 

These shifts are recorded in Table I and plotted in 
Fig. 5. The field shift is given in terms of AH=H—H,, 
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Fic. 4. Semilog plot for the product of the Xe", relaxation time 
T, and the density p as a function of reciprocal absolute tempera- 
ture. The data are for sample £ (246 amagats). The magnetic 
field is 8060 gauss. 
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where H is the resonant external field for the sample 
being observed and H, is the resonant external field for 
an arbitrary reference sample. This sample, which in- 
tentionally contained oxygen, served as a particularly 
useful reference because of its relatively fast relaxation 
time. The absolute scale indicating the shift with re- 
spect to the reference sample is not important. What is 
important is the relative shift between two samples 
with differing densities. 

One exploratory observation of the shift was made 
in the very dense liquid of sample E at —75°C. This 
shift was —0.53-0.03 gauss and is indicated in Fig. 5. 
As the density changes from 0.4 g/cc to 2.8 g/cm’, the 
resonant external field decreases by approximately 1.4 


gauss. 
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Fic. 5. Resonant external field shift AH=H—H, at fixed fre- 
quency as a function of density. The shifts are given relative to 
the resonance field H, of an oxygen-doped reference sample. The 
total field is approximately 8060 gauss, and all temperatures are 
25°C except for the liquid 480-amagat point where the tempera- 
ture is —75°C. 
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In order to explore the effect of other molecules on 
the observed Xe!” shift, several samples of approxi- 
mately 250 amagats were prepared with up to 36 
amagats of oxygen. In preliminary measurements the 
oxygen was found to cause a shift in the Xe” resonance 
of approximately 11 milligauss/amagat as compared 
with the 3.45 milligauss/amagat shift due to the xenon. 


V. DISCUSSION 


Staub and his co-workers®* measured the room- 
temperature relaxation time 7, of Xe™ in xenon gas 
at 50 atm and 74 atom. He obtained 420 sec and 20 
sec, respectively. In Table I we report 2600 sec at 48 
atm and 160 sec at 73 atm. The origin of these dis- 
crepancies is uncertain. If relaxation by impurities is 
the dominant mechanism, our longer relaxation times 
are indicative of purer samples. 

We have compared our experimenta] values with 
theoretical values for two limiting regions, the rare gas 
and the dense liquid, where relatively good predictions 
can be made. 

For the dense liquid we have used the Bloembergen- 
Pound-Purcell? theory to calculate 7,, assuming only 
a coupling of spin orientations to the nuclear transla- 
tional motion via direct dipolar magnetic interactions 
between the nuclear moments. In these “order-of- 
magnitude” calculations the factors accounting for the 
presence of two different isotopes” or for the finer de- 
tails of the diffusion process* might be omitted. In our 
calculations we have included the first of these, although 
not the second which involves less certain assumptions. 
The high-temperature limit of the expression for 7; is 
appropriate for xenon in our 8060 gauss field at —75°C. 
We obtain a predicted Xe relaxation time of 8200 sec. 
Unfortunately, the estimated error in this calculation 
is approximately 50% pending a more accurate measure- 
ment of the diffusion coefficient. But it is sufficiently 
accurate to indicate that the experimental value of 7;, 
80+10 sec, is approximately two orders of magnitude 
smaller than the predicted value. The direct nuclear 
dipole interaction is clearly not the cause of the 
relaxation. 

A somewhat similar circumstance exists in the case 
of the gas. Xenon behaves approximately as an ideal 
gas up to 30 atm. We would like to compare experi- 
mental and theoretical relaxation times within this 
region. A 30-atm sample was prepared, but the nuclear 
signal was too weak and the relaxation time too in- 
conveniently long to permit a good measurement of 7}. 
The value of 7; at 48 atm, for example, is already 2600 
+600 sec. However, if we extrapolate the data shown in 
Fig. 3 to 30 atm, we obtain a value 1.110 sec. Using 
the Bloembergen' rare gas theory based on a direct 
nuclear magnetic dipole interaction during collisions, 
we obtain a predicted value for 7; at 30 atm of 1.110’ 
sec. Here the theoretical prediction differs from the 


2 I. Solomon, Phys. Rev. 92, 962. (1955). 
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experimental value by three orders of magnitude. 
Again, even allowing for the admittedly crude model of 
the collision, it is clear that a mechanism other than the 
direct dipole interaction must be responsible for the 
relaxation. 

In addition to the above two comparisons of absolute 
values, our data permits us to compare the experi- 
mental and theoretical 7, temperature dependence in 
the liquid and density dependence in the gas. The 
Bloembergen-Pound-Purcell? liquid theory indicated 
that 1/7, is proportional to the density p divided by 
the diffusion coefficient D. One expects the temperature 
variation of D to be exp(—E/RT), where T is the 
absolute temperature and R the gas constant. As shown 
in Fig. 4, a similar temperature variation has been 
observed for Tip in our liquid xenon samples. The tem- 
perature dependence of the Xe’ relaxation time ap- 
pears to be that of the theory even though the relaxa- 
tion mechanism is not the direct dipole interaction. 
Our data for Typ are consistent with an activation 
energy E of 0.70.1 kcal/mole. The diffusion activa- 
tion energy for xenon has not been measured previ- 
ously, but a value 0.52 kcal/mole has been reported 
for liquid argon." 

The Bloembergen! rare gas theory indicates that 1/7; 
is proportional to the density p. From Fig. 3 it is seen 
that for xenon between 50 and 100 atm, 1/7; varies 
approximately as p*. One should not, however, expect 
the rare gas theory to be applicable for these pressures 
above 30 atm. The experimental data in this region 
indicate a density dependence more consistent with the 
liquid theory where 1/7, varies as p/D. 

Having established that the relaxation mechanism is 
not a direct nuclear magnetic dipole interaction, one 
must ask if the unknown mechanism might be related 
to an impurity, particularly oxygen, either within the 
sample fluid or on the container walls. Using the esti- 
mated values given in Sec. II for our oxygen impurity 
within the fluid, and extrapolating from observed values 
of 7, for xenon samples to which controlled amounts 
of oxygen have been added, we conclude that the re- 
laxation time due to oxygen in our samples is 10* sec. 
Thus we do not believe that oxygen is responsible for 
the relaxation times reported in Table I. It is also sig- 
nificant to note that our method of sample preparation 
is such that each sample should contain the same 
amount of oxygen independent of the amount of xenon. 
As a result the observed dependence of the gas relaxa- 
tion time on xenon density is indicative of some re- 
laxation mechanism other than oxygen in the sample. 

We also conclude that our relaxation is not caused 
by magnetic impurities on the walls. This is particularly 
evident in our liquid samples where, for example, at 
—75°C it takes an atom approximately 5000 sec to 
diffuse from the center of the sample to the walls. This 
is nearly 100 times longer than the relaxation time. In a 


13J. Frenkel, Kinetic Theory of Liquids (Dover Publications, 
New York, 1955). 
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gas at 30 atm, however, such an atom would only take 
approximately 10 sec to get to the walls. This is 100 
times shorter than the relaxation time, and surface 
relaxation is a real possibility. Relaxation at the surface 
can be a complicated mechanism which depends not 
only on the transit time to the surface but also the 
resident time on the surface and the nature of the sur- 
face impurities. We believe, however, that in our gas 
samples surface relaxation is still not the dominant 
mechanism. It seems unlikely that a surface relaxation 
rate would vary with the square of the density. 

The possibility of an indirect electron-coupled nuclear 
magnetic dipole interaction during atomic collisions has 
been suggested by Bloembergen."* This would be a re- 
laxation mechanism only for collisions between atoms 
with unlike nuclear spins,.and could conceivably be an 
important mechanism in collisions between heavy atoms 
such as Xe" and Xe", Thus far we have not per- 
formed experiments to check this suggestion. 

Another factor which would influence the Xe'® re- 
laxation appreciably could be the existence of stable 
diatomic molecules in xenon. No experimental evidence 
for such molecules is known. Their existence, however, 
has been predicted by Bernardes and Primakoff.’® It 
seems unlikely that the existence of such molecules in 
appreciable numbers is consistent with the T; density 
dependence observed in our gas samples. In a diatomic 
gas T, is normally directly proportional to the density.' 
It is necessary to take account of the monatomic- 
diatomic mixture,'* but this does not provide the strong 
inverse dependence which we have observed in the gas. 
Our observed density dependence is more nearly con- 
sistent with a monatomic gas where 7; is normally 
expected to be inversely proportional to the density. 

144 N. Bloembergen (private communication). 

15 N. Bernardes and H. Primakoff, J. Chem. Phys. 30, 691 
(1959). 

16H. C. Torrey (to be published). 
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It is significant to note that in our 8060-gauss ex- 
ternal field, an isolated xenon atom has a strong dia- 
magnetic field of 45 gauss. Our shift may be related to 
fluctuations of this 45-gauss field during atomic colli- 
sions. The sign of our shift is such that a preference for 
smaller values of the diamagnetic field exists as the 
density is increased. The shift would be expected to be 
field dependent, but we have not as yet checked this 
experimentally. 

The relaxation mechanism may also be related to the 
collisions. A fluctuating magnetic field exists at the 
nucleus as a result of the motion of the nonsymmetrical 
electronic charge distributions which exist during colli- 
sions. Because of the rapid oscillations of the dipole 
distributions between two colliding molecules, the inter- 
molecular magnetic field at a given nucleus averages to 
zero. But the intramolecular field arising from the 
motion of the nonsymmetrical charge distribution 
within the xenon atom does not average to zero during 
a given collision. This may provide a dominant re- 
laxation mechanism for Xe”. Using this mechanism 
Torrey’® has calculated absolute values of 7), the 
field dependence of 7), and a Korringa-type relation- 
ship between 7, and AH. He has obtained good agree- 
ment with our experimental observations. 
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Double injection into semiconductors and insulators is studied under conditions where the injected 
electrons and holes are free (injected plasma), the current is volume-controlled, i.e., determined by dis 
tributed space charge, and the current is field-driven (diffusion negligible). The major results are, assuming 
a one-dimensional geometry and carrier lifetime independent of injection level, for extrinsic semiconductors, 
(i) an extended voltage region over which J « V? (J current density and V voltage), and (ii) depression 
of the current, at fixed voltage, in the square-law region through increase in the number of thermal minority 
carriers, J«<|nr—pr|, with mr, pr the thermal-equilibrium densities of electrons and holes, respectively. 
This unusual behavior is shown to be a direct consequence of recombination kinetic requirements. For 
insulators, assuming trapping is negligible, J <« V*. A rigorous solution is obtained for the constant-lifetime 
problem, valid for both semiconductors and trap-free insulators. This solution furnishes a good approxima 
tion also for variable-lifetime cases, e.g., bimolecular recombination kinetics. 


I, INTRODUCTION 


OUBLE injection into solids, that is, the simul- 
taneous injection of electrons from a negative 
contact and holes from a positive contact, is a subject 
of both considerable complexity and diversity. In the 
theoretical studies of this subject over the past decade 
by far the greatest attention has been given to double 
injection into semiconductors, usually “short” mn-i-p 
structures, in which the current is controlled by one or 
both contacts and the carrier density is determined by 
the solution of a diffusion equation.“ More recently, 
double injection into solids has been theoretically 
studied under conditions where the currents are field- 
driven and volume controlled, i.e., limited by space 
charge which is distributed throughout the volume.®:® 
These latter studies have been confined to insulators in 
which there is a negligible density of free carriers in 
thermal equilibrium and, further, in which there is 
negligible trapping of injected carriers. Parmenter and 
Ruppel® have rigorously derived the current-voltage 
characteristic for two-carrier SCL (space-charge-lim- 
ited) currents in a trap-free insulator assuming bimo- 
lecular recombination. Lampert® has extended their 
results, by an approximate analysis, to general recombi- 
nation kinetics and arbitrary field-dependence of the 
mobilities, but still holding to insulators and to the 
assumption of a single lifetime for electrons and holes 
(the injected plasma case). The present paper extends 
this latter work to semiconductors, and also puts the 
theory on a more rigorous foundation. 
Two outstanding features are revealed by the present 


‘R. N. Hall, Proc. Inst. Radio Engrs. 40, 1512 (1952). 
2 A. Herlet and E. 7, Z. angew. Phys. 7, 99 and 149 (1955) ; 
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’D. A. Kleinman, Bell System Tech. J. 35, 685 (1956). 

*V. I. Stafeev, J. Tech. Phys. (U.S.S.R.) 28, 1631 (1958) 
(translation: Soviet Phys.—Tech. Phys. 3, 1502 (1958) ]; J. Solid 
State Phys. Acad. Sci. U.S.S.R. 1, 841 and 848 (1959), (Trans- 
lation: Soviet Phys.—Solid State 1, 763 and 769 (1959)). 
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analysis: (i) an’ extended voltage range, following the 
Ohm’s law region, over which the current is proportional 
to the square of the voltage; (ii) depression of the 
current, at fixed voltage, in this square-law region 
through increase in the number of minority carriers in 
thermal equilibrium. The latter behavior is remarkable 
in that the addition of current carriers leads to a 
reduction in current at large injection levels. It will be 
seen in Secs. IV and V that this effect is a direct 
consequence of recombination kinetics. 

Recent experiments’ with germanium at this labora- 
tory give the predicted square-law dependence of 
current on voltage following an Ohm’s law region, and 
also give strong evidence for the predicted depression 
of the current by the minority carriers. A double- 
injection “breakdown” of iron-doped germanium at 
liquid nitrogen temperature was observed by Tyler® and 
interpreted by him in terms of volume-contgolled 
currents, although a detailed theory has not, to Hate, 
been presented. Also the recently observed “‘oscillistor” 
phenomena’ (current oscillations produced in a rod of 
semiconductor placed in a magnetic field) are known 
experimentally to involve field-driven, volume-con- 
trolled, double-injection currents. 

The authors are confident that the systematic study, 
both experimental and theoretical, of two-carrier 
injection into solids will yield at least as great a wealth 
of useful information about localized imperfection states 
as has the study of one-carrier injection.” 


Il. ASSUMPTIONS 


The assumptions on which our theory is based are as 
follows: 

(i) The injected (excess) carriers are free, i.e., not 
bound in traps or recombination centers. 


7R. D. Larrabee, following paper [Phys. Rev. 121, 37 (1961) ]. 

SW. W. Tyler, Phys. Rev. 96, 226 (1954). 
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(1959) and J. Appl. Phys. (to be published). 
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VOLUME-CONTROLLED, 


For well-purified semiconductors, in the temperature 
region of extrinsic conductivity with the dominant 
impurity completely ionized, and at higher tempera- 
tures, the injected carrier densities, at injection levels 
of interest, will be large compared to recombination and 
trap state densities, and so will automatically be free. 
Further, changes in occupancy of the recombination 
centers under injection conditions are neglected. This 
is justified (see Appendix A) so long as the recombi- 
nation state density is less than the difference between 
the thermal-equilibrium densities of majority and 
minority carriers. Again this will generally be the case 
for well-purified semiconductors in the current state of 
the art. 

For insulators, even if highly purified, except at very 
high injection levels, quite generally at least one of the 
injected carriers, electrons or holes, will be largely 
trapped. Theory covering this case will be presented in 
a later publication. 

(ii) The current is volume-controlled, i.e., the con- 
tacts impose no significant constraints on either the 
entering or exiting currents. 

(iii) Diffusion currents are negligible. 

These two assumptions are closely related to each 
other and therefore are discussed together. They mark 
a complete departure from the existing theory on 
double injection into semiconductors.’ Assumption 
(iii), by definition, characterizes a ‘‘simplified” theory. 
In such a theory, assumption (ii) is precisely formulated 
in a pair of boundary conditions, namely that the 
electric field intensity vanishes at the cathode and 
anode. In practice such idealized contacts simply cannot 
be realized since, in the absence of diffusion, they imply 
infinite free-carrier densities at the contacts. Actually, 
where the electric field vanishes the current is neces- 
sarily a pure diffusion current. Nevertheless, so long 
as the diffusion currents are large only over narrow 
regions confined to the vicinity of the contacts, the 
“simplified” theory, with assumption (ii), will give an 
adequate description of the overall current flow, par- 
ticularly of the current-voltage characteristic. Precisely 
the same considerations arise in the problem of a 
one-carrier SCL current injected via an “Ohmic” 
contact." 

In the case of double injection into a semiconductor 
with an #-i-p structure a condition for the applicability 
of the “simplified” theory is that the middle i-section 
be at least several diffusion lengths long. (See the 
discussion at the end of Sec. IV.) Such is the case in 
Larrabee’s experiments.’ Where the middle i section is 
less than a couple of diffusion lengths long, the assump- 
tions (ii) and (iii) are no longer valid at practical 
voltages, the appropriate theory then being that al- 
ready available in the literature.’ 

Although the n-i-p type of structure is indeed the 
most suitable, in the current state of the art, for 


11M. A. Lampert, Phys. Rev. 103, 1648 (1956). 


TWO-C, 


ARRIER CURRENTS IN SOLIDS 27 
studying double injection under highly controlled 
conditions, it is certainly not the only one available.*:” 
The problem of injecting contacts is one requiring 
considerably more experimental and theoretical study 
if greater understanding and control are to be realized 
for contacts other than those of the p-m junction type. 

(iv) Low-field (field-independent) mobility condi- 
tions obtain. 

This assumption is made to make the mathematical 
problem analytically tractable. Fortunately it will be 
realized in most, if not all, cases of practical interest. 
Where approximate arguments are employed it is, at 
least sometimes,® not necessary to restrict the discussion 
with this assumption. In the case of one-carrier SCL 
currents it has been shown that the analytical problem 
is tractable even with field-dependent mobilities, under 
fairly general conditions. It remains to be seen 
whether such techniques can be applied to two-carrier 
problems. 


Ill. PHYSICAL ARGUMENTS 


In this section we derive some of the major results of 
the theory in a very simple manner, examining the 
average behavior of the injected carriers from the 
viewpoint of the underlying physical processes. The 
reasoning employed is a straightforward extension of 
that employed by Rose in his study of one-carrier 
SCL currents."4 

Except where otherwise noted, the discussion through- 
out this paper refers to a one-dimensional, current-flow 
geometry and all formulas are expressed in mks units. 
In the following definitions of symbols, subscript or 
p on a quantity indicates that the quantity refers to 
electrons or holes, respectively. J is the total current 
density; e is the electronic charge, P and WN are the 
total number of injected, excess holes and electrons, 
respectively, per unit area, between cathode and anode; 
t, is the “average” hole transit-time, ‘p= L?/u,V, with 
L the cathode-anode spacing, », the hole mobility, and 
V the applied voltage between anode and cathode, and 
similarly for ¢, and uw»; Q is the magnitude of charge, 
per unit area, of one sign between cathode and anode 
(see Appendix B); C is the geometric capacitance, per 
unit area, C=e/L with e the static dielectric constant; 
rt is the common, “average” lifetime for injected 
carriers; fg, is the so-called Ohmic (or dielectric) 
relaxation time for electrons, fo,,=€/enru, with mr 
the thermal equilibrium density of electrons, and 
similarly for /g,, and pr. 

In order to highlight the difference between one- and 
two-carrier injection, under field-driven conditions, we 
first review one-carrier injection (of holes) into a 
perfect insulator (pr=0 and no trapping)": 

J=eP/ty. 
2 R. W. Smith, Phys. Rev. 105, 900 (1957). 


13M. A. Lampert, J. Appl. Phys. 29, 1082 (1958). 
4 A. Rose, Phys. Rev. 97, 1538 (1955). 
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Charge and voltage are related in the usual manner, 
O=CV=(e/L)V. (2) 


It has been shown," under very general conditions, 
that the distortion, by injected, distributed space 
charge, of the capacitance away from its geometric 
value is less than a factor of two. Correspondingly, an 
error of less than a factor of two is made by using the 
geometric value of the capacitance in Eq. (2). A similar 
situation is expected to obtain generally with two- 
carrier injection (see Appendix B). 

Since all free carriers in the insulator are excess 
carriers, 

Q=eP. (3) 


Combining Eqs. (1), (2) and (3), 


J=CV/tp=en,V?/L'. (4) 


The exact, analytical solution’ for this problem 
differs from Eq. (4) only in that it is larger by the 
multiplicative factor 9/8. 

The essential difference between one- and two-carrier 
injection is that in the latter case the injected carriers 
of one sign of charge can be largely neutralized through 
the accompanying injection of carriers of the opposite 
sign of charge. Thus, with double injection we are 
dealing basically with an injected plasma, so long as 
the injected carriers are mostly free [assumption (i) ] of 
Sec. II). Nevertheless the small, residual space charge 
is of great importance in that it is precisely this space 
charge that limits the buildup of plasma density at 
any fixed voltage. 

We consider specifically the case of double injection 
into an m-type semiconductor in the extrinsic region, 
pr<nr. Because of finite lifetime against recombination 
with electrons, the injected hole density necessarily 
decreases going from anode toward cathode. As pointed 
out above, the space charge associated with the injected 
holes can be largely “relaxed,” i.e., neutralized, through 
the concomitant injection of electrons. However, since 
the motion of the electrons which “relax” the holes is 
in the opposite sense from the hole motion—ultimately, 
the “relaxing” electrons must come from the cathode, 
whereas the holes are injected at the anode—there will 
be a finite time delay, or relaxation time f,.), associated 
with the neutralization process, as a result of which 
complete neutralization will clearly be impossible. So 
long as trei<r we would expect the ratio f,./r to 
provide a measure of the incompleteness of the relax- 
ation ; i.e., of the residual space charge. Hence we write, 
for this case of double injection into an n-type semi- 
conductor: 

brearKr: Q=ePlrer/t. (5) 

Since Q/e<P, it follows automatically that N= P, 

i.e., that the double injection corresponds to an injected 


Crystals (Oxford University Press, New York, 1940), p. 172. 
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plasma (the free thermal electrons, of total number 
mrL, per unit area, are neutralized by the positive 
donor ions). 

We still use Eq. (1) for the /ofal current, since we 
regard the electron motion as simply neutralizing the 
holes over their current path. This is, of course, valid 
only at high injection levels, P>mrL. (For P<nrL 
we get simply Ohm’s law.) Combining Eqs. (1), (2), 
and (5), we get 

TCV setup, V? 


J (6) 


ed 


treilp 


In order to complete the picture we must identify 
tre. Two relaxation modes are available: (i) the 
“Ohmic” relaxation by the electrons distributed 
throughout the solid in thermal equilibrium; this has 
the characteristic relaxation time /o,.,.=5.5105K/ 
ru, in practical units (K the dimensionless, relative 
dielectric constant, mr in cm~, wu, in cm?/volt sec, and 
to,. in seconds), and (ii) the transit time ¢, for electrons 
individually to traverse the solid after injection at the 
cathode. Whichever of fon, ¢, is the shorter time will 
determine the actual mode of relaxation. Thus we have 
two different cases, for each of which the appropriate 
substitution for ¢,.1 in Eq. (6) gives the desired current- 
voltage relationship : 

lan<ta, 7; (7’) 


(8) 


trea=lon: J=erTUnpnrV?/L', 


ta<tan, 7; treixte: J=erpaptyV*/L'. 


In both cases it is also necessary that ¢,<r. If t,>r, 
Ohm’s law holds. 

From the derivation, it is appropriate to refer to the 
square-law characteristic, Eq. (7’), as the “Ohmic 
relaxation regime.” If r</o,, there will be no square- 
law portion in the current-voltage characteristic. At 
sufficiently high voltages where /,, which varies as 1/V, 
is less than ¢g,,, the carriers #7, initially present ther- 
mally, no longer play the dominant role in determining 
the current. Therefore the solution, Eq. (8), is essentially 
the same as that previously obtained® for double 
injection into a perfect insulator (wr= pr=0), and it is 
appropriate to refer to the cube-law characteristic, Eq. 
(8), as the “insulator regime.” Actually there is missing 
from the right side of Eq. (8) a multiplicative, numerical 
factor ~8. The missing factor is easily recovered by 
noting that in the insulator regime, as shown in Ap- 
pendix A, there is almost complete symmetry between 
electrons and holes (unequal mobilities can slightly 
disturb this symmetry). Therefore, in concentrating on 
the injected holes in our derivation we have looked only 
at the right half of the solid, the anode half, and 
counted only half the current. Upon replacing J, V, 
and L in Eq. (8) by J/2, V/2, and L/2, respectively, 
the “correct” numerical factor appears. 

Finally Eq. (7’) should be corrected for the presence 
of minority carriers pr thermally generated in the 
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n-type material. It is shown in the following Sec. IV, 
and more rigorously in Appendix A, that the corrected 
equation is, 


J = CTU np (i7 pr)V?/L*. (7) 

Precise conditions for the validity of Eq. (7) are 
given in Appendix A. As shown there, the inequalities 
characterizing the different current-voltage regimes are 
slightly different than those given in Eqs. (7’) and (8). 

It is seen in Sec. IV that the factor mr— pr appears 
naturally in the analysis upon simple manipulation of 
particle conservation (recombination) equations—a 
matter explored further in Sec. V C. In the context of 
the physical arguments of the present section, Eq. (7) 
can also be interpreted as indicating that, in Ohmic 
relaxation, say by electrons, under double injection 
conditions, the effective density of electrons available 
to “relax” the injected holes is nr—pr, and that the 
corresponding, effective Ohmic relaxation time is 
to.n’ = €/e(nr— pr)un. Replacing tre: by to,n’ in Eq. (6) 
then gives Eq. (7). However, we wish to stress that 
this behavior is very unusual and derives from recombi- 
nation requirements. In the more usual charge-relax- 
ation situation, e.g., if an excess charge were suddenly 
introduced into the injected plasma, the electrons and 
holes in the plasma would aid in the charge relaxation, 
i.e., their (mobility-weighted) sum, rather than differ- 
ence, would be involved in the relaxation process. 

Equation (7) would predict J 0 as pr — nr, which 
is, of course, a spurious effect. Actually when 7 is very 
close to m7 the approximations characterizing the ohmic 
relaxation regime are no longer valid. In this case, 
with diffusion neglected, there is simply no voltage 
range over which J« V*. The Ohm’s law regime, valid 
at “low” voltages, is then followed directly by the in- 
sulator regime, J « V*, 


IV. APPROXIMATE ANALYTICAL ARGUMENTS 


Additional insight is gained into the double-injection 
problem by somewhat more analytical, yet still simple, 
derivations. The complete equations, including diffu- 
sion, which define the problem are: the electron and 
hole current-flow equations, 


1 dn | 
—J ,=pn(n+nz)E—D,—, 
e dx 


(9a) 
J=JatJ p; 


1 : dp 
J p=up(Pt+pr)S + Dy, ’ 
€ dx 


(9b) 


the Poisson equation (neglecting changes in occupancy 
of localized, e.g., recombination, centers), 


(¢/e)(d&/dx)=n—p, (10) 
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and the particle conservation equations, 


1d/J, ) 


| 
inl + ce 
| 


(11a) 
e dx 

er=n/tr=p/Tp. 
idJ, | 
-——=y,| (11b) 
e dx 


Multiplying Eq. (11b) by b=u,/u, and adding to 
the result Eq. (11a) gives, using Eqs. (9a) and (9b), 


: d8 eT? 
—[(p—n)&]— (nr— pr)—+— —(n+ ) 
dx dx e dx 


(b+1)r (b+1)n (b+1)p 


Ln MnTn MnTp 


In the above equations, /, is the electron current 
density; similarly for J,; m and p are the injected, 
excess electrons and holes, respectively; & is the electric 
field intensity; D, is the electron diffusion constant, 
D,=kTu,/e with k= Boltzmann’s constant and T the 
temperature in degrees Kelvin; similarly for D,; x is 
the position coordinate; r is the recombination-rate 
density ; 7, is the electron lifetime, and similarly for rp. 
Other symbols have been previously defined in Sec. III. 

Equation (12) is particularly useful for comparison 
of the different current-flow regimes. Of the three terms 
on the left-hand side of Eq. (12), previous theories! 
ignore the first two, take n= p in the third term (hence 
Tx=Tp=T), and thereby obtain what we may call the 
“diffusion solution,” with an effective diffusion length 
Lett=(2Dar/(6+1))*. Note that in obtaining this 
“diffusion solution” the field terms are neglected only 
in Eq. (12). The field terms are retained in Eqs. (9a) 
and (9b) and indeed, in references 1-4, these equations 
are used, in conjunction with the “diffusion solution” 
to Eq. (12), to obtain the electric field intensity. 
Interestingly enough, the “diffusion solution” yields a 
square-law regime at higher voltages, following the 
exponential current-voltage regime valid at low volt- 
ages.’ This square law is unrelated to that characterizing 
the Ohmic-relaxation regime, Eq. (7). 

The field-driven current regimes are determined 
neglecting the third (diffusion) term on the left-hand 
side of Eq. (12) as well as the diffusion terms in Eqs. 
(9a) and (9b). Now, it is obvious, and is verified in the 
exact solution of Appendix A, that until relatively high 
injection levels are reached, i.e., until n~ p>mnrz, pr, the 
current-voltage characteristic is simply Ohm’s law. In 
the non-Ohmic portions of the characteristic, i.e., at 
the high injection levels, it is permissible to neglect the 
thermal carrier densities nr, pr in the current expres- 
sions (9a) and (9b). The total current density can then 
be written, replacing & by the average field V/L, 

J~e(b+1)u,aV/L, (13) 


where %i denotes the average value of m over the volume. 


? 
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The Ohmic relaxation regime corresponds to keeping 
just the middle term on the left-hand side of Eq. (12): 
(6+1)n/rn. (14) 


A simple dimensional analysis of Eq. (14) gives the 
result immediately; namely replace —d&/dx by V/L? 
and n/r, by fi/r. This gives the useful relation, 


(6+1)i= TUn (nr—p1 ) V/L, 


—p,(N7 —p1 \(d&/dx) 


(15) 


which, substituted into Eq. (13), gives Eq. (7). (Note 
that, for the sake of definiteness, we are assuming n-type 
material, nr> pr.) 

A somewhat more fastidious procedure for deriving 
Eq. (15) consists of replacing d&/dx in Eq. (14) by its 
value from Eq. (10), giving e|n—p|=e(6+1)n/ 
MaTn("r—pr), substituting this into the relation, 

Q|=eKol\n—p\|dx~eV/L (see Appendix B), and 
replacing /(omdx/r, by nL/r. 

The insulator regime corresponds to keeping just the 
first term on the left-hand side of Eq. (12), and replacing 
(p-n) by its value in Eq. (10), 


e df d& n 
— —pa—{ 6&— J=(6+1)—. (16) 
e dx dx Tn 
Again, a simple dimensional analysis, replacing 
— (d/dx)[6(d&/dx)] by V?/L‘ and n/r, by ii/r, gives 
theuseful result, 


; (17) 


ETL, V 
(6+1)i=—— - 
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which, substituted into Eq. (13), gives the final result, 
Eq. (8). More detailed examinations of the insulator 
regime are given elsewhere.*:® 

The present treatment of double injection, in which 
we neglect the diffusion term and retain the field terms 
in the particle conservation equation (12), is applicable 
to semiconductor structures of the n-i-p type if the 
middle i section is sufficiently long compared to a 
diffusion length. The reason for this requirement is that 
the n-i (p-i) junction blocks the exit of holes (electrons), 
whereas our theory assumes that there are no con- 
straints on currents at the contacts. Consequently at 
each junction there is needed an accommodation region 
in the i section over which a diffusion-dominated solu- 
tion adjusts to our field-dominated solution. At the 
onset of the Ohmic relaxation regime the length of each 
of the accommodation regions is approximately one 
diffusion length.'* At higher currents their length grows 
logarithmically with current.'® In Larrabee’s experi- 
ments,’ at the highest currents the total length of the 
two accommodation regions is small enough compared 
to the specimen length that we expect at least a quali- 
tative check of his results with our predictions, and 
indeed this check is provided. 


16D. O. North (private communication). 
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V. RECOMBINATION KINETICS 


It is clear from the entire discussion of Sec. III, and 
from the appearance of the lifetime 7 in the final results, 
Eqs. (7) and (8), that recombination kinetics play a 
crucial role in double injection currents. We discuss in 
this section three aspects of recombination: the vari- 
ation of lifetime with position, the variation of lifetime 
with injection level, and the connection of recombina- 
tion with the “n7— pr effect,” Eq. (7). 


A. Variation of Lifetime with Position 


We recall that the “physical” arguments of Sec. ITI 
and, to some extent, also the approximate mathematical 
arguments of Sec. IV, were based on an examination of 
the average properties of the injected plasma. The 
reason why the study of average quantities yields 
accurate results for the current-voltage characteristic 
is that, in truth, the various quantities of interest, such 
as carrier densities and electric field intensity, vary 
only weakly with position over most of the solid, as 
demonstrated by the “exact” solutions in Appendix A. 
The “exact” solutions, in turn, are derived making the 
approximation that either the electron or hole lifetime 
is constant with position. Now even where this approxi- 
mation is poorest, namely with bimolecular recombi- 
nation, the carrier lifetimes have only the same degree 
of positional variation as the free carrier densities. 
Since the calculated free-carrier densities have, indeed, 
only weak positional dependence, the approximation of 
constant lifetime is mathematically a self-consistent 
one, even in this “worst” case. This explains why the 
rigorous solution for the case of double injection into an 
insulator with bimolecular recombination® is reproduced 
with considerable accuracy by the constant-lifetime 
calculation of Appendix A. 

Actually, in the more usual circumstance of recombi- 
nation through localized centers the approximation of 
lifetime constant with position will be an extremely 
good one for either electrons or holes, so long as the 
recombination cross sections, ¢, and &, for electrons 
and holes, respectively, are very unequal in magnitude. 
For we may write 1, '=dé,pr, tp '=DG,nR, pr 
~épNer/(EntGp), and ne~GnNRr/(Fn+6,). Here od is 
the thermal velocity of the free carriers (taken equal 
for electrons and holes, for the sake of simplicity), nz 
and pr are the density of filled and empty recombina- 
tion centers, respectively, and nz+pr=Ne, the total 
density of recombination centers (of a single class 
dominating recombination). If, for example, ¢,>¢@p, 
then mr~Npr irrespective of modest variations of 
carrier densities with position, and 7, will be constant 
with position to a high degree of approximation. In 
this case, 7, will be “constant” with position to a lower 
degree of approximation, namely it will vary with 
position to the same degree as the ‘‘almost-constant” 
ratio n/p. If ¢,>¢,, the situation is reversed and r, 
is the lifetime most constant with position. 
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B. Variation of Lifetime with Injection Level 


The major results of the theory, Eqs. (7) and (8), 
express the current in terms of the average, common, 
carrier lifetime 7 as well as the voltage V and other, 
fixed parameters. At injection levels where the common 
lifetime is independent of injected carrier density this 
is a suitable manner in which to express the current- 
voltage characteristic. However, where the lifetime 
varies with injection level it follows, e.g., from Eqs. 
(15) or (17), that the lifetime is also a function of 
voltage, r=7(V), and the complete voltage dependence 
of the current is known only when r(V) is specified. 
Double injection into insulators with bimolecular 
recombination,® described by Eq. (8), is a case in point. 
Here r<1/V, so that finally J« V?, not V*. 

The numerous possibilities for dependence of r on 
injection level, hence on V, and the consequent effects 
on the current-voltage characteristic are a subject for 
further, detailed investigations. We confine our re- 
marks here to two observations. 

First it will be true quite generally that the depend- 
ence of lifetime on injection level in double injection 
experiments on a given material will be exactly the 
same as the dependence of lifetime on excitation level 
in bulk photoconductivity experiments on the same 
material using bandgap excitation. The lifetimes are, 
of course, to be compared at the same carrier densities. 
The only difference in the two types of experiments 
relates to the method of introducing excess carriers. 
The bulk photogeneration of excess carriers will, or 
can, be quite uniform, whereas in the electrical experi- 
ment excess carriers are introduced at contacts or 
electrodes. However, as we have already discussed, the 
injection of excess carriers from contacts nonetheless 
leads to a fairly uniform distribution of the carriers 
throughout the volume—hence the equivalence of the 
two types of experiments for lifetime studies. Photo- 
conductive lifetime variations with excitation level are 
discussed in two recent review articles,!7"' 

The second remark pertains to the use of the func- 
tional form n/r,, or p/r, to express recombination rates. 
The use of this form implies that the thermal re- 
emission rate from the recombination center to the 
corresponding carrier band is negligible, since net 
recombination is equal to the difference between the 
capture rate, as expressed above, and the re-emission 
rate. It is easily seen’ that for a single, dominant 
recombination center, at the high injection levels of 
interest, n~ p2nz, pr, although the thermal re-emission 
rate can indeed be substantial to one band, it will then 
be negligible to the second band. For the recombination 
centers would have to be close, energetically, to the 
former band if re-emission is to be substantial, and 
hence they would be too far away, energetically, from 

17 A. Rose, Progress in Semiconductors (Heywood and Company, 
Ltd., London, England, 1957), Vol. 2, p. 111. 


18 A. Many and R. Bray, Progress in Semiconductors (Heywood 
and Company, Ltd., London, England, 1958), Vol. 3. 
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the latter band for re-emission to this band to be 
significant. Since recombination for one sign of carrier, 
say holes, can be written properly in the form p/r», 
we can use the “equation,” n/ta=p/rp, as a formal 
means for defining the lifetime 7, of the other sign of 
carrier. This mode of definition automatically sifts out 
the ‘“‘capture-followed-by-thermal-re-emission” events 
from the recombination lifetime. These observations 
justify the use of the simple, ‘‘capture’”’-type functional 
form above in the theoretical analysis. 

There is an additional question as to whether the 
net recombination rate should include the thermal- 
equilibrium density of carriers, i.e., whether the electron 
recombination rates, for example, should be written as 
n/t, Or (n+mnr)/r,. Actually this depends on the 
details of the recombination kinetics. For example, if 
the recombination centers are essentially full in thermo- 
dynamic equilibrium, and essentially empty under 
double injection (because ¢,>>¢,), then clearly the net 
electron recombination rate is given by (m+mr)/tn. 
This situation obviously involves a change in electron 
lifetime as a function of injection level. In the analytical 
formulation of the problem in Appendix A both possi- 
bilities for the functional form of the recombination 
are considered. At high injection levels, »>myz, the 
results obviously will not depend strongly on the 
particular choice between the two functional forms. 


C. Recombination and the Role of Minority 
Carriers in Ohmic Relaxation 


The appearance of (wy— pr) in Eq. (7) is so unusual 
that further understanding of its origin is desirable. 
Some insight can be gained by concentrating on the 
requirements imposed by particle conservation, i.e., by 
the recombination Eqs. (11a) and (11b). For the sake 
of simplicity we consider the case of equal mobilities, 
Hn=Up=u. From (9a) and (9b), neglecting diffusion, 
we can write: &=K/(n+nr+p+pr) with K=J/ep 
=constant. Putting this into Eq. (11a), we obtain 


d n+nr 
= eer —(n—p)— oe 
For the insulator case, nr = pr=0, we see that double- 
injection (J#0, r+#0) requires a finite, if small, devi- 
ation from neutrality, »¥ p. This leads to the insulator 
regime characteristic, Eq. (8). Obviously for semi- 
conductors with #r7~fr a similar situation obtains; 
particle conservation, i.e., a nonvanishing current 
divergence in Eq. (18), requires that n¥ p for significant 
injection to occur, with a concomitant deviation from 
Ohm’s law. Further, the insulator regime, Eq. (8), will 
describe the high-injection-level situations in this case. 

However, for extrinsic semiconductors, nr¥ pr, it is 
clear that the term (m7— pr) in the denominator of the 
current term in Eq. (18) can also lead to nonvanishing 
current divergence, even with np in Eq. (18). Indeed 
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Fic. 1. Qualitative plots of several variables of interest for 
double injection into an extrinsic semiconductor in the Ohmic- 
relaxation regime. x4, is the position of the electric field maximum. 


this is the case in the Ohmic relaxation regime, Eq. (7). 
Further, in an expansion of the left-hand side of Eq. 
(18) in powers of (nr—pr)/2(n+-nr) (taking p—n=0), 
the lowest order, nonvanishing term is proportional to 
(nr—pr). Thus the recombination rate, and hence the 
current, are proportional to (mr—pr), as in Eq. (7). 
The same conclusions are reached if u»#yuy, only the 
algebra is more involved. 

It is also instructive to consider the contributions to 
recombination of the individual terms in the Egs. 
(11a) and (11b), rewritten here, neglecting diffusion, as: 


d d& r 
| - —(n8)] +|-nr—] =—, 
dx 1 dx 2 Mn 


[= | | =] r 
—(p8)} + =—, 
dx P 3 “i 4 Mp 


For insulators, mr=pr=— }2=[ |h=0 and [ ]); 
and [ ]s are the sole contributors to recombination. 
In lowest order, n= p&=constant. In the next order, 
which gives the lowest order and dominant, contribution 
to recombination, »& and p& vary in opposite senses 
with position, namely decreasing and increasing mono- 
tonically, respectively, from cathode to anode. For 
extrinsic semiconductors, say mr>>pr, in the Ohmic 
relaxation regime, the situation is different. Qualitative 
plots of &, nm, p, n& and p&, determined from the 
solution in Appendix A, are given in Fig. 1. We are 
interested in the region between cathode and anode 
which begins at a distance on the order of x to the 
right of the neutrality plane at xy, i.e., slightly to the 
right of the plane where v& has its minimum. This 
region comprises most of the volume of the solid, 


(19a) 


(19b) 


LAMPERT 


AND A. ROSE 

absorbs most of the applied voltage and hence deter- 
mines the current-voltage characteristic. Our remarks 
are confined to this region. Again in lowest order 
n&=p&=constant; in the next order n&~96 still, both 
increasing monotonically towards the anode in the 
region of interest, as shown in Appendix A. From Fig. 1 
it is clear that the term [J]; in Eq. (19a) is now, in a 
mathematical sense, opposing recombination and the 
sole contribution to electron recombination is provided 
by the thermal-carrier term [ |». Since in lowest 
(nonvanishing) order,[ ]:=—[  |]s, it follows, add- 
ing Eqs. (19a) and (19b), and neglecting [ ],, that 
C. Jem (6+1)r/buz~(b+1)[E ]s/d. Including the small 
term [ _]s4, it opposes recombination, and on adding 
Eqs. (19a) and (19b) [ |], is replaced by 


C Jotl je=—(nr—pr)d&/dx. 


\* The above considerations bring out the crucial role 
played by the thermally present carriers in the Ohmic 
relaxation regime. Although, to be sure, the separation 
of currents into those carried by thermal and injected 
carriers respectively is only a mathematical artifact, 
it is, as the above analysis shows, a useful one for 
understanding the final results. 
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APPENDIX A. THE RIGOROUS SOLUTION 


The current-flow, Poisson, and particle-conservation 
equations defining the problem are: 


J 
—=(n+nr)unrE+(p+pr)u,»éS=constant, 
e 


(Al) 


« d& 
-——=n—p+zpr, 


(A2) 
e dx 


(A3a) 


d 
—pn—L(n+nz) 6 ]=r, 
dx 


d 
Hs Lot br) )=r. (A3b) 
ax 


Equation (A1) is the sum of Eqs. (9a) and (9b) with 
diffusion neglected. Equation (A2) is the Poisson Eq. 
(10) with an additional term zp allowing for a change 
in occupancy of the recombination centers. Note that 
Zr can be either positive or negative. Equations (A3a) 
and (A3b) are the same as Eqs. (ila) and (11b), 
respectively. The appropriate functional form for r 
depends on the detailed properties of the localized 
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TABLE I. Parameters dependent on the details of 
recombination kinetics.* 








6/0 
b+@+¢ 
b+6—bt 
&+r-1 
&—br—1 


r rr/nr a 

1—#-¢4+0 
1—@-f—-b0 
1-@-¢+0 
1—#-¢—-b@ 


n/Tn v 
b/ tp 

(n+nr)/T», 
(p+pr)/Tp 


7 
y+1 
r+1 





* The letters designating rows are used as identifying subscripts on the 
symbols designating columns; thus ra =”/rtn, rer/nt =» +1, etc. 


defect states in the semiconductor. The four possi- 
bilities, discussed in Secs. VA and VB, are listed in 
the first column of Table I. 

The particle-conservation equation most useful for 
the analytical discussion is that obtained by adding 
Eq. (A3b), multiplied by b=u,/pu»p, to Eq. (A3a): 


d d& (b+1) 
—[(p—n)& |— (nr— pr) —= A 
dx dx Ln 


(A4) 


It is convenient to obtain the solution in terms of the 
dimensionless position, field, and potential variables of 
reference 11, Appendix A: 

W=C nz nrt/eJ, u=enrunE/J, v=E nz eV /eJ*. (AS) 
Here V is the potential at position x, V= V(x), and the 
applied potential is V,=V(ZL). (In the main body of 
this paper, Vz is written simply as V, since the potential 
distribution is not discussed there.) It is convenient, 
in the definitions (A5), to use the majority-carrier 
thermal density; thus the choice mr would refer to an 
n-type or intrinsic semiconductor. 

Further dimensionless variables and constants are: 


v=n/nr, w=p/nr, $=SRr/N7, 
; (A6) 
O=I[e,,,/7, @ = pr/nr, 
with fo.,=€/enrun; 7 is the appropriate, constant 
lifetime, 7, Cr 7p, appearing in r in the first column of 
Table I, and <1. 
Equations (A1), (A2), and (A4) become, respectively, 


1/u=v-+1+(1/b) (r+), (A7) 


du/dw=v—x+¢, (A8) 


d 1T 
—[(r—v)u ]— (1—6)—= 9 (6+1)—. 


(A9) 


du 
da 


dw w nr 
Equations (A7), (A8), and (A9), with rz/nr taken 

from Table I, define our problem, subject to the 

boundary conditions 6=0 at x=0 (the cathode) and 

at x=L (the anode), i.e.: 

u=0 at 


w=0 andat w=wy=eny*unL/eJ. (A10) 
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From Eqs. (A7) and (A8), v and = are given by 


1 (b du 
y -— |= = (b +$+¢) ; (Alla) 


b+1iu dw 
1 1b du 
= —|~—6 —~—(b +o— 1) |, (A11b) 
b+1lu dw 


Substitution of Eqs. (Alla) and (A11b) into Eq. (A9) 


gives finally: 


d du du 
u (« — )+ — —But+y=0, 


dw\ dw dw 


(A12) 


where y= 9d and the appropriate expressions for a and 
8 are given in Table I. Note that we have taken ¢ to 
be a constant (positive or negative), independent of 
position ; this will be true generally to a high degree of 
approximation for constant-lifetime situations such as 
discussed here. 

Equation (A12) is reduced to a differential equation 
which is integrable by inspection by the substitution: 


d d dw 
u—= or “u=—, (A13) 
dw dy dy 
namely: 
du = du 
—+a— —Bu+y7=0. 
dy" dy 


(A14) 


The solution to this equation is written as 
(A15) 


where B’ and C’ are arbitrary constants, to be deter- 
mined, and 


A,=—}at43(a2+48)!, A2=—}a—}(a?+48)!. 


In writing the solution in this form we are assuming 
that a®+48>0. From Table I it appears that there may 
be some unusual situations where this inequality does 
not hold. However it is not our intention to present 
here an exhaustive treatment of all possible cases. 

From this point on we confine the discussion to 
recombination possibilities a and 6 in Tabie I. At high 
injection levels, n, p>mr, pr cases c and d are sub- 
stantially the same as a and 8, respectively, as already 
pointed out in Sec. VB. Further we assume that both 
¢ and @ are sufficiently small to be neglected in a and 
8/0. Thus, 

a=aq=a,=—1—6>0; 


B=Ba=fo.=O(b+®); ¥ 


From (A16) it follows that 


u=B’ expAyy+C’ expA2y+7/B, 


(A16) 


A17 
- Od. — 


A;>0, A2<—a<O, —A2>A). (A18) 


From the manner in which the variable y is introduced, 
(A13), it is clear that only differences in y, and not the 
absolute values of y, are significant in the solution. 
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Therefore, to simplify the algebra we set 


y=0 at w=0; also let y=yz at x=L, w=w,. (A19) 


Further simplification results from’the following changes 
of variables and parameters: 


Y=V/YL, w 


(8/rvy1)w, 


A2=Ay . 


u=(0/y)u, 


(A20) 
A, 


d= (8?/7"y_z)2, Ayr, 


Equation (A15) can now be rewritten as 


u=B expA yg FC expA + , 


with B and C constants to be determined. 
Integration of Eq. (A13) gives 


B M C . 
expA 1j+— expA.g+9+D, 


Ay d 


with D a constant of integration. 

The boundary conditions (A10), with subsidiary 
condition (A19), are re-written as follows: 
At 


7=0, i=0 and w=0; 


B Be’ny*un»L (A23) 


at 7=1, a#=0 and w=, 


WL 


YYL vyie 


Applying these boundary conditions to Eqs. (A21) and 
(A22) yields the following four equations for the five 
unknowns B, C, D, wz, yx: 


0=B+C+1, 
(B/A1)+(C/A2)+D, 


(A24a) 
(A24b) 
(A24c) 
(A24d) 


O- 
0=B expA,+C expAo+1, 
bi = (B/A;) expA:+(C/A,) expA2+14+D. 


Elimination of B, C, and D yields the following char- 
acteristic equation: 


1 1 
w,—-1={ — - — 
A 1 A» 
This is more clearly seen as an equation relating the 
unknown and yz, by re-writing it as 


(expA— 1)(expA,— 1) 
ntmmeniincmpememren,  (ADEa) 


expA,—expA, 


> WL 


] 
WL YL 


Y 
1 
e (— 2 
with A;, A» constants given by (A16). 


The final equation determining the solution to the 
problem is: 


1 
A 2 


(A25b) 


)\= 1Wi— 1) (expAoyz—1) 


expA ywi—expA oyr 


L 


F VL 1 
f dx, or umf u’dy, or n= f wdy. (A26) 
0 0 0 
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Equations (A24) yield the following useful relations: 


expA,—1 
C=— — (A27) 


expA,—expA, expA,—expA ) 


with D then given by Eq. (A24b). 
Carrying out the integration in Eq. (A26), and using 

Eq. (A27), we obtain 

1 - 
(expA 


1 


5, =4}(expA,—expA»)” - 1)?(exp241—1) 


1 


—(expA ,;—1)*(exp2A 


4 . ‘ 
- —(expA1—1)(expA2- 


A,+A:2 


<(exp(ArtAs)—1)|+20,—1. (A28) 


The various regions of the solution are determined by 
the relative magnitudes of A; and —A, 
to unity. These regions are: 


(i) A,>1, —A,>1: 
Ohm’s-law regime, Eq. (A30b), 
—A D >] ° 
Ohmic-relaxation regime, Eq. (A 
hence A;<1: 
Insulator regime, Eq. (A38b). 


with respect 
hence 
(ii) A,<1, 


22 


mS 


b), 


(iii) —A.< 


4. 

Where A, or — A; passes through unity as a function 
of applied voltage, we obtain a transition from one 
regime to another. In such transition regions the 
current-voltage characteristic cannot be expressed in a 
simple, analytical form. 

We consider the different regions separately. 

Ohms’s-law regime: A,>1, hence —A,>1. ExpA, 
<<1 is neglected everywhere. Equations (A25a) and 
(A28) become respectively, using (A20): 


1 , 
(A29a) 


(A29b) 


Dividing Eq. (A29a) by Eq. (A29b), we obtain, using 
(A5) and (A17): 


FL 
a! ] (A30a) 
ENTE» Vy 


WL 


I~e(nrpnt prep) V1 (A30b) 


which is just Ohm’s law. 
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Ohmic-relaxation regime: A,«1, —A>1. These 
conditions on A; and A, require that Ba, hence ya, 
in (A17), or from (A17) that O=lo,,/r(1—®)/ (b+). 
Equation (A16) can then be written: 

B<a: A,;~B a, Axy~—a, A K<—As2. (A31) 
Again expA, is neglected everywhere. Equations 
(A25a), (A27), (A21), and (A26) become, respectively, 
using (A20) and (A31): 


ly ly 
we~- —A Wi _ —y7, 
28 2a 


(A32a) 


B»—exp—Ay~—1; C=—1—B-0, (A32b) 


um —exp—A,(1 —j¥) ~A,(1- 9), (A32 ) 


7 Av(1—9)*dg = 1A? —> 


1/y . 1/y\? 
1 ( :) yi (*) yi®. (A32d) 
3\8 3X\a 


Dividing the cube of Eq. (A32a) by the square of Eq. 
(A32d), we obtain, using (A5) and (A17): 
LI 9a 91-6 Yenppyr(1—) 
=- —_ =- ————_—_,_ (A33a) 
8 0b 8 € 


€unV 1? 8y 


JI™ (9/8) erunep(nr— pr)V 12/L'. (A33b) 

The transition from the Ohm’s-law regime to the 
Ohmic-relaxation regime occurs approximately at the 
voltage Vie where the curves (A30b) and (A33b) 
intersect, namely where 


a 1—® 


_ S~T— 


UpViee 1+(0/b)' 


} _ 
*p,1l-2— 


1+ (@/d) [? 


with 


i) ’ Ve.p=— 


- byt 
The inherent asymmetry of the Ohmic-relaxation 
regime is brought out by calculation of the position xy 
where the electric field intensity is a maximum: d&/dx 
=0 at xy and &(x,) is a maximum, i.e., di#i/dw=0 at 
Wy corresponding to xy, and #(wW,y) is a maximum. 
We first find 7 at which @ is a maximum: da/dg=0 
at 9¥=9mu. From (A21), BA, expAyGu+CA, expA.gu 
=0; using (A27) and (A31) this gives Gu—lIn| A} / 
|As|~™Inayz/ayz. For voltages Vz well below the 
transition voltage V>,3 from the square-law to the 
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cube-law current-voltage dependences, 9w<1 since 
ayp>1, namely ay,=3a’,/2ywr=4(1—8)Vo,n/3V 
=8V243/Vz, from (A32a), (A32d), (A33b), and (A39). 
It remains to show that 9<1 implies Oy/O,=2mM/L 
<1. From (A22), (A24b), and (A32b) it follows that 
wr A gG— 3A. (A35) 
Note that (A35) checks (A32a), taking 7=1. Thus 
w uA yw and Wy/_p~27u<1, as asserted above. 
We next show that the density-field product & or 
vu (i) is constant with position to a good approximation, 
and (ii) has a slight monotonic increase from somewhat 
beyond the position xy of the field maximum to the 
anode, x=. From (Alla) (taking ¢=0), (A13), and 
(A20), (6+1)»u=b+y68"[yr“"dai/dg— (6+) ]. From 
(A32c) and (A30a) this gives »u=constant—A,b(b 
+1)"(1—9) where the constant is approximately 
b/(b+1). This approximation is inadequate (higher 
order terms must be included) in the immediate vicinity 
of position xy, roughly within a distance of order xa,. 
Beyond this distance, up to the anode, it is valid. Since 
A,<1 and @ increases monotonically from 0 to 1 
between the cathode and anode, both assertions (i) 
and (ii) above are proved. These same assertions are, 
of course, likewise valid for the product pé& or ru. 
Finally we note that the free-carrier densities do not 
vary strongly with position over most of the solid. 
Denoting n(x) by nu, uu/n(«)=vu/v~i/iy™l1—-7 
from (A32c). From (A35), */L= 0/w.~29—F. Taking 
g=4, n(x)/nyo~2 where x/L=?; i.e., m varies by less 
than a factor of 2 over 75% of the solid, or, taking 
y=%, by less than a factor of 3 over approximately 
90% of the solid. . 
Insulator regime: —A.<1, hence A,;«1. Expanding 
expA, and expAs, (A25a) gives, in lowest order: 
Dp — pW A1A2. > wr = — Ps (7/8)A1 Ady. 


(A36) 


From (A26) and (A21), 6,=2,°/3+2,22/4+ (22/4 
+2,23/3)/5+--++ with 2,=BA,"+CA,", n=1, 2, ---. 
From (A27), to the lowest order, 2y~— A,A2/2= —22/2 


and D3, Y4, etc. are negligible. Thus, 


ed hla 1 /y ‘ - 
0p~— A fA? > 9, =— (<4 1A :) yu®. (A37) 
120 120\,8 


Dividing the fifth power of Eq. (A36) by the cube of 
Eq. (A37) we obtain, using (A5), (A17), and (A16): 


i2>. 8 125 
_— —=—, (A38a) 


wp? enrL>J 
48 yAyA 187 


,3 2 y 3 
CL eunl L 


J= (125/18) erunupV1'/L*. (A38b) 

The transition from the Ohmic-relaxation regime to 
the insulator regime occurs approximately at the 
voltage V2.3 where the curves (A33b) and (A38b) 
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TABLE IT. Domains of validity for the several current-voltage regimes (double injection into an n-type semiconductor: m7> pr or ®<1).* 








Current-voltage 
characteristic 


Domain of hole transit-time tp 


Domain of applied voltage V, 





Ohm’s law Eq. (A30b) 


1-—@ 


Ohmic relaxation Eq. (A33b) 


500 


Insulator Eq. (A38b) 


>r————_ 
1+ (#/b) 


r——>t,> 
1+ (#/b) 


————in arty 


I~—_} 1+(6/b) 
Ls alt 


1—® 
500 6b 1+ (#/b) 


toes oe Gann << 


aie (1 —?) Vo n 
81 1—@ 500 


— (1-4) Vaa<Vi 


81 1-—@ 500 








®* Vr.» =14/upr; Vo, =L*/unke ,- For 1-@ s { (500/81) (b+1)tp Wha the Ohmic-relaxation regime no longer exists. 


intersect, namely where 
DP 500 1 
bn 2-03 =—— ila a 


—=— —Ip,n 
nV 243 81 


1—® 
(A39) 
81 L 
V2.s~—(1—©)Vo,., with 
500 


Von= ore -F 


Malo, n 


Using (A34) and (A39), the conditions characterizing 
the various current-voltage regimes can be specified as 
in Table II. Setting Vi2=V243 it follows that for 
such that 1—@< {500(b+1)fo,,,/817r}* there will be no 
Ohmic-relaxation regime. 

The basic symmetry of the insulator regime is brought 
out by calculation of the position x where the electric 


eu 














ew 
Fic. 2. An inequality derived from the convexity of the electric 
field distribution. The convexity is a sufficient, though not 
necessary, condition that the triangle lie inside the area bounded 
by the & curve and. the x axis. The inequality of area yields 
directly the inequality: V/L< &4<2V/L. 


field intensity is a maximum, i.e., where d&/dx=0 or 
dii/dd=0 or, from (A13), da/dg=0. From (A21), 
du/dg= BA, expA,g+CA; expAog. Expanding the ex- 
ponentials, da/dj=0 at Gm given by 2;+229y=0 or 
Gu=—2Z,/22=}, independent of the mobility ratio to 
this lowest order. On the other hand, expanding the 
exponentials in (A22) and using (A24a) and (A24b), 
WZ 97? /2+ 229° /6= —22(7/4—9'/6). Taking g=1 
this gives ®,= —Z,/12, checking (A36); taking 7=Jy 
=} the corresponding Wy is —2./24=w,/2. Thus the 
field maximum is located, to lowest order, exactly at 
the center of the solid. 


APPENDIX 8. THE RELATION Q=CV 


By integration of the Poisson equation (10), it follows 
that there can be no nei charge between the cathode and 
anode with 6=0 at both electrodes. Letting the electric 
field distribution be represented by a curve such as 
shown in Fig. 2, with a maximum &,y at position xy, 
(the particular curve might be appropriate for the 
insulator regime), the region between «=0 and x=2 
is one in which there is everywhere excess negative 
charge, of total amount |Q_|, and the region between 
x=xy and x=L correspondingly one of excess positive 
charge, of total amount Q,=|Q_!|. The quantity Q in 
the relation Q=CYV is defined by 


IM 
0=0,=/0_| =ef (n—p)dx=e8u, (BI) 


with the last equality following from Eq. (10). 

In the approximate arguments of Secs. III and IV 
we have used the relation Q=CV taking for C the 
geometric value for the capacitance: C= «/L. From (B1) 
it is evident that this is equivalent to using for Sy the 
average field V/L. Since &y¥>V/L, it is important to 
show that the relation Q~eV/Z is not seriously in 
error. The principal observation we wish to make is 
the following : 

So long as the electric field distribution is everywhere 
convex, the relation Q™eV/L is correct to within a factor 
of two. 

The proof, which is geometric in character, is based 
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simply on a comparison of areas, and is given in Fig. 2. 

It remains to prove that the electric field distribution 
is indeed convex. For the set of Eqs. (A1), (A2), (A3a), 
and (A3b) in their full generality and with the boundary 
conditions: 6=0 at «=0 and at x=L, we can only 
conjecture at this point that the & curve has the 
postulated convexity. For the class of cases studied 
analytically in Appendix A it can be verified algebrai- 
cally that the field is convex, and &y/(V/L) can be 
directly computed and shown to be less than two. 
However, for investigation of the more general cases a 
combination of geometrical and analytical methods"! 
will likely prove more fruitful. 

We illustrate here the application of this technique 
to the case of the perfect insulator, nr=pr=zr=0. 
Substituting for p-n from Eq. (A2) in Eq. (A4), 
(d/dx)[ &(d&/dx) |= —e(b+1)r/eun and is therefore 
everywhere negative. Assuming a single maximum in 
&, say at xy, then the plot of & vs « must be convex. 
If it were not, say it was as plotted in Fig. 3, then the 
plot of d&/dx would have to be as shown. Taking two 
positions, say 2, and x2>2,, such that (d&/dx), 
=(d&/dx)s, it follows from Fig. 3 that [6(d8&/dx) ]. 
>[(&(d&/dx)];, whence d/dx[&(d&/dx) ] must be posi- 
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Fic. 3. Proof, by contradiction (see text), that the electric-field 
distribution must be convex for double injection into a perfect 
insulator. 


tive somewhere between x, and x2, and we have reached 
a contradiction. In like manner it is shown that 6 can 
have only a single maximum between x=0 and «= L. 
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Current-Voltage Characteristics of Forward Biased Long p-i-n Structures 


R. D. LARRABEE 
RCA Laboratories, Princeton, New Jersey 


(Received August 12, 1960) 


The current-voltage characteristics have been observed in several germanium )-i-n structures in which the 
n side was biased negative and the p side positive so as to cause a double injection of electrons and holes 
into the structure. The middle i section was constructed of good quality germanium (approximately 2X10" 
donors/cm*) and was many minority carrier diffusion lengths long. The observed J-V characteristics display 
a low-field region in which the current is proportional to the voltage followed by a higher field region in 
which the current is proportional to the square of the voltage. In the square-law region, the current is a 
function of the difference, rather than the sum, of the thermal densities of the electrons and holes. These 
observations lend experimental support to the basic theories of Lampert and Rose regarding volume- 


controlled double injection into a semiconductor. 


HE preceding paper' outlined a theory regarding 
the current-voltage characteristics of long semi- 
conductor specimens provided with one contact which 
injected electrons and another which injected holes. 
This paper will describe some relatively simple experi- 
ments in which the measured current-voltage char- 
acteristics of suitable specimens lend support to these 
theoretical considerations. 

Germanium was selected as the most suitable ma- 
terial for study since its technology is so far advanced 
compared to the other semiconductors. Since it was 
desired to measure the sample characteristics in the 


1M. Lampert and A. Rose, preceding paper [Phys. Rev. 121, 
26 (1961) ]. 


presence of double injection in which the density of 
injected carriers was large compared to the extrinsic 
density, it was necessary to utilize the highest resistivity 
material available. A germanium crystal with an ex- 
trinsic density of about 2 10" electrons/cm# and a low 
level bulk lifetime of approximately 600 ysec was 
selected. It should be noted, however, owing to the 
perturbing influence of the surfaces of the specimens 
utilized and the high injection levels employed, it is 
not certain that this low-level bulk lifetime should be 
used in the quantitive comparison of theory and 
experiment. 

Since the theoretical considerations were concerned 
with the case in which the diffusion length could be 
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SAMPLE~ ‘COOLANT IN DEWAR FLASK 


Fic. 1. Schematic diagram of the basic circuit utilized in the 
measurement of the current-voltage characteristics (the type 545 
oscilloscope used to view the current and/or voltage as a function 
of time is not shown in this diagram). 


neglected in comparison with the sample length, it was 
necessary to use relatively long specimens (approxi- 
mately one cm). The cross-sectional area of the speci- 
men was limited by the lowest resistance which could 
be measured by the equipment utilized for the measure- 
ment of the current-voltage curves. In the present ex- 
periments, a rectangular cross section of approximately 
one mm square was selected. With this small cross- 
sectional dimension, the minority carrier lifetime was 
essentially determined by the nature of the exposed 
surface areas of the specimen (in all the experiments 
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Fic. 2. The current-voltage characteristics of a high-purity 
n-type specimen, 0.97 cm long, 0.097 cm by 0.097 cm square cross 
section, temperature=0°C. The extrinsic density =2 10" elec- 
trons/cm*. 


mentioned in this paper the specimen was equipped 
with a strong accumulation surface). The electron- 
injecting contact consisted of an alloy of tin and 4% 
antimony and the hole-injecting contact was an alloy 
of indium and 3% gallium. These contacts were alloyed 
on the ends of the specimen in a hydrogen atmosphere 
at 550°C. 

It was necessary to use pulse techniques in measuring 
the current-voltage characteristics to avoid heating the 
specimen at the higher voltages. A pulse length of 600 
usec and a repetition rate of one pulse per second were 
sufficiently long to allow steady-state conditions to be 
reached but not long enough to heat the specimen 
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Fic. 3. The current-voltage characteristics of a high-purity 
n-type specimen at various temperatures. The specimen was 0.97 
cm long, 0.063 cm by 0.055 cm in cross section, and the data were 
taken at the indicated temperatures. 


appreciably. The pulser consisted of a General Radio 
Type 1217-A unit pulser and a Type 1219-A pulse 
amplifier. The sample voltage and current were ob- 
served both on a Tetronix type 536 oscilloscope (cur- 
rent as a function of voltage) and on a Tetronix type 
545 oscilloscope (current and voltage as a function of 
time). The current and voltage were recorded near the 
termination of the pulse (steady-state conditions). 
Figure 1 illustrates the basic circuit utilized in this 
measurement. 

Figure 2 is a typical current-voltage characteristic 
(see figure caption for experimental details). Notice 





FORWARD BIASED 


that over most of the range the current is proportional 
to the square of the voltage as predicted by the previous 
theoretical considerations.! The tendency of the curve 
to approach a linear form equal to the conductivity of 
the extrinsic majority carriers is evident at low voltages. 

Figure 3 illustrates the effect of thermal pair density 
by comparing data similar to Fig. 2 at different tem- 
peratures. Notice that at the lower temperatures (where 
the material can be considered an extrinsic semicon- 
ductor) the current-voltage characteristics are very 
similar (compare data at 1°C with data at 22°C). The 
slight difference between these two curves is probably 
due to the variation of mobility with temperature. 
However, at the highest temperature, the number of 
electrons and holes generated thermally across the 
band gap is so much greater than the extrinsic carrier 
density (the material is now approximately an intrinsic 
semiconductor) that the low field region is dominated 
by their presence. However, at the higher fields, the 
curve approaches the same quadratic curve that was 
obtained at lower temperatures (except for the tem- 
perature dependence of the mobility). This indicates 
that the mechanisms operative in the quadratic region 
of the curve do not depend upon the sum of the thermal 
pair density but rather suggest that they depend on the 
difference in the thermal pair density (or the uncom- 
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Fic. 4. The current-voltage characteristics of a high-purity 


p-type specimen, 0.91 cm long, 0.117 cm by 0.096 cm cross section, 


temperature=0°C. The extrinsic density = 1.3 X 10" holes/cm® 
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Fic. 5. The current-voltage characteristics of a high-purity 
p-type specimen at various temperatures. The specimen was 0.91 
cm, long, 0.117 cm by 0.096 cm cross section, and the data were 
taken at the indicated temperatures. 


pensated impurity density) which remains constant 
with temperature. 

It was desired for the sake of completeness, to attempt 
the same experiment with specimens constructed from 
high-purity p-type material instead of the high-purity 
n-type material utilized in the previous experiments. 
Figures 4 and 5 represent a summary of the data so 
obtained. Comparison of Figs. 2 and 4 and Figs. 3 and 5 
will reveal that the same basic results quoted above for 
the experiments with m-type material are evident in the 
I-V data with p-type material. 

Consequently, it has been demonstrated that the 
current-voltage characteristics of suitably chosen ger- 
manium samples display three properties that were 
theoretically predicted by Lampert and Rose’: first, a 
linear region at low applied voltages; second, a quad- 
ratic region at higher voltages; and third, a dependence 
in the quadratic region on the difference in the thermal 
pair density rather than upon the sum. It is therefore 
felt that these experiments lend support to these theo- 
retical ideas. However, due to the complexities intro- 
duced by the lifetime being dominated by the surface 
and the lack of a complete quantitative experimental 
comparison, it is felt that the present experiments do not 
directly confirm, but rather lend support, to some of the 
major implications of the Lampert-Rose theory. 
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Explicit formulas are obtained for the Debye characteristic temperature of orthorhombic crystals by an 
extension of Houston’s method of expanding the integrand involved in terms of appropriate harmonic poly- 
nomials, @(elastic) values have been computed for twelve crystals and the results are discussed. 





I. INTRODUCTION 


T sufficiently low temperatures, approaching 0°K, 
only the extreme low-frequency end of the lattice 
vibration spectrum which corresponds to waves of 
very long wavelength, will be excited. The propagation 
of these waves, whose wavelength is long as compared 
to interatomic distances, should not be affected by the 
details of the atomic arrangement. The lattice specific 
heat then becomes that of an elastic continuum, and 
@p, the characteristic temperature determined calori- 
metrically, should agree with O(elastic) calculated 
from elastic constants. 

Many methods of evaluating O(elastic) for cubic 
crystals are availabie.' For hexagonal crystals Wolcott® 
has provided tables for evaluating O(elastic) over a 
range of elastic parameters. For substances of lower 
symmetry than hexagonal, such as tetragonal and 
trigonal, the method of Betts, Bhatia, and Horton‘ 
needs to be used. Here an analogous method for 
orthorhombic crystals is proposed, which makes 
possible the computation of their characteristic tem- 
peratures, without being prohibitive in time and effort. 


Il. THEORY 
In the Debye continuum model © (elastic) is given by 
OQ (elastic) = (h/k) (ON, ‘de VI)', (1) 


where N is the number of vibrating units in the volume 
V, h and k have their usual meanings, J is defined by 


3 4x dQ 
I=) —, (2) 


i=1 J v3 


and the »; are the velocities of propagation of elastic 
waves in the continuum at 0°K. These velocities are 
given by the three roots of the third order Christoffel 
equation and hence, in general, involve the solution of a 
cubic equation. These roots will be functions of elastic 
constants and direction of propagation of the wave. 


1M. Blackman, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1955), Vol. VII, Part I, p. 325. 

2G. A. Alers and J. R. Neighbours, Revs. Modern Phys. 31, 
675 (1959). 

*N. W. Wolcott, J. Chem. Phys. 31, 536 (1959). 

‘D. D. Betts, A. B. Bhatia, and G. K. Horton, Phys. Rev. 104, 


‘A. E. H. Love, Mathematical Theory of Elasticity (Dover 
Publications, New York, 1944), p. 299. 


The problem of estimation of ©(elastic) is thus really 
reduced to the evaluation of the integral 7, which we 
write as 


4x 
=o f f(0,6)dQ. (3) 


In (3), f(0,¢) =; [vi Fp“! which can be expanded in 
terms of harmonics, F;,(0,¢), having the same sym- 
metry as the corresponding Christoffel equation‘: 


o l 
f(0,) = 7 7 AimF 1m(0,o). (4) 
l=) m=—| 
From the properties of spherical harmonics we have the 
exact relation 


1 4r 
— f f(0,6)dQ = doo = ao. 
4 J 


Our approximation consists in stopping the summation 
in (4) at a particular / and m. The coefficient a» is found 
by solving the linear equations (4), obtained by giving 
various values to (@,¢). 

For orthorhombic crystals we take a twofold rotation 
axis as the polar axis, 2=0. The Christoffel equation is 
invariant under the transformations 

6=x—0, o=-—¢d or o=¢+T. 
The appropriate “orthorhombic harmonics” are 
021,2m (0,6) = cos2mpP2°™(cosé), (6) 


with 2m< 2I, 1, m=0, 1, 2-- 
ing equations (4), we find 


ap= C7 fe—36fot+16fp+48 fe+ 25 fr | 15, 


ao=[20 fa +21 fp—48 fce+48 fp 
+64 f2+75 fr ]/180, 


ao=[519 f4+45 fp— 1008 fo-+480 fp +1344 fs 
+1575 fr+825 fe ]/3780, (7.3) 


-. Solving the correspond- 
(7.1) 


(7.2) 


in which the subscripts on f signify its value in the 
corresponding directions. The directions chosen are, 
A(100), B(001), C(010), D(101), E(1v30), F(021), 
and G(102). In deriving (7.1), (7.2), and (7.3) all 
orthorhombic harmonics (6) up to Og, Ous, and Ogo, 
respectively, are utilized. We stop at Ogo because Eqs. 
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TABLE I, Debye characteristic temperatures and elastic constants for certain orthorhombic crystals. 


ORTHORHOMBIC CRYSTALS 





Molecular 
Formula Substance weight 
CaCO; 
BaSO. 
SrSO« 
MgSO,:7H:0 
HIO; 
NaK (C4H.Os) -4H:0 
Na2(C4HiOs) -2H2O 
Sr(CHO:): 
S 





100.09 
233.43 
183.70 
246.50 


Aragonite 
Baryte 

Celestite 

Epsom salt 

Iodic acid 
Rochelle salt 
Sodium tartarate 
Strontium formate 
Sulfur 

Topaz 

@ uranium 

Zinc sulfate 


8 
Aln(F,OH):2-SiO, 
ZnSO.-7H:0 


Elastic constants in units of 10" dynes/cm? 


Characteristic 
temp. in ° 
- BF Ce 


383 
224 
226 
345 
157 
213 
215 
232 
102 
743 
230 


cas cu Cbs C6 ci2 cl C2 


w | 
| 


1.57 
3.56 
6.19 
2.83 
0.55 
2.69 
3.52 

—0.14 

1.59 

8.8 
10.76 
1.19 


2.56 
2.87 
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(7) are found to be sufficiently convergent and also 
because the subsequent formulas tend to become 
unwieldy. 








éun?+ Coom?+ C55? — pv” 
(Ci2+Coo)lm 
| (cis+Css)ln 


On solving this equation along the directions A, B, ... 


fa, fx, ete. 

fa=Lent'+[ess t+ Leos 4, 
fa=(Cess*+Leul +L, 
fo=(ex +e P'+[eee 3, 


(C1e+ Coo)lm 
Coel?-+ Coom?+- cn? — pv” 
(Cog tC4s)mn 


The Christoffel equation for the sound velocities for 
the general direction (/,m,n), in case of orthorhombic 
crystals, takes the form, 


(Cis t+Css)ln 
(Cost+Ca4)mn 
C5sl"+-c4gm?+-c3gn*— pv” 


G, defined above, one finds the following expressions for 


(8) 


fo = [3 (Castes 3+ [4 (Cutest 2css)+2{ (€11—€33)° +4 (C13 +€55)"} i} 


+3 (Crrtc33+2¢55) — 2{ (C11 — C33)? +4 (Cis tcos)?} #1}, 
fe= [3 (3c4a+¢55) + [4 (C11 +3c22+4066) +4 { (Cu- 3¢22+ 2ce6)?+ 12 (C12+Ce6)*} iP 


(9) 


+3 (C11 +-3c22+4066) —3{ (C11 — 3¢22+ 2c66)*+ 12 (Cro+ce6)*} 4 I-34, 

fr=L4 (css t+4c66) -!+ [a5 (4c22+ €33+ Seas) +70 { (C33+ 3044—4022)?+ 16 (Cos +c44)?} 4 
+ [5 (4c22+-¢33 t+ Sas) — Zo { (Css t+3¢44—4022)?+ 16 (co3+-c44)?} 4-4, 

fo=[4 (Acasa cos) 73+ Lee (err + 4033+ 5c55) +70 { (C11 +-355— 4033)?+ 16 (¢13+c55)?} 4 3 


+ [i's (C11 +4334 5c55) — 20 { (C11 3e55— 4033)? + 16 (Cis t+cs5)*} #3. 


Ill. CALCULATION OF @(ELASTIC) 
AND DISCUSSION 


The characteristic temperatures for almost all the 
orthorhombic crystals for which elastic constants are 
available, are calculated. The elastic constants and the 
calculated @(elastic) values are presented in Table I.** 
OQ>!, and O,?, and ©,° in the table refer to the charac- 
teristic temperatures calculated from (1) using (7.1), 
(7.2), and (7.3), respectively. O@ and ©,° differ only 
little from each other in most of the cases. However, 
for SrSO, and ZnSO,-7H,0 this difference is about 
2.6% and 2.7%, respectively. To improve the situation, 


*H. B. Huntington, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 
. 284. 
7R. F. S. Hearmon, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1956), Vol. 5, p. 323. 
8R. F. S. Hearmon, Brit. J. Appl. Phys. 3, 120 (1952). 
°F. S. Fisher and H. J. McSkimin, J. Appl. Phys. 29, 1473 
(1958). 


one will have to use higher term approximations than 
those used here. 

For an accurate evaluation of O(elastic), the values 
of elastic constants measured near 0°K should have 
been used. In the absence of such data we are forced to 
use elastic constants measured at or near room tem- 
perature. Hence, the absolute values of the charac- 
teristic temperatures are unreliable to some extent, 
but the variation in O(elastic) values in consequence 
of the variation of elastic constants with temperature 
is not very large.’ No calorimetric data are available for 
these listed substances in the true 7* region, to make a 
comparison possible. 
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It is pointed out that the correlation hole has, qualitatively, features analogous to the exchange one; and 
to the correlation, there corresponds a potential of the conventional electrical character. We can further ob- 
tain—in the case of the free-electron gas—the correlation potential averaged over all the electron states, in 
close correspondence with the averaged exchange potential of SJater. It is further reasonable to use this 
potential as the averaged correlation potential of the arbitrary many-electron system where the density of 
the free-electron gas is replaced by the density of actual charge in the system. 

Adding the averaged correlation potential as well as the averaged exchange correlation potential to the 
Hartree-Fock operators, we obtain the self-consistent field equations with correlations. 





1. CORRELATION HOLE 


HE physical meaning of the correlation effect lies 
in considering the fact ‘that in the immediate 
vicinity of a given electric charge, we have clearly a 
smaller probability of appearance of another charge of 
the same sign, than in the regions more distant from the 
charge in question, due to the Coulomb repulsion effect. 
Thus, in the many-electron system, e.g., free-electron 
gas, around a given electron, a charge-free space is 
formed (without regard to the.electron spin) called the 
correlation hole. 

The extent of averaged decrease of electron density 
caused by the Coulomb correlation among the electrons 
in the free-electron gas (decrease of the probability of 
finding a second electron in the neighborhood of the 
first, when the Pauli principle is neglected) was calcu- 
lated by Macke.' This was given in a rather compli- 
cated expression, however, which becomes simply trans- 


formed into: 
f 


u l—u 
[i-— (w—w*H+ f tac | 
l—u 0 


B(u,w) 


9 1 
f u*d f 
2 0 


a(r,r’) =- 


sind’ |r—r’ 
xX dw- ame 
d’'|\r—r’ 


4-34r/3p34 B(u,w) 

This assumes that the relation P/h= (3p/8r)* between 
maximum momentum P and the density of electrons p 
holds. d’ is (32)*p'u and 
B={2u(itw)+[1—(u+w)? | In(i+u+w) 


) 


“ 


1 
—[1—(w—u)*] In(1—u+w)+4uw Inw}— 
u3 


) 


[p in the denominator of (1) is the number of density 
calculated in atomic units, as well as in the correspond- 
ing position in succeeding formulas ]. 

It is seen that a(r,r’) depends in a not too complicated 
way on |r—r’| (the distance from the hole’s center) and 


1W. Macke, Z. Naturforsch. 
inferences before it. 


5a, 192 (1950); see Eq. (51) and 
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p. Thus, for each given |r—r’| we can determine the 
density epa in the correlation hole only as a function of p. 

The case of the exchange was discussed in detail by 
Slater. He estimated the radius of the main exchange 
hole (i.e., of the region where the decrease of the density 
caused by the Pauli principle effect, is large) as a func- 
tion of p only. It was assumed that the density in this 
hole is constant, equal to p/2, and the charge enclosed 
in the volume of the hole is le. 

In the correlation case the situation is not so simple. 
Qualitatively the relations in the averaged correlation 
hole are the same as in the exchange case: The shape of 
the hole is determined only by p. The difficulty lies in 
the fact that charge corresponding to the correlation 
hole calculated with (1) is infinite, when, in order to 
make the calculations easier, as it was in the exchange 
case also, the hole dimensions are spread to infinity. 
Such a treatment, however, contains simplifications: 
The quantity a does not take into account the perturba- 
tions of a given hole by tlie remaining electrons, which 
especially for large |r—r’| should act, we may antici- 
pate, in the direction of decreasing a. Nevertheless, the 
calculation of the charge in the correlation hole indi- 
cates clearly that the range of the correlation forces is 
longer than the range of the exchange ones. 

It is possible, however, in the correlation case also, to 
distinguish the main correlation hole and its radius, in 
analogy to Slater’s work. 

We may confine, for instance, the contents of the 
charge in the hole of the free-electron gas corresponding 
to the first minimum attained by the correlation density 
epa, beginning from the hole center. Next, we may 
assume, like Slater, that the electron density in the 
space which we have distinguished is constant. Thus we 
attain another analogy with Slater’s exchange hole: the 
main correlation hole as a function of p only. 

We may reasonably expect that the analogy between 
exchange and correlation hole does not exist in the free- 
electron case only. The reason for it is that each electron 
in the arbitrary multielectron system leaves around 
itself an empty space, corresponding to the diminution 


*J. C. Slater, Phys. Rev. 81, 385 (1951) 





SELF-CONSISTENT FIELD 
of electric charge, caused by repulsion. The dimensions 
of this space depend on the total electron density at the 
position of the electron, and cannot depend greatly on 
anything else. Thus, we may here also adopt the idea of 
the main correlation hole, as dependent only on the total 
electronic density of the system. Then we have the hole 
of equal magnitude for any ith of all the one-electron 
wave functions, depending on coordinates and spin, and 
building up the given density. The space part of this 
density is 


p(t) =D vds* (Ox (0); (3) 


¥i(r) is the space part of the ith spin-orbital. We may, 
further, estimate the correlation hole having the same 
size for all ¥;, by the corresponding hole of the free 
electron gas, whose density is the one existing actually in 
a given point of the many-electron system. 

Nevertheless, introduction of the hole of a type as 
above represents an idealization ; indeed, the size of the 
hole is different for each ¥;. We may expect, however, as 
in the exchange case, that these differences are small. 

We can obtain some computational insight in these 
last relations for the free-electron gas. Unfortunately, in 
the correlation case, we do not have a universal factor 
(for all p), which determines the correlation energy for 
one electron in terms of the ratio of the magnitude of the 
momentum of the electron (in a given state) to the 
maximum momentum in the syStem [see Eq. (11), 
reference 2, for the corresponding factor in the exchange 
case ]. We may see, however, how quickly the magnitude 
of the total correlation energy increases (for different p, 
corresponding to different fixing of Macke’s material 
constant) when P is replaced by # in the limit of the 
integral expression for this total energy’ and is allowed 
to range from 0 to P. This energy integral (in the case 
of great p) increases roughly in a similar way to the 
corresponding integral of F, where F is the exchange 
energy for one electron expressed in terms of p/P. The 
F was feebly dependent on #, as well as the exchange 
hole. Thus, we may expect in some way a similar be- 
havior of the correlation hole. 


2. CORRELATION POTENTIAL 


It does not seem to be possible at present to follow the 
quantitative discussion of Slater about exchange in the 
correlation case. From our qualitative considerations, 
however, we may conclude that the change in the elec- 
tron density caused by the presence of the correlation 
hole furnishes a corresponding change in the potential. 
This new potential, in view of the considerations we 
made above, has the conventional character of the 
electrostatic Coulomb potential, as Slater’s exchange 
potential has. For example, we may represent the corre- 
lation energy corresponding to the statistical model 
(where the free-electron approximation of the partial 
volumes building up the whole volume of the system is 


3 See reference 1, Eq. (42). 
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TABLE I. A comparison between the correlation energy cal- 
culated by Noziéres and Pines and Hubbard* (collective descrip- 
tion approximation) and that of Macke’s scheme; the energies are 
given in ry. 


: , P 
ls 3 


—0.044 
—0.065 


0.050 
0.072 


EF’ Macke —0.109 
Feo —0.115 


—0.074 
0.094 


0.058 
—0.081 


® See reference 5. 


assumed) in the form 


e p(r)p.(r,r’) 
Monit® [fe ———drdv’, (4) 
2 \r—r’ 


which is the potential energy of the interaction of the 
correlation density p, produced at r’, 

—ep.(r,r’) = —ep(r’)[ —a(r,r’) ], (5) 
with the actual electron density at r, p(r). The density 
in @ is a function of r’. 

It should be still emphasized here, that the correlation 
energy expressed by a is not equal exactly to the correla- 
tion energy of the free-electron gas which may be ob- 
tained by summation of the energies of all the orders of 
approximations (beginning from the second) in the 
Schrédinger perturbation calculus. 

Gell-Mann and Brueckner* pointed out, using the 
Feynman method, that in Macke’s scheme only the 
whole correlation energy corresponding to the second- 
order approximation is taken into account. In the third 
order, only half of the energy is included in Macke’s 
expression. In the next orders, only the corresponding 
parts of the energy of each approximation are con- 
sidered. We may assume, however, that most of the 
correlation energy corresponds to the second- and the 
third-order approximations ; thus, the major part of it is 
involved in Macke’s scheme. 

In order to justify the last statement, let us examine 
in some detail the validity of Macke’s approximation in 
calculating the correlation energy for different gas 
densities; it seems reasonable to take then, the total 
correlation energy (exchange terms included) into 
account. The gas of very high density was discussed 
already by Gell-Mann and Brueckner in detail. For 
this case the Macke approximation is almost exact. For 
less high densities—in the region of about r,=1 and in 
the region of the metallic densities—let us compare 
Macke’s scheme with the results of the collective 
description of the correlation energy, which, in the 
regions in question, should be considered as more 
correct. In Table I we compare the results of the Bohm- 
Pines theory, in their refined form of Noziéres and 
Pines,® with results for the total correlation energy of 

4M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 

QOS7 
OTP. Nozitres and D. Pines, Phys. Rev. 111, 442 (1958). The 
results of another collective approach to the correlation energy, 


that of J. Hubbard [Proc. Roy. Soc. (London) A243, 336 (1958) ], 
are very close to those of Nozitres and Pines. 
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the Macke’s scheme, as we could estimate them from the 
graph of his paper. We see that still for r,=1 the agree- 
ment of both schemes is very good. For the densities 
corresponding to r,= 2 to r,=5 the results of Macke are 
from 20 to about 30% lower than those presented by 
Noziéres and Pines, if we take as a base the values of 
this second scheme. In the low-density limit we may 
compare the exact correlation energy in its form given 
by Pines,® as the result of refined Wigner’s treatment,’ 
with the low-density limit estimated by Macke. The 
difference is around 30% of the value of Pines. 

In view of the above, we may consider the general 
statement, that the greater part of the correlation 
energy (at least to about 70%) is included in Macke’s 
scheme, as established. A big advantage of Macke’s 
treatment—besides its mathematical convenience for 
our purposes—is that it gives the correct behavior of the 
correlation energy as a function of the density for both 
very large and very small densities. This is not the case 
of the collective description correlation formula.®* 

To the correlation energy given in (4) there corre- 
sponds the potential 


’) 
V.= -ef Oe) ery Ww. (6) 


lr—r’| 


Now, substituting further Eq. (3) for p in (6) we 
might obtain the universal potential corresponding to 
the correlation, acting upon ¥;. However (6) still re- 
mains complicated. Besides, (6) is strongly dependent 
on the shape of the hole, the preservation of which, 
coming from the free-electron gas to arbitrary many- 
electron system, seems doubtful. Thus, the average 
correlation potential should be calculated. 

It was mentioned above, that the correlation hole 
should not be subject to strong changes with changes of 
the electron state; hence it is reasonable to regard also 
that the correlation potential corresponding to different 
y; will not depend much on 7. We have not, however, 
even in the free-electron case, the representation of the 
potential correlation energy as a function of momen- 
tum convenient for averaging. Thus we shall refrain 
from averaging over all momentum space in this case, 
and choose to calculate the averaged correlation po- 
tential by computing the potential energy of an elec- 
tron in the center of the averaged correlation charge 
distribution epa.® 

For this purpose, we have integrated (6) over the 
whole space of the correlation hole, assuming that the 
actual electronic density is practically unchanged over 
this region. With the boundaries of integration going to 
infinity, we do not obtain, unfortunately, a convergent 
result in (6) (the long range of the correlation forces is 


®D. Pines, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1. 

7 E. P. Wigner, Trans. Faraday Soc. 34, 678 (1938). 

8 It seems of value to mention here that Slater, reference 2, has 
obtained the same result in both ways, in the exchange case. 
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here of importance). In order, however, to obtain an 
expression of finite value let us apply a trick taken from 
Bloch®: Instead of sind’ |r—r’|/d’|r—r’| we introduce 
the mean of this expression, 

1 d’+Ad" sind’ |r—r’ 


hig), (7) 
d’|\r—r’| 


2Ad’ 


@’—Ad’ 


where Ad’ is small. Then we obtain in (6) a convergent 
result : 


373\3 
vxe—(-) p! 
2\r 
1 1+u ~ l—u 
x f inl f [1—(w—u)?]+ } tae 
0 l—u “0 


B(u,w) 


Xdw nomen, (8) 


45/334 54+ B(u,w) 


Next, inserting Vz into the expression for the potential 


energy 
~te f V epd, (9) 


instead of V., we obtain the expression for the correla- 
tion energy equal to that given for this energy by Macke. 

We see that (8) depends only on p—in full analogy 
with the averaged exchange potential presented by 
Slater. Based on this, and on the preceding discussion, 
it is reasonable to consider the averaged correlation 
potential of the arbitrary many-electron system, simi- 
larly to the exchange one, as dependent mainly on the 
density. Thus, we may approximate this potential by 
the averaged potential of the free-electron gas of the 
same density. In this way, it is possible to enlarge the 
potential acting on the given electron by the simplified 
correlation potential, in the same sense as the exchange 
terms were replaced by Slater by the averaged exchange 
potential approximated by the results for the free- 
electron gas. 

In an analogous manner to V; we introduce the 
average exchange correlation potential corresponding to 
correlation correction of the exchange effect. Assuming, 
in view of simplicity, that the number of electrons of 
both kinds of spin is practically the same, we obtain 


3 


T 


1 l+u l—u 
x f aul f [1—(w—w)*}+ f tuo 
0 l—u 0 E 


G(u,w) 
Xdw- , (10) 
49r5/334t-+ B(u,w) 


* F. Bloch, Z. Physik 57, 545 (1929). 
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where B is given in (2), and where H, U, A, respectively, have conventional meaning 
y) of the Hamiltonian operator of the one-electron problem 
G=-~{ (w+u) In(i+w+n) and the Coulomb and exchange operators of the given 
u multielectron problem (Hartree-Fock operators), and 

— (w—) In(1+-w—u)—2u(1+Inw)}. (11) where the brackets enclose the same integrals as in 
Replacement of V. by Vzza in (9) gives also the Eqs. (8) and (10). Three important consequences of (12) 
expression corresponding to the exchange correlation which were already a feature of the Hartree-Fock equa-. 
energy presented by Macke." It should be noticed that tions and their simplification given by Slater" hold: 
in (10) an approximation introduced by Macke is 1, The y; functions may be presented in orthogonal form 
included [reference 1, Eq. (24)]. (one-potential problem) ; 2. When the density of charge 
3. SIMPLIFIED SELF-CONSISTENT is periodic and A has the form of the density function, 

FIELD EQUATIONS then the potential in (12) is also periodic; and 3. Eqs. 


If we include (3) and put Vz and Vz, into the (12) may be applied generally in all cases: atoms, 
Schrédinger equation, we obtain the self-consistent field molecules and solids. 


equations developed by the correlation potentials : It should be noticed here, as was the case in the 


373\3 1 Slater work, that the functions ¥;—although they differ 

H+ u+a—e.-(-) 2 vitvay f in ‘ | from the exact solutions of the correlation problem— 

2\e . may give good results for energies in view of the fact 

that the calculation of the mean value of the energy over 

such a function gives values which have errors only of 
the second order in small quantities. 


B(u,w) —G(u,w) 
“4934 Yahi) + B (te) 
k 





Wi=EWi, (12) 


10 There are some printing errors in Macke’s paper which are ~ 
removed by derivation of the formulas (10), as well as (1) and (8). 1 See reference 2. 
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Temperature Dependence of the Nuclear Quadrupole Spectrum of Nb® 
in Ferroelectric KNbO;7 
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The nuclear electric quadrupole interaction of Nb® in ferroelectric KNbO; has been measured as a function 
of temperature in the tetragonal, orthorhombic and rhombohedral phases. The values of (1/v) (dy/dT)) for 
these three phases are approximately —10-*, —10-*, and —10~ per degree centigrade, respectively. In the 
tetragonal phase at 220°C, e*gQ/h has been measured as 24 Mc/sec and the asymmetry parameter 7 is zero. 
An ionic calculation of field gradients in the tetragonal phase has been made including point charge and 
induced dipole contributions. The results of this calculation give the Sternheimer antishielding factor 
(1—y,.) as 15 in good agreement with its estimated value of +16. The temperature dependence of the 
electric field gradient at the Nb® site as calculated from this ionic model is in agreement with the measured 
temperature dependence in the tetragonal phase. 


I. INTRODUCTION provide the ferroelectric driving action, it has become 
HE most successful model of ferroelectric behavior important to investigate the environment of the body- 
has been constructed for the perovskite ferro- centered ion in these perovskite ferroelectrics. 

electrics with the assumption of an electrostatic driving KNbO; is a perovskite ferroelectric with four known 
interaction. However, the validity of this model is crystal phases. Above 430°C it has a cubic structure. 
critically dependent on the existence of an ionic The oxygen ions in the face-centered position, form an 
environment for all of the crystal’s constituent ions. octahedron about the body-centered niobium ions. The 
Since an alternate mechanism for the perovskite ferro- potassium ions are in the corners of the unit cell. As 
electric behavior has been proposed by Megaw! where the crystal is cooled, its cubic, perovskite structure 
a covalent bond between the face-centered oxygen ions changes successively to tetragonal, orthorhombic and 
and the body-centered ions of this structure is to rhombohedral phases. The phase transitions occur at 


° ° eno . 
+ Supported in part by the Office of Naval Research. about 430°C, 220°C, and —50 Cc respectively. The 
1H. D. Megaw, Acta Cryst. 7, 187 (1954). structure changes occur by elongations along an edge 
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of the unit cell, a face diagonal and then a body diagonal 
in that order with decreasing temperature.” 

X-ray and neutron diffraction studies indicate the 
polarization in this type of structure occurs with the 
displacement of the face-centered ions in one direction 
and the body-centered ion in the opposite direction.*~® 
The lattice parameters as a function of temperature are 
known from 25°C to 510°C.* The dielectric constant as a 
function of temperature has been reported for all four 
phases.’ The spontaneous electric polarization has 
been reported for the orthorhombic and tetragonal 
phases.® 

Investigation of the central ion, Nb*, by nuclear 
resonance has been undertaken in an attempt to obtain 
information about the nature of the forces acting on it 
in the ferroelectric phases. Earlier experiments with 
nuclear magnetic resonance and nuclear quadrupole 
resonance’ showed large nuclear quadrupole interactions 
with crystalline electric field gradients. The pure 
quadrupole spectrum in the rhombohedral phase at 
— 196°C and in the orthorhombic phase at about 40°C 
were measured in these earlier experiments. 

The interaction of the electric quadrupole moment, 
Q, of the nucleus with the electric field gradient at the 
nucleus is given by,’ 


eq? 
H - 


(312—P)+n(12-I/), (1) 
47 (2T—1) 


where eg=0E,/dz, the largest of the three field gradient 
axes, and 7 is the field gradient asymmetry parameter, 


(— —*) * pa 
Ox Oy Ff az 


Since Nb” has a spin of 9/2, there are five energy states. 
The transitions between states are induced by a weak 
rf magnetic field interacting with the magnetic moment 
of the nucleus and the usual selection rule of | Am|=1 
applies when 7=0, but when the asymmetry is not 
zero, the selection rules are no longer restricted to 
|Am|=1. In KNbO; the transition probabilities were 
too weak for |Am|>1 to allow observation of these 
additional frequencies so in each case there are four 
resonances. The secular equation for 7=9/2 was solved 
numerically by Cohen" for 7 in intervals of 0.1 from 


2 E. A. Wood, Acta Cryst. 4, 353 (1951). 

3W. Kanzig, Helv. Phys. Acta 24, 175 (1951). 

4H. T. Evans, Massachusetts Institute of Technology Labora- 
tory for Insulation Research Technical Report No. 58, 1953 
(unpublished). 

5G. Shirane, R. Pepinsky, and B. C. Frazer, Phys. Rev. 97, 
1179 (1955). 

6G. Shirane, R. Newnham, and R. Pepinsky, Phys. Rev. 96, 
581 (1954). 

7G. Shirane, H. Danner, A. Pavlovic, and R. Pepinsky, Phys. 
Rev. 93, 672 (1954). 

8S. Triebwasser, Phys. Rev. 101, 993 (1956). 

9R. M. Cotts and W. D. Knight, Phys. Rev. 96, 1285 (1954). 

1” T. P. Das and E. L. Hahn, in Solid-State Physics (Academic 
Press, Inc., New York, 1958), Suppl. 1. 

11M. H. Cohen, Phys. Rev. 96, 1278 (1954). 
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0 to 1, and his solutions have been used to find the 
coupling constant e’gQ/h and » from the four resonance 
frequencies in the orthorhombic phases. Since the 
nuclear quadrupole moment Q of Nb® has been 
measured from optical hyperfine spectra,” the 
coupling constant provides a measure of eg=0E,/dz at 
the nuclear site to the precision of the measurement of Q. 

As was first pointed out by Sternheimer,'* the value 
of the field gradient outside of the ion is usually different 
than the field gradient at the nuclear site. The difference 
is effected by the interaction of the ion core electrons 
with the external charge distributions that produce the 
field gradient at the site of the nucleus. This effective 
magnification of the field gradient has a constant value 
and is included in the calculation of the gradients as 
the Sternheimer factor (1—y,,). It is apparent that 
this correction is not applicable to the measurement of 
Q from optical hyperfine spectra since in that case it is 
the energy differences between the electronic levels in a 
free ion that are measured. 

Within a crystal phase, the temperature dependence 
of the resonance frequencies is produced by two inter- 
dependent mechanisms: 


1. As first proposed by Bayer,'® the thermal motions 
produce temperature dependent averaging of the static 
field gradients. 

2. The thermal expansion of the lattice parameters 
produces a temperature dependence of the static 
electric field gradient. 


Both processes contribute to the changes in resonant 
frequencies as a function of temperature. These two 
effects may be separable when both the temperature 
and the pressure dependence of the apparent field 
gradients are known.'® 


II. APPARATUS 


A Pound spectrometer was used as the detector of 
nuclear quadrupole resonance (NQR).'? The NOR was 
modulated with an antisymmetric square wave mag- 
netic field'® of about 200 oersteds. 

The high temperatures were produced in a quartz 
Dewar with No. 22 Nichrome wire wound noninduc- 
tively around the rf shield can. The rf coil forms, made 
of Lavite, were 1} inches long and 3 inch in diameter 
and were wound with No. 30 bare copper wire. The 
wire was spaced with Fiberglas yarn and led to the top 
of the quartz Dewar through a double-hole ceramic rod. 
The copper wire was sealed from the air with Sauereisen 
cement. A standard high-temperature thermocouple of 


2D. R. Speck, Phys. Rev. 98, 282 (1955). 

1K. Murakawa, Phys. Rev. 98, 1285 (1955). 

4 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 

18H. Bayer, Z. Physik 130, 227 (1951). 

16 T. Kushida, G. B. Benedek, and N. Bloembergen, Phys. Rev. 
104, 1364 (1956). 

7 R. V. Pound and W. D. Knight, Rev. Sci 
(1950). 

18, Reif and E. M. Purcell, Phys. Rev. 91, 631 (1953). 
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platinum and an alloy of platinum plus 10% rhodium 
was placed just above the sample in the shield can for 
the measurement of the temperature. This thermo- 
couple was calibrated for the temperature at the crystal 
site with a second thermocouple in the center of a 
ceramic block which had the approximate size and 
shape of the KNbO; crystal. 

The low-temperature measurements were made in a 
double Pyrex Dewar. For measurements from 77°K to 
room temperature, liquid nitrogen was placed in the 
outer Dewar and allowed to evaporate; the sample 
warmed from 77°K to room temperature in about 48 
hours. This rate of temperature change was sufficiently 
slow to allow measurements of resonant frequencies 
while the sample temperature changed less than 0.5°K. 
A similar method was used for obtaining measurements 
between 4.2°K and 77°K. Liquid helium was transferred 
to the inner Dewar and the sample was then warmed 
to 77°K. A copper-constantan thermocouple was used 
from 77°K to room temperature and gold-gold cobalt 
thermocouple was used from 4.2°K to 77°K. The 
precision of temperature measurement was different 
from these several methods. The measurements made 


Fic. 1. A cut-out section of the single crystal II, showing the 
nature and direction of the laminar twinning in the orthorhombic 
phase. If 180° twinning is predominant in the tetragonal phase, 
the laminations will be perpendicular to those shown. 


at 4.2°K and 77°K were controlled to +0.1°K. Since 
the sample warmed about 0.3°K during the 77°K to 
room temperature measurements and with an additional 
correction for temperature gradients, these temperatures 
were measured to +1°K. Similar considerations gave 
the 4.2°K to 77°K range a precision of temperature 
measurement of +2°K. Temperature stability problems 
in the high-temperature phase restricted the precision 
to +1°K. 

Frequency measurements were made with a BC-221 
frequency meter to within 1 kc/sec. 


III. RESULTS 


Two KNbO; samples were used in these measure- 
ments; these samples are designated crystal I and 
crystal II in reference 9. Crystal I had been fractured 
extensively by repeated transitions from the ortho- 
rhombic to the rhombohedral phase and was ground 
into crystallites of about 1-mm dimensions for the 
measurements in the rhombohedral phase. Crystal II 
was in a cylindrical shape } inch in diameter and had 
a mass of 7.6 g; an idealized sketch of its laminar 
domains and the directions of polarization are shown 
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Fic. 2. Temperature dependence of the (7/2, 5/2) 
transition in the rhombohedral phase. 


in Fig. 1. This single crystal was used for the measure- 
ments in the orthorhombic and tetragonal phases. 

The temperature dependence of the (7/2, 5/2) transi- 
tion in the rhombohedral phase from 4°K to about 
250°K is shown in Fig. 2. Since the electric field gradient 
asymmetry 7 is zero for this phase, the quadrupole 
coupling e’gQ/h can be calculated from a single fre- 
quency. Figure 3 is the resulting temperature depend- 
ence of e’gQ/h, using the smoothed curve of Fig. 2 
for the (7/2, 5/2) line. 

In the orthorhombic phase, the (3/2, 1/2), (7/2, 5/2), 
and (5/2, 3/2) transitions are shown in Fig. 4 from 
about 35°C to the transition temperature, 220°C. The 
weaker (9/2, 7/2) line was traced for a 20°C interval 
but is not shown. The three lines are sufficient to 
calculate e?gQ/h and n. The single point shown at 214°C 
for the (7/2, 5/2) line is not a reliable measurement due 
to a poor signal to noise ratio for this line near the 
transition temperature. The two dashed lines are 
representative of the uncertainty in this region. This 
uncertainty is carried into the calculated curves shown 
in Figs. 5 and 6. The parameters 7 and e¢Q/h were 
calculated at 20°C intervals by fitting the smoothed, 
resonant frequencies in Fig. 4 to the calculations of 
Cohen" by the method described in reference 9. The 
resulting values of e’gQ/h versus temperature and 7 
versus temperature are shown in Figs. 5 and 6, 
respectively. 

In the tetragonal phase, three of the four lines of the 
spectrum have been observed and are shown in Fig. 7. 
The (3/2, 1/2) line which should occur at about 1 Mc 








' Fic. 3. Smoothed plot of egQ/h vs temperature 
calculated from the data shown in Fig. 2. 
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Fic. 4. Temperature dependence of three of the four transition 
frequencies in the orthorhombic phase. 


was not investigated. The signal to noise ratio for the 
(5/2, 3/2) line was about 5 to 1 at the phase transition 
temperature of 220°C and became weaker as the 
temperature was raised until it was no longer visible 
above 420°C. The signal to noise ratio for the (9/2, 7/2) 
and (7/2, 5/2) lines was about 2:1 and they became 
very difficult to observe at higher temperatures. The 
low Q of the rf coils at these temperatures prevented 
the simultaneous observation of all three lines in a 
single coil. The (9/2, 7/2) and (7/2, 5/2) as well as the 
(7/2, 5/2) and (5/2, 3/2) lines were observed in pairs 
and the ratios of their frequencies were in agreement 
with an asymmetry of zero. Since the (5/2, 3/2) line 
was the strongest, it was used in the calculation of 
e’qQ/h. e&gQ/h is shown in Fig. 8 as a function of 
temperature. 


Linewidths 


No temperature dependence of the linewidths was 
observed in any of the phases studied. The precision of 
measurement of linewidth was approximately +10%. 
The temperature range in the rhombohedral phase was 
from 4°K to 250°K. Throughout the phase, the half- 
amplitude linewidth of the (7/2, 5/2) transition 
remained at 30 kc/sec +5 kc/sec, hence if there is any 
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Fic. 5. Smoothed plot of egQ/h vs temperature calculated 
from the data shown in Fig. 4. 
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temperature dependence of this linewidth it is less 
than 0.05% per °C. No variation in linewidth greater 
than the precision of measurement was observed in the 
orthorhombic and tetragonal phases. The powdered 
sample had the same linewidths to within +5 kc/sec 
as the single crystal. 

A list of the linewidths at half maximum for the 
observed transitions in all three phases is given in 
Table I. The rhombohedral and orthorhombic phases 
were measured in previous work.’ 


IV. TEMPERATURE DEPENDENCE 


The tetragonal phase is the simplest crystal phase 
and since the lattice dimensions and the spontaneous 
polarization have been measured for this phase through- 
out its temperature range, one would hope to obtain 
information about the source of the electric field 
gradient at the Nb site by comparing these parameters 
with the temperature dependence of the gradients. 

A phenomenological equation for the temperature 
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Fic. 6. Temperature dependence of the field gradient asym- 
metry parameter 7 in the orthorhombic phase as calculated from 
the data shown in Fig. 4. 


dependence of quadrupole interactions has _ been 


proposed by Kushida et al.'*: 
V{ dv dgo Av dno 


v lage dV ano dV 


_ Ov dF |! OV 


a 
io 


te avr! V OT p 


voTp 
1 Ov or? 


» (2) 

vy i Of dTy 
where £,° are the amplitudes of the normal modes of 
vibration, v is the observed resonance frequency, ego is 
the static electric field gradient and 1m is the static 
asymmetry parameter. The first term, 


1 Ov dqo OV 


v dqo dV Tp 


is the temperature dependence of the electric field 
gradient produced by the change in the spatial distri- 
bution of the gradient sources as a function of tempera- 
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ture. The effect of this term will be calculated and 
discussed for an ionic model in Sec. V. 

Since n=0 for the tetragonal phase and each ion type 
contributes to the field gradient with this axial sym- 
metry, changes in thermal averaging™will not change 
the symmetry, thus the second term, 


1 dv dno OV 
v Ono dV OT p 


will be zero. There is no direct information on the third 
term, 
1 dv of OV 


v OP OV er wo 
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“1G. 7. Temperature dependence of three of the four transition 
frequencies in the tetragonal phase. 
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Fic. 8. Smoothed plot of egQ/h vs temperature calculated from 
the data shown in Fig. 7 for the tetragonal phase. 


however, the infrared absorption studies of Last! on 
several perovskites indicates that the changes in normal 
modes are rather small over a wide range of tempera- 
tures. The fourth term, 


1 Ov orf 


Vv oT? oT y 


is the Bayer motional averaging due to thermal 
vibrations. 

The nature of this thermal averaging is seen from the 
approximation in the calculation of the quadrupole 
interaction given in Eq. (1) which assumes the electric 


‘WJ. T. Last, Phys. Rev. 105, 1740 (1957). 


SPECT 


RUM OF Nb®*? IN KNbO,; 49 


TABLE I. Nb® quadrupole linewidths in KNbOs. 





Rhombohedral Orthorhombic 
width width 


25 kc 45 kc 
30 ke 45 kc 
30 ke 27 kc 

ong 30 kc 


Tetragonal 
width 


40 kc 
50 kc 
30 kc 


Transition 
(9/2, 7/2) 
(7/2, 5/2) 
(5/2, 3/2) 
(3/2, 1/2) 





field gradient g has a fixed value. The thermal motions 
of the ions at frequencies greater than the characteristic 
nuclear precessional frequencies in this environment 
will be effective as average values. These average values 
will depend on the temperature dependent lattice 
vibration spectrum. Since the ionic field gradient may 
be calculated for a point charge basis by a sum of the 
form”: 


3 cos*6;— 1 


the motional averaging may be calculated with the 
assumption of the Debye approximation in the sum- 
mation of lattice modes. It is easily shown that for the 
high-temperature approximation, the vibration fre- 
quency v<kT/h the temperature dependence of the 
ionic field gradient is given by”: 

(3 cos*6o;— 1) 


| 
= ——_1- 
a’ | 


ISkT | 


b (3) 
a7B; 
where the subscript 0 refers to the static value, & is 
Boltzman’s constant, a; is the distance to the ith ion 
and @; is the force constant binding the ith ion. 

The force constants for various perovskites, including 
KNbO; in the orthorhombic phase, have been measured 
with infrared absorption by Last.’ In these measure- 
ments the force constants were found to be of the order 
10° dynes/cm?. Substitution of the appropriate values 
in (3) with this value for the force constant gives a 
temperature dependence of 5X 10~-* °C for the contri- 
bution to (1/v)(dv/dTp). This magnitude of the 
temperature dependence represents a negligible contri- 
bution to the observed temperature dependence. This 
leaves the lattice expansion as the principal source of 
the temperature dependence and a consistent model 
of the field gradient sources should provide this 
dependence. 


V. IONIC FIELD GRADIENTS 


The tetragonal phase of the perovskite ferroelectrics 
has been investigated most extensively in the crystal 
BaTiOs. In the following calculations, some of the work 
on BaTiO; will be used for the isomorphic crystal 
KNbO3. 

The ionic field gradient at the site of the nucleus can 


*” M. Pomerantz, Ph.D. dissertation, University of California, 
Berkeley, 1957 (unpublished). 
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Fic. 9. The oxygen octahedron 
surrounding the Nb ion in the 
polarized tetragonal phase. The 








unit cell dimensions are 2a and 2c. 
It is assumed that the two oxygens 
along the ¢ axis have a different 
displacement than the other four. 





be shown”! to be given by 


Ok, 3 0? 
(1-72) 5’ |= 


OZ i oz? T; 


where (1—y.,) is the Sternheimer shielding factor,“ 
gi, ui, and Q; are the electric point charges, dipole 
moment and quadrupole moments, respectively, on the 
ith ion. The prime indicates that the sum excludes the 
ion at the site of the gradient calculation. 

The point charge contribution to the Nb field 
gradient of the six surrounding oxygen ions, shown in 
Fig. 9 is given by 


1 


(c—6:)* (c+6;)* 


2 3622 
-- —_|}-- ye 
(a2+62)8L  (a2+8.? | 


where 2e is the charge on each oxygen ion, 2¢ and 2a 
are the tetragonal axes, and 6; and 6 are the displace- 
ments of the two types of oxygens in respect to the 
niobium ion. Since 6; and 62 are an order of magnitude 
smaller than the tetragonal axes, this expression may be 
expanded for 6,*<c? and 6.*<a? as: 


dE, Bey c\") 48e  36¢ 
~- 1-( ) +—8,?-+—8/. (6) 
| 5 5 


Oz a Cc a’ 


Unfortunately, no measurements of the ionic displace- 
ments in KNbO; have been reported and the displace- 
ments must be estimated from the BaTiO; results. The 


21 Gerald Burns, Phys. Rev. 115, 357 (1959). 


same relative displacements per cell volume are assumed 
to exist in KNbO; as found in BaT;QOs. Any error in the 
approximation will affect the total field gradient 
calculated but will have a negligible effect on the 
temperature dependence results since the temperature 
dependence of this contribution is about the same as 
the other terms. Assuming that the 4’s in KNbO; are 
proportionally the same as those measured” by neutron 
diffraction in BaTiO;, one finds from the KNbO; 
lattice dimensions’ measured at 220°C: 


2.00 A, 
c=2.03 A, 
1.0166. 


0.144 A, 

=0.108 A, 

C, ‘a= 

These values give 2.32 10", 1.3810", and 0.63 10" 

esu, respectively, for the three terms in Eq. (6). Thus 

the effect of the polarization is not negligible in the 
point charge calculation. 

A neutron diffraction study of BaTiO;* near the 
Curie temperature showed that the ionic shifts 6), 62 
as a function of temperature along the polar axis in the 
tetragonal phase were linearly proportional to the 
spontaneous polarization P,. Merz has shown™ experi- 
mentally that P, is proportional to (c/a)—1. On this 
basis, it will be assumed that & is proportional to 
(c/a)—1 in KNbO3. Column I of Table II is the lattice 
contribution of the surrounding six oxygens to the 
Nb field gradient where 6; and 6, have been set equal to 
zero. The temperature points are chosen to coincide 
with the published lattice values. Column II is the 


2H. R. Danner, B. C. 
Phys. Soc. 2, 23 (1957). 

*3H. R. Danner, B. C. Frazer, and R. Pepinsky, foilows reference 
2 in Bull. Am. Phys. Soc. 2, 23 (1957). 

*W. J. Merz, Phys. Rev. 76, 1221 (1949); and 78, 52 (1950). 
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TABLE IT. Ionic electric field gradient contributions and a comparison of their temperature 
dependence fit to the measured interaction energy. 
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Nearest 
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calculation 
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Tonic Point charge 
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2.01 
1.99 
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375 
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contribution of the displacements according to their 
assumed temperature dependence. 

The field gradient sum has been extended to all ions 
within a sphere with a radius of six lattice spacings, 12a, 
in the tetragonal lattice where 6, and 6. have been set 
equal to zero. The calculations were made with the 
IBM-704 program developed by Bersohn.”* To test the 
convergence of the sum, the value of the field gradients 
for ions within spheres of radius 6a, 8a, and 10a were 
also calculated. The lattice spacing is 2a in this calcu- 
lation. At 220°C there was a decrease of 16% in g as the 
sum was extended from a radius of 6a to a radius of 
12a. The convergence is poorer with increasing tempera- 
ture. At the 410°C point, there was a decrease of 22% 
in g for the same two radii. The decrease of g was 
monotonic for the four radii that were used. The values 
of g due to all ions within a volume of six lattice spacings 
is listed in column ITI of Table IT. 

The calculation of the induced electric dipole contri- 
butions to the field gradient again requires use of the 
measurements and calculations in BaTiO;. The dipole 
contribution from (4) is given by: 


Ok, _ Spi 92 
—(dipole)=>° = SF (7) 


Oz 


where yp; is assumed to be in the direction of the z axis 
of the field gradient. The values of yu; have been calcu- 
lated for the tetragonal phase of BaTiO; by Trieb- 
wasser*® using the spontaneous polarization and the 
internal field calculations of Kinase.*’ These results 
show that the only large electronic polarization is on 
the two oxygens in the unit cell which lie on the z axis 
passing through the titanium ion. A normalization of 
this result to the polarization per ion gives the electronic 
dipole moment. Assuming proportional results would 
be obtained in KNbO; and using the spontaneous 
polarization and lattice dimensions of KNbQO3;, one 
calculates the electronic dipole moment on these two 


oxygens as 2.4X10~"* esu. The other ions in the unit 


2° R. Bersohn, J. Chem. Phys. 29, 326 (1958). 
26S. Treibwasser, J. Chem. Phys. Solids 3, 53 (1957). 
27 W. Kinase, Progr. Theoret. Phys. (Kyoto) 13, 529 (1955). 


IV Vv VI 
Measured 


e’gQ 
(10-* ergs) 


Electronic 
dipole 
(10% esu) 


Sum of II, 
III and IV 
(108 esu) 


e0(1—yx) 

(10-* stat- 
coulomb-cm?) 
9.53 
9.53 
9.42 
8.85 
8.07 
6.74 
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cell and the next nearest oxygens give contributions 
that are an order of magnitude smaller. 

Using (7) and taking the ionic polarization 6, shown 
in Fig. 9, the dipolar contribution of these two oxygens 
is: 

dE, 485; 
(dipole) =- ' (8) 


Oz a’ 


Substitution of the previously quoted values for the 
tetragonal phase of KNbO; at 210°C gives the dipolar 
contribution to g as 5.1810" esu in the same direction 
as the ionic contributions. Kinase has shown?’ that yu 
is proportional to 6; hence the dipolar contribution is 
proportional to 6;?/a* as seen from (8). In the point 
charge calculation above it was pointed out that for 
BaTiO, 6;° is proportional to (c/a)—1; using this 
proportionality along with the above, g(dipolar) is 
proportional to [(c/a)—1 ]|/a*. This lattice dependence 
is then used to calculate the temperature dependence 
of the electronic dipolar contribution. These results are 
listed in column IV of Table IT. 

The resultant field gradient has been calculated by 
taking the sum of columns II, III, and IV and it is 
listed in column V. The calculations of these field 
gradients are based on the lattice dimensions that were 
reported by Shirane ef al.* The values of the measured 
e’gQ at the six temperatures that the lattice dimensions 
have been reported are listed in Column VI of Table II. 

The test of the temperature dependence of this model 
is made by dividing the measured e’gQ by the calcu- 
lated eg. This ratio should be e(1—vy..)Q and it should 
be independent of temperature. The ratios are listed 
in column VII. 

A comparison of the magnitude of the field gradient 
may be made only qualitatively. The quadrupole 
moment of Nb has been measured from optical hyperfine 
spectra as (—0.4+0.3)X10-* cm? and (—0.25+0.1) 
X10-** cm?.2-!3 (1—y,,) has been estimated*® as +16 
for 5+Nb. Using —0.25 10-*4 cm? for Q and the calcu- 
lated value of g at 220°C, one obtains a value of 15 for 
(1—y.). 

Similar calculations of the ionic field gradients in the 
orthorhombic phase have been made. These calculations 


28 Gerald Burns, J. Chem. Phys. 31, 1253 (1959). 
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included nearest neighbor dipole contributions and used 
the IBM-704 program for point charge contributions. 
The results were found to be extremely sensitive to 
variations in ionic displacements. Because of the lack 
of information on the nature of electronic polarizations 
and ionic displacements, no consistent results were 
obtained. In the models that assumed displacements 
proportional to the orthohombic BaTiOs, the electronic 
dipole contributions were the same order of magnitude 
as the point charge contributions to the field gradient. 
The field gradient asymmetry parameter 7 is a sensitive 
function of these displacements with any value from 
0 to 1 being possible, depending on the displacements 
used. 

No calculations have been made on the rhombohedral 
phase. 


VI. DISCUSSION 


The calculations of the electric field gradient in the 
tetragonal phase are dependent upon the assumption 
of identical ionic polarizations in the tetragonal phases 
of KNbO; and BaTiOs. If this assumption is in error, 
it would change the magnitude of the electric field 
gradient, but it would not appreciably affect the fit 
of the temperature dependence. With this qualification, 
the temperature dependence and the magnitude of 
e’gQ in the tetragonal phase are in agreement with the 
assumption of an ionic environment for the niobium 
ion. The extension of this calculation to the ortho- 
rhombic phase would give a further internal check on the 
validity of the model since the size of (1—¥y,.)Q, the 
two least accurately known parameters in this inter- 
action, should be the same in both phases. A more 
complete investigation of the type made here including 
neutron diffraction, x-ray diffraction, and NQR on the 
same crystal of KNbO; would eliminate the probable 
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objections to the approximation in the calculation. Such 
an extensive effort is not planned since a fit to the ionic 
model is provided to the precision of the present 
measurements of Q. 

The successful calculation of the field gradients in the 
orthorhombic phase requires neutron diffraction 
measurements in KNbO; to determine the ionic 
displacements. These results could then be used in a 
calculation of the type made by Kinase and Triebwasser 
for the tetragonal phase of BaTiQO3. 

A further test of the nature of the niobium field 
gradient is to be made by measuring its volume depend- 
ence at constant temperature. These pressure measure- 
ments are now in progress and will be reported at a 
later date. 

An objection to the use of this result as evidence of an 
ionic environment in the perovskite structures is that 
only one of the ferroelectric perovskites has been 
investigated. A similar investigation of BaTiO; has been 
proposed but at present it appears that the lower 
abundance of Ti*’? and Ti and their smaller magnetic 
moments would provide a difficult signal to noise 
ratio. It is possible that this method can be extended 
to other ferroelectrics and antiferroelectrics if there 
were sufficient measurements of the crystal structures 
and their temperature dependence. 
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The recombination of excess electron-hole pzirs in indium anti- 
monide has been studied in the temperature range 200°K-15°K, 
where it is controlled by localized centers. Minority carrier trap- 
ping is found in extrinsic p-type material. The lifetimes of electrons 
and holes obtained from photoconductivity and photoelectro- 
magnetic effect data on n- and p-type samples lead to a model for 
the recombination, consisting of a donor center having two energy 
levels in the forbidden gap, at 0.055 and 0.12 ev above the valence 
band. The capture coefficients for holes and electrons have been 
determined for the center in each of the two charge states. In p-type 
material, the chemical acceptors are in statistical equilibrium 
with the free holes in the valence band. When holes freeze out 


onto acceptor centers (7<60°K), an increase of free holes due to 
photoexcitation leads to a corresponding increase in the hole 
concentration on the acceptors. This effect of majority carrier 
trapping reduces the rise of hole lifetime with decreasing hole 
concentration. In order to determine the nature of the recom- 
bination centers, different treatments are used to introduce addi- 
tional centers. It is found that bombardment with 4.5-Mev 
electrons produces additional centers having the same recombi- 
nation properties as the original centers. The result indicates that 
the recombination centers have the nature of structural defects 
rather than chemical impurities. 





INTRODUCTION 


REVIOUS studies of recombination in indium 
antimonide'* have established the existence of 
recombination centers which control excess carrier 


lifetimes at temperatures below 200°K. The centers 
exhibit the property of minority carrier trapping in 
p-type material.’ It has been shown? that the assump- 
tion of a simple one-level model with temperature- 
independent capture rates cannot explain the observed 
temperature dependence of lifetimes in p-type material. 


In this study, the temperature range of investi- 
gation has been extended down to 15°K. Measurements 
have been made on both p-type and n-type samples. 
The lifetimes of majority and minority carriers are 
deduced from steady-state photoconductivity and 
photoelectromagnetic effect. In the determination of 
lifetimes from the data, effects of carrier trapping, 
surface recombination, depth of light penetration, and 
possible presence of two types of holes have been taken 
into account. A model for the recombination process is 
deduced from the analysis of the results, and evidence 
is obtained that the recombination centers are due to 
structural defects. 


EXPERIMENTAL PROCEDURES AND EQUIPMENT 


Single crystals grown from zone-refined indium 
antimonide were used. No impurities were deliberately 
introduced, and the ingots were often p type at the 
seed end and m type at the bottom end. The samples 
were cut to bridge shape by using a sandblasting jig 
and were then etched in CP4 solution to a final thickness 
of ~0.3 mm. All contacts to the samples were masked to 
avoid photovoltaic effects. Dc measurements were made 


* Work supported by an Office of Naval Research contract. 
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1G. K. Wertheim, Phys. Rev. 104, 662 (1956). 
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using standard potentiometer circuitry, and photo- 
conductive measurements were made with a Perkin- 
Elmer amplification system with light chopped at 13 
cps. The samples were isolated from ground so that 
measurements could be made between any pair of arms 
of the sample, the ground being established at which- 
ever arm was connected to the grounded side of the 
high-impedance preamplifier. The light intensity was 
measured at the sample position in order to avoid 
errors due to atmospheric absorption ; a Reeder thermo- 
couple was used. Monochromatic light was provided 
by a Perkin-Elmer Model 98 spectrometer. The magnet 
used provided field strengths up to 8300 gauss and was 
calibrated against proton resonance. 

Liquid hydrogen was used for measurements at 
temperatures below 77°K. A glass cell is used. The 
central part containing the coolant has a copper bottom 
to which the sample chamber was attached through a 
thin walled monel tubing. The temperature of the 
sample was controlled by the use of exchange gas in the 
monel tubing and a heater wound on the wall of the 
sample chamber. The sample chamber was surrounded 
with a radiation shield which was attached directly to 
the bottom of the coolant bath. The sample chamber 
and radiation shield were equipped with Mylar windows 
to admit the radiation used in the measurements. The 
bath could be pumped to obtain temperatures below 
the normal boiling point of the coolant, which was either 
liquid nitrogen or liquid hydrogen. The temperature 
was measured by using the sample chamber as the bulb 
of a constant volume helium gas thermometer. 


METHODS FOR THE DETERMINATION 
OF LIFETIMES 


Photoconductivity and Photoelectromagnetic 
Effect 


Under a steady-state, nonequilibrium condition, a 
mean lifetime of excess carriers can be defined by 


r=An/U, (1) 
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where Av is the concentration of excess carriers and U 
is the net generation or recombination rate per unit 
volume. We are interested in the case where electrons 
and holes are generated in pairs. However, some of the 
excess carriers of one sign or of both signs may become 
trapped, leading to unequal concentrations of free 
excess carriers. The lifetimes defined by (1) may there- 
fore be different for electrons and holes. The combi- 
nation of two steady-state measurements may be used 
to determine the lifetimes of both carriers. The first of 
these involves the measurement of excess conductivity 
under illumination, the second the determination of an 
ambipolar diffusion length. In the case where the 
diffusion length is very short, it can be deduced from 
the photoelectromagnetic (PEM) effect. From a 
suitable combination of the two types of measurements, 
both the majority and the minority carrier lifetimes 
can be deduced. Photoconductivity and PEM effect 
have been treated*~® with different restrictions. In the 
analysis of the result, we shall take into account surface 
recombination and variation of light absorption in 
depth, without imposing the limitation of weak mag- 
netic field. Furthermore, in indium antimonide, the 
structure of the valence band near the energy maximum 
is not known accurately and the possibility of the 
presence of two types of holes cannot be positively 
ruled out.” This is also taken into account. The ex- 
pressions of more general validity which are used in 
the analysis are derived by combining the existing 
treatments. 

The assumptions made in deriving the expressions 
are the following: 

1. One-dimensional geometry. In order to approxi- 
mate this condition, the samples used were made much 
wider than their thickness. End effects were eliminated 
by measuring voltages between probes rather than 
between end leads. 

2. Small signal approximation. The increase of 
conductance of the sample was less than one percent 
at the highest light intensity used, usually less than 
0.1%. Nonlinearity with light intensity was not 
observed. 

3. Multiple reflection of radiation in the sample was 
neglected. The effect is important only at low absorp- 
tion. The PEM data used are those obtained at shorter 
wavelengths, where the absorption coefficient is very 
high. From the photoconductivity data, the peak value 
in the spectral distribution is used in addition to the 
short-wavelength data. The peak occurs near the 
absorption edge. However, for the samples used, light 
intensity diminished already to 2% upon reaching the 
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back surface, for the wavelength corresponding to the 
peak. 

4. Same recombination velocity for front and back 
surfaces. This condition was verified for several samples, 
with both surfaces treated the same way, by making 
measurements with light falling first on one then on 
the other surface. 

5. Quantum efficiency for hole-electron excitation 
equal to unity. Tauc' found that the quantum efficiency 
is equal to unity at wavelengths larger than 2.5 microns. 
At two microns, the shortest wavelength of our meas- 
urements, the quantum efficiency was found to be 
slightly higher, by about 10%. 

6. Sample thickness, /, large compared to ambipolar 
diffusion length, Z. The ratio, 1/Z, is assumed to be 
large so that cosh(//L)~sinh(¢/L)~1. For all samples 
used, //L>5 and the assumption is justified. 

7. Ratio of the two types of holes unchanged by 
light. The assumption is reasonable since the lifetime 
of holes, ~ 10-7 sec, should be much longer than the 
relaxation time between two valence bands. We have 
then: 

(potApe)/(p1+Ap1) = Do/ pi= Apr ‘Ap. (2) 

8. Concentration ratio of excess electrons, An, and 
excess holes, Ap, remains constant in the sample. Since 
we wish to cover the case of carrier trapping, we do not 
take Ap and An to be equal. However, the ratio Ap/An 
will be assumed to remain constant in the sample. 
Under steady-state conditions, the rate of recombi- 
nation in any region of the sample must be the sample 
for electrons and holes; therefore Ap/An=r,/rn. For 
sufficiently small signal, 7,/7, and hence Ap/An, remain 
constant. We assume also that An/Ap is the same near 
the surfaces as in the bulk. In most cases, the internal 
consistency of the results of analysis indicates that the 
last assumption is justified. A case where the assump- 
tion appears to be not valid, will be pointed out later. 

Under the above assumptions, the expressions ob- 
tained for the photoconductive and PEM currents, 
per unit sample width, are 


: c MipitMope q 
ipc=eloE, arnt (* a CRs )ro}e, 
Pit pe 


ipem = el 6* L*G*, (4) 
where Jo is the density of photon flux and £, is the 
applied electric field. The factor F in (4) is the ratio of 
ipc to the ideal current which is expected when there 
are no surface recombination and no transmitted 
radiation. It is given by 
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The factor G* is the ratio of the actual PEM current 
to the ideal PEM current which would be obtained 
under the following conditions: no surface recombi- 
nation, no transmitted radiation, sample thick com- 
pared to diffusion length, and diffusion length much 
larger than the reciprocal absorption coefficient, a! 
Under the approximations made, it is given by 


aL* aL* 


a 
1+S* lLital* 1—al* 


1 1 
-( ), al*='. 
2\i+S* 


The factor S is defined by 


S=f,5,/L, (7) 


exp(—at) | aLl* £1; 
(6) 


where s, is the surface recombination velocity for 
electrons and L is the ambipolar diffusion length. The 
superscript asterisk refers to quantities under the 
applied magnetic field. 
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pm + popo*+npn* 
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(r,/(1+w*r,?)) 
=. ay 
\T 

w=eB/m*, 
and 7, is the relaxation time for scattering. The 
angle, 6*, in (4) is given by 
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where y# is the zero-field Hall mobility and 


(r2/(1+*72)) 

=p a aaa. (12) 
(T Py 

In (9) and (12) the bracketed quantities denote aver- 

ages taken over a Maxwellian energy distribution. 

The above expressions may be used to determine 
the mean lifetimes 7, and 7, if the mobilities and carrier 
concentrations are known. One procedure is as follows: 
As shown in Fig. 1, which gives the data for a typical 
sample, the photoconductivity goes through a maximum 
with decreasing wavelength and increasing absorption 
coefficient. The maximum is predicted by (5) with 
nonvanishing S, as aL varies from values much less 
than unity to values much greater than unity. In Fig. 
2, F is plotted as a function of (1/aL) for two different 


LIFETIME IN 


(ARBITRARY SCALE) 


(cu!) 


ABSORPTION 


PEM !000 oe 


ABSORPTION COEFFICIENT 


| 


PHOTOCONDUCTIVIT Y 


RELATIVE PC & PEM/INCIDENT PHOTON 








| 
| 
| 
| 
PEM 200 oe | 
| 
| 
| 
| 


| 
3 4 5 6 
WAVELENGTH (MICRONS) 





ic. 1. Wavelength dependence of photoconductivity, 
PEM current and absorption coefficient. 


alues of W=t/L and various values of S. If W>5, 
F attains a maximum value greater than 0.5 even in 
the case of an infinite surface recombination velocity. 
For most of the samples measured, S<5, W>10. 
Under such conditions, the peak value of F is greater 
than 0.75. On the other hand, F — (1+.S) at short 
wavelengths where aL>>1. Hence an estimate of S can 
be obtained from the ratio of the photoconductivity 
at the maximum io that at short wavelengths. For 
aL>1, the factor G=G*(B=0) of the PEM effect also 
reduces to (1+). All samples measured had aL>7 
at the wavelength of 2 microns, so that G>#[1/(1+S) ] 
at that wavelength. Thus, having obtained S from the 
wavelength dependence of photoconductivity, we can 
get estimates of both F and G. With knowledge of Jo, 
both 7, and 7, can be determined from (3), (4), (8), 
and (11). 

The above method does not require accurate knowl- 
edge of the wavelength dependence of absorption co- 
efficient or of PEM effect. A second method is to 
determine the vaiue of L by using (6) and the data on 
the variation of PEM current with absorption co- 
efficient. Equation (8) provides then one equation for 
7, and ry. Another equation is obtained by taking the 
ratio of (3) and (4). Using short-wavelength data for 
which F~G~ (i+), the factors F and G as well as 
the radiation intensity, Jo, are eliminated in the process. 
The two equations can be used to obtain 7, and ry. The 
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Fic. 2. Calculated dependence of the factor F of photoconduc- 
tivity as a function of In(1/aZ) with the surface recombination 
factor, S, as a parameter, for two values of the ratio, W, of sample 
thickness, ¢, to diffusion length, L. 


results calculated by the two different methods give a 
check of self-consistency of the data and the inter- 
pretation. 


Application to Different Types of Samples 


The deduction of lifetime from photoconductivity 
and PEM data requires the knowledge of the carrier 
concentrations and mobilities which enter (3), (4), (8), 
and (11). We now consider individually extrinsic p-type, 
extrinsic m-type, and near intrinsic samples. 

In p-type material, the effective hole mobility in (3) 
can be determined from the product of the conduc- 
tivity and the Hall coefficient in the limit of high field. 
The Hall mobility of electrons, u,”, is needed in (11). 
Since the electron mobility in InSb is very much higher 
than the hole mobility, the contribution to (11) from 
the holes is quite small at low magnetic field strengths. 
At high magnetic field strengths, the relative contri- 
bution due to holes becomes larger, due to higher 
magnetoresistive effect of electrons as compared to that 
of holes, but at the fields employed in these experiments, 
the electrons still dominate the PEM angle. The drift 
mobility and the concentration of electrons are needed 
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in (8). The drift mobility is also needed in (3). For 
highly p-type material, with n<@, 


NT KPT n, (13a) 
Mpon*<K (pri*+ poya™). (13b) 


Equation (8) then reduces to the effective electron 
diffusion length, 


Li*=[(kT/e)un* rn }}, (14) 


and the electron concentration is no longer needed. 
The electron mobilities are determined from the magnetic 
field dependence of PEM effect at short wavelengths, 
a method first used by Kurnick and Zitter.® In agree- 
ment with their conclusions, we find that the approxi- 
mation, #na=“n” and u,»*=xu,**, corresponding to an 
energy-independent relaxation time, seems to give 
satisfactory agreement with the measured results. The 
temperature dependence of electron mobility deter- 
mined by this method is shown in Fig. 3 for two p-type 
samples (curve A). At temperatures above 200°K, the 
electron mobility can be determined from Hall co- 
efficient and conductivity. The three points at the 
high-temperature end of curve A were so obtained. 
They fall on a smooth curve with the rest of the points. 
Also shown (curve B) is the Hall mobility of electrons 
for an n-type sample from the same ingot. Comparison 
of the two curves also indicates that the electron 
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Fic. 3. Temperature dependence of mobilities. Curves A and C 
are, respectively, electron and hole mobilities in two p-type 
samples. Curve B is the Hall mobility of electrons, measured at 
700 gauss, in an n-type sample from the same ingot. 
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mobility obtained from the PEM effect is reasonable. 
The hole mobilities of the same two samples are shown 
in curve C, 

In n-type samples, the photoconductivity is deter- 
mined mainly by the majority carriers, due to the large 
ratio of electron to hole mobility. Only the majority 
carrier mobility, un, is needed to determine the electron 
lifetime, 7,, from (3). Combining (8), (11), and (4), 
we obtain in the limit of small magnetic field 


kT Priit poe 7} . 
ine/Belo~wa| —ro( ~~ ) G. (15) 
e p 


Using the hole mobility obtained for the p-type samples 
as an estimate of hole mobility, we find from (15) 
values of r, for the n-type samples which are close to 
the values of 7,. There does not seem to be appreciable 
trapping of minority carriers in the n-type samples. 


Near-Intrinsic Range 


There is no special problem as n-type samples become 
nearly intrinsic. In p-type samples the Hall coefficient 
reverses its sign in the near intrinsic range. When (13) 
ceases to be valid because of the increase of electron 
concentration, the complete expression (8) for L* has to 
be used. Therefore n/p will be needed, in addition to the 
hole and electron mobilities. The electron mobility can 
be obtained by interpolation between low and high 
temperatures, as in curve A of Fig. 3. We have used 
the following methods to calculate both r, and r, 
for the temperatures of Hall reversal and maximum 
negative Hall coefficient, and to calculate r, for higher 
temperatures. 

At the Hall reversal, condition (13b) still holds. We 
assume that condition (13a) holds also, and calculate 
tT, and r, in the same way as for the extrinsic region. 
The assumption is verified by getting u, from extra- 
polation of the extrinsic data and estimating (n/p) 
approximately from the condition n/p~(u,p/un)*. For 
our samples, the values of (r,/rp) and the values of 
(n/p) so obtained are found to satisfy actually the 
condition (13a). 

At the maximum of negative Hall coefficient, con- 
dition (13b) no longer holds. In fact, it can be easily 
shown that, with an electron mobility much higher 
than the hole mobility, we have at this point 


Nn (Pipit pou). (16) 


Therefore (8) reduces to 


kT b71+nr,/prn\? 
to (Mon) (EY 
e 2 
in the case of small magnetic field. We assume that 
(13a) still holds and calculate 7, and r, by the same 


procedure as for the extrinsic range. The assumption 
is justified by the fact that, for our samples, the calcu- 
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Fic. 4. Temperature dependence of lifetimes and Hall coefficient 
of an n-type and a p-type sample. 


lated values gives 


MnTn>[ (urpitmeps) ‘p \rp, (18) 


which leads to the assumed condition (13a) in view of 
(16). The relation (18) indicates that the photocon- 
ductivity at this temperature is given primarily by the 
electrons. This will be even more so with increasing 
temperature and increasing ratio of electron to hole 
concentration. Therefore, above the temperature of 
negative Hall maximum, 7, can be obtained directly 
from the photoconductivity but 7, cannot be obtained 
reliably. 


INTERPRETATION OF RESULTS ON LIFETIME 
Model for Recombination 


Measurements of lifetime have been carried out on 
several p- and n-type samples, according to the methods 
outlined above. The temperature dependence of electron 
and holes lifetimes are shown in Fig. 4 for a typical 
p-type and a typical »-type samples from the same 
ingot. The large ratio r,/r, in the p-type sample at 
low temperatures shows strong trapping of electrons 
indicating the presence of donor-type centers. At the 
high-temperature end of the range, both electron and 
hole lifetimes are about the same. Shown as a dashed 
curve in Fig. 5 is the attempt to fit the p-type data 
with the model of a set of recombinations centers having 
a single level located below the center of the energy gap. 
The concentration of centers is found to be 8X10" 
cm~ from the temperature variation of Hall coefficient 
in the exhaustion range shown in Fig. 6. The capture 
coefficients for electrons and holes are assumed to be 
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Fic. 5. Temperature dependence of electron and hole lifetimes 
in a p-type sample. The dashed curve and solid curves are calcu- 
lated on the basis of one and two level recombination centers, 
respectively. 


temperature independent. In agreement with Zitter, 
Strauss, and Attard,? we find that a single-level model 
with temperature-independent capture coefficients is in- 
adequate to explain the p-type results over the entire 
temperature range. Those authors have shown that 
neither of the direct interband processes, photon- 
emissive and Auger recombinations, could account for 
the observed discrepancy. In addition, we find that the 
discrepancy cannot be attributed to a large temperature 
variation of the hole capture coefficient in the 
near intrinsic region if the recombination centers in 
the n-type sample from the same ingot are of the same 
nature, since the -type data indicates that the capture 
coefficient must be essentially constant. Aside from 
the difficulty in fitting the p-type sample data 
over the whole range, the model requires that the 
n-type sample must have a quite different type or a 
much higher concentration of centers; with the same 
type of centers, the concentration in the m-type sample 
would have to be 26 times larger. 

The data for the various p- and n-type samples can 
be interpreted on the basis of a set of recombination 
centers with two energy levels. As mentioned before, 
the centers appear to be donors in character. It is 
assumed that each center can be electrically neutral, 
singly charged, or doubly charged. The center is then 
characterized by six parameters: Fj, 1, f1, E2, c2, v2, 
where £; and £2 are the two energy levels, r.; and ry; 
are the electron and hole capture coefficients of 
the first level, 7.2 and 7,2 are the coefficients of the 
second level. The general problem of multilevel recom- 
bination centers has been treated before." Expressions 


1 ©, T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958). 
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for the carrier lifetimes, which are used in our analysis, 
can be derived in a straightforward way. Let f/f, be the 
probability for the center to be in the mth charged 
condition” : 

gm expl (mg —én)/kT] 


~~ 


= i ; (19) 
Dom Sm Expl (mE — €m)/RT | 


where g», is the degeneracy of the state, €» is the energy 
required to hold m electrons on the center, and ¢ is the 
Fermi level. To be definite, we take go= 1 and gi= ge=2, 
assuming that both the first and the second electrons 
trapped on the center have a choice of spin. Then 


fe E,:—¢ 
F,= =} 1 texp( ) ‘ 
fat hi kT 


fi Fi-$\ T° 
F, . 1 + 3 exp ) ° 
fothi kT 


With a concentration .V of such centers, the ratio of 
the carrier lifetimes is given by: 


Nr. A 
“2-{1+-| -—(1—F;)+ 


Ta | p 
N/A, 
x 1+—( 
p\B, 


and the electron lifetime is given by: 
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Fic. 6. Temperature dependence of Hall coefficient and hole con 
centration in the exhaustion range of a p-type sample. 


2H. Y. Fan, Suppl. Nuovo cimento 7, 661 (1958). 
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where 
Ay=(1—F,)(1-F2)/(1-F(1- Fy) F, 
A,=(2—F,)(1—F:)F,/[1—F.(1—F)) FP, 


1—F;\ ur.; 
ae 
F; Pei 


Equations (21) and (22) are used for the analysis of 
the data. 

In p-type samples, the Fermi level is quite low at low 
temperature and the probability, fs, for the center to 
hold two electrons is very small. Hence, the four 
parameters, V, i, r-:, and 7,1, can be determined from 
the low-temperature data on the p-type sample, as in 
the case of one level model. On the other hand, in an 
n-type sample, the centers have a high probability of 
each holding two electrons, and the carrier lifetimes 
are determined primarily by Nr,2, as in the one-level 
model. Assuming that the concentration, NV, of centers 
in the n-type samples is the same as that in the p-type 
sample from the same ingot, we get the value of 7,2 
from the data on the n-type sample. The value of F» 
is chosen to fit the data on the p-type sample at 200°K. 
At this temperature, the lifetimes are not sensitive to 
the value of 7.2. The shaded area in Fig. 5 shows the 
narrow range of the calculated lifetimes for a variation 
of the value of r.2 by a factor of 100. The values of the 
parameters determined are: 
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Fic. 7. Temperature dependence of electron and hole lifetimes 
in a p-type sample. The dashed and solid curves are calculated on 
the basis of one level and two level recombination centers, 
respectively. 
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Fic. 8. Fermi-level dependence of electron and hole lifetimes 
for n- and p-type samples of various carrier concentrations. Solid 
curves are carrier lifetimes calculated by using the model of two 
level centers. The dashed curves show the variations of the carrier 
concentration, » or m, and effective impurity concentration, 
(Na—Np) or (Vp—WNa). 


E,— E,=0.055 ev, 
y= 6X 10-” cm? sect, FE.—E,=0.12 ev, 
7-2= 1.2K 10-* cm? sec 3 r,x~10 8 cm? sec 1 


N=0.8X 10" cm-? 


£332 10-* cm sec, 


(23) 


Another p-type sample, (1P), of higher impurity 
concentration which was cut from a different ingot was 
measured over the temperature range 200°K to 78°K. 
Figure 7 shows that the data can be closely fitted by 
the model of two-level centers with the same values 
for the parameters, including the concentration of 
centers. The hole and electron lifetimes determined at 
84°K are plotted as functions of the Fermi level in 
Fig. 8 for several m- and p-type samples of various 
carrier concentrations. The samples were taken from 
three different ingots: (5) and (5P) from one ingot, 
(1P) from another, and the rest from a third ingot. 
The solid curves give the lifetimes calculated by using 
the values (23). The general agreement between the 
experimental data and the calculated curves indicate 
that the samples have the same type of centers in 
comparable concentrations. The data for sample (2P) 
which was cut from near the seed of the pulled crystal 
show significant departure from the curve, particularly 
with respect to 7, which is too low by a factor of three. 
The departure can be accounted for by a proportion- 
ately larger concentration of centers. This was con- 
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firmed by the analysis of the temperature dependence 
of the hole concentration in this sample, which actually 
gave a concentration of 2.4 10" cm of centers. 
Consider the photoconductive response of m- and 
p-type samples on the basis of the curves of r, and rp. 
The fractional change of sample conductance per unit 
power of incident radiation, AG,/G,J, is a measure of 
the sensitivity of photoresponse. Referring to (3), we 


can write: 
1 AG PeToT aT a 
Seis: AEE ie eoretee F, 


eaaeationts (24) 
IG MpPt+Enn 


where yp, stands for the effective hole mobility and the 
factor F represents the effect of surface recombination. 
With a mobility ratio of u,/u,~40 at 84°K, the quantity 
in brackets is dominated by holes for ¢<0.12 ev and 
by electrons for ¢>0.14 ev. It has a sharp maximum at 
¢~0.1 ev which corresponds to p-type samples of high 
resistivity. With increasing hole concentration or de- 
creasing ¢, its value drops rapidly both on account of 
decreasing r, and on account of increasing ~. Com- 
pensated samples having p~5X10" cm~* have been 
used in this laboratory as sensitive infrared detectors. 


Low-Temperature Results 


Measurements on two p-type samples, 2P and 3P, 
have been extended below liquid nitrogen temperature, 
down to ~15°K. The results on both samples were 
similar. The carrier lifetimes of sample 3P are shown 
in Fig. 9. Also shown is the Hall coefficient of the sample. 
Below 50°K, the holes begin to freeze out on the ac- 
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Fic. 9. Carrier lifetimes and the Hall coefficient of a p-type sample 
as functions of reciprocal temperature. 
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ceptor impurities and the Hall coefficient rises. Under 
illumination, the production of excess free holes leads 
to an increase of bound holes on the acceptors since 
the free and bound holes are in statistical equilibrium 
under steady-state conditions. Thus we have the 
trapping of majority carriers which requires additional 
consideration. At low temperature, the Fermi level is 
close to the valence band and the recombination centers 
are essentially empty of electrons. Excited electrons 
are quickly trapped, producing a concentration Am, on 
the centers. The rate of recombination is then limited 
almost entirely by the capture of holes which is a much 
slower process. The net recombination rate for this 
case is 

U~rypdni, (25) 


and the lifetime for holes is given by 


Ap 1 Ap 
peas 2 ae 


U_rup An, 


(26) 


The expression is a generalization of the familiar ex- 
pression for the carrier lifetime at low temperature. In 
the absence of freezeout of majority carriers, Ap~ An,, 
when 7,>>r,». When there is an increase of bound holes, 
Apa, on the acceptor impuriti¢és the neutrality con- 
dition gives An,~Ap+Ap.,. Thus 


1 Ap 


r 


(27) 


pian 


It is easily shown that hole trapping by the acceptors 
does not influence the electron lifetime. The lifetime 
is given by 


Tr=1 ‘rN, (28) 


just as in the absence of freezeout. 
The ratio Ap/Apa can be obtained by differentiating 
the dissociation equation for holes: 
P(Na—pa) N, : 
—————_ = — exp(— E,/kT), 
Pa BA 


where pa is the concentration of bound holes or neutral 
acceptors. Substituting the result in (27), we get 


(29) 


1 Nap 
Tp=— ’ 
rep Napt+(Na—pa)pa 





(30) 


In view of the relation, 


pa=Na—No-—}, (31) 


we can write 


1 P\? No\ 1? 
Al DeV @ 
T»Pex Pex N A 


where Pex=Na—WNp is the hole concentration in the 
exhaustion range where both the acceptors and com- 
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pensating donors are completely ionized. Assuming 
that the doubly charged recombination centers are 
the only compensating donors, i.e., Np=2N, we obtain 
the solid curves shown in Fig. 9. The calculated curve 
of hole lifetime falls somewhat below the experimental 
curve. The discrepancy increases with decreasing tem- 
perature. The discrepancy would be larger if the 
presence of other compensating donors is assumed. In 
the calculation, the recombination coefficients r., and 
1 are assumed to be temperature independent. The 
dashed curves are computed under the assumption that 
r, and r, vary as the thermal velocity, i.e., the capture 
cross sections are constant. This calculation gives good 
fit for r, but the curve for electron lifetime appears to 
be too high at low temperature. The accuracy of the 
experimental results is not sufficient to decide whether 
either of the two assumptions is entirely correct. We 
note that the temperature dependence might be dif- 
ferent for r,, and 7,;. According to the model, at low 
temperature the electrons are captured with the help 
of double positive charge on each center, while the holes 
are captured against the repulsion of the single positive 
charge that remains after the center has captured an 
electron. 

An interesting point was brought out in the low- 
temperature study. In the derivation of the expressions 
for photoconductivity and PEM effect, the assumption 
is made that the ratio of excess holes to excess electrons 
is the same at the surfaces as in the bulk. This assump- 
tion was apparently violated near the low-temperature 
end of the range of measurement. Figure 10 shows the 
photoconductivity curves for sample 3P at three 
temperatures. As discussed previously, the ratio of 
short-wavelength to peak photoconductivity gives an 
estimate of the surface recombination factor 1/(1+-S). 
We get S~4 from the curve for 15°K. On the other 
hand, the surface recombination can be determined 
from PEM effect. From the wavelength dependence of 
the PEM current at small magnetic field, which corre- 
sponds to the variation of the factor G with the ab- 
sorption coefficient a, we can determine the diffusion 
length, L, by using the relation (6). Knowing the value 
of L and the measured value of ippm/Jo, we can obtain 
the value of S from (4) and (6). This method gives a 
value of S<1 which is not consistent with the estimate 
obtained from the photoconductivity. We suggest that 
the smaller estimate of S as given by the PEM effect is 
closer to the correct value. The large ratio of peak to 
short-wavelength photoconductivity may be explained 
by assuming that the trapping of excess holes on the 
acceptor impurity is stronger at the surface than in the 
bulk material. According to (27) the trapping reduces 
the lifetime of holes by the factor Ap/(Ap+Apa). The 
hole lifetime, 7», would have increased proportionately 
with 1/p in the freezeout range, much faster than the 
data shown in Fig. 9, if not for the effect of trapping. 
With a stronger trapping near the surface, the photo- 
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10. Spectral dependence of photoconductivity 
at low temperatures 


conductivity at short wavelengths with carriers excited 
near the surface will be lowered relative the peak of 
photoconductivity at which the radiation begins to 
penetrate deeply into the sample. Thus the ratio of 
peak to short-wavelength photoconductivity may be 
large without high surface recombination. 

The postulated intensification of hole trapping at 
the surface could be the result of potential variation 
near the surface. Let us suppose that the Fermi level 
at the surface is kept fixed relative to the energy bands 
by the surface states. As the Fermi level in the bulk 
material approaches the valence band with decreasing 
temperature, the energy bands will be depressed near 
the surface. As a result, the trapping of holes by ac- 
ceptors will be stronger at the surface than in the bulk, 
since the energy level of acceptors near the surface is 
lower relative to the Fermi level. This effect tends to 
decrease the hole lifetime near the surface. On the other 
hand, the depression of the valence band reduces the 
hole concentration at the surface, thereby tending to 
increase the hole lifetime. By differentiating (30) with 
respect to the Fermi level, we find that the net result 
is to decrease r, at the surface if 


An estimate of the values of p4/N and Ap/Apa shows 
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Fic. 11. Effect of 4.5-Mev electron bombardment on the life- 
time and carrier concentration in the p-type sample 1P. The 


points are data obtained before the bombardment and the crosses 
are data obtained after the bombardment. 


that this condition could indeed be satisfied at the low 
temperature. 


NATURE OF THE RECOMBINATION CENTERS 


In order to determine the nature of the defects which 
contol the recombination, experiments have been 
performed to deliberately introduce defects of known 
types. Two methods have been tried. They are: 
(1) heat treatment and quenching, with and without 
introduction of copper, and (2) bombardment with 
4.5-Mev electrons. 

Two samples, intermediate between samples 2P and 
3P, were quenched into liquid nitrogen after heating 
to 435°C for 1.5 hours. One of the samples had been 
plated with copper. The samples were each sealed into 
a tube containing helium gas. After treatment, the 
samples were ground down and etched to remove 
surface disturbances. Both samples showed an increase 
in net acceptor concentration, the sample which was 
quenched without copper showing an increase of 6 10"* 
cm net acceptors, the copper plated sample showing 
an increase of 1.1X10'® cm™*. Similar results were 
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obtained with two more samples, quenched from 340°C, 
except that both samples showed an increase of about 
1.5X 10" cm~ net acceptors, indicating that the copper 
did not diffuse efficiently at the lower temperature. 
Since the heat treatments increased the concentration 
of net acceptors, they are not helpful for the identifi- 
cation of the recombination centers which are of donor 
type. 

The experiments of Aukerman™ showed that bom- 
bardment with 4.5-Mev electrons at 200°K introduced 
a donor level at 0.048 ev above the valence band, along 
with other levels. There was also evidence that with 
warming to higher temperatures more acceptor defects 
than donor defects were annealed out. It was therefore 
decided to perform the bombardment at 0°C. It was 
desired to introduce sufficient centers for the lifetime 
to be dominated by these centers, but not to decrease 
the hole concentration so much as to raise the Fermi 
level at low temperature above the 0.048-ev level. 
Sample 1P was chosen for the bombardment. The 
thickness of the sample was much thinner than the 
range, so that the irradiation was uniform in depth. 
The resulting changes in carrier concentration and 
lifetime after a bombardment of 1.8110" electrons 
per cm? are shown in Fig. 11. The electron lifetime has 
been reduced more than an order of magnitude. The 
lifetime of holes has changed less drastically, as is 
expected from the fact that hole lifetime is relatively 
insensitive to trap concentration. The lifetimes and 
carrier concentration after bombardment were both 
consistent with the introduction of 1.1710" cm-* 
additional centers of the same kind as the original 
centers which had a concentration of 8X10" cm*. If 
other centers were also introduced by the bombardment, 
they were apparently not effective for recombination 
in this temperature range. The dashed curves for life- 
time and carrier concentration are computed using the 
two-level model for a total concentration of 1.25 10'® 
cm~*. There is some discrepancy between the experi- 
mental and calculated lifetimes in the near-intrinsic 
region. This discrepancy is not to be regarded as too 
serious, because the lifetime was difficult to measure 
accurately in this region where the sample resistance 
is an order of magnitude smaller than that of un- 
bombarded samples. The bombardment experiment 
leads us to believe that the common recombination 
centers in indium antimonide are lattice defects of a 
relatively simple nature. 


137... W. Aukerman, Phys. Rev. 115, 1125 (1959) 
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Hyperfine Structure of Fe*’ in Paramagnetic and Antiferromagnetic FeF, 
from the Mossbauer Effect 
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Measurements of the gamma-ray resonant absorption in oriented slabs of FeF, have been used to deter- 
mine the magnitude and direction of the magnetic field at the iron nucleus in the antiferromagnetic state 
(3.40 105 oe at O°K) and the quadrupole splitting in the paramagnetic state (31.2 Mc/sec) of this material. 
The observed electric and magnetic hfs in the antiferromagnetic state is interpretable in terms of an asym 
metric electric field gradient tensor with its major axis perpendicular to the c axis, an asymmetry parameter 
of 0.33, and a quadrupole splitting of 30.3 Mc/sec at 45°K. 





ERROUS fluoride in the antiferromagnetic state has 
recently been studied by Jaccarino and Walker,! 
who obtained the temperature dependence of the 
magnetization by observing the F' nuclear magnetic 
resonance (NMR). The susceptibility and specific heat 
of this material have also been studied in considerable 
detail.2 However, one interesting parameter that has 
remained unknown is the magnitude of the hyperfine 
field at the iron nucleus. The Méssbauer effect’ in‘ Fe*’ 
appears particularly well suited for this and other 
investigations not possible with magnetic resonance 
techniques. 
FeF, belongs to the space group P4/mnm, i.e., it has 
a fourfold screw axis. The point symmetry around the 
iron atoms is characterized by three mutually perpen- 
dicular reflection planes, and the highest rotational 
symmetry is twofold. The principal axes of the electric 
field gradient (EFG) tensor are along the twofold axes; 
its magnitude is characterized by two independent 
components. The direction of the magnetization in the 
antiferromagnetic state, below 79°K, is along the c axis, 
which is also one of the principal axes of the EFG 
tensor. The Hamiltonian for the hyperfine coupling 
may then be written® 


e’Og 
= — g8HI,+———_[3I2—I(I+1) 
41(2IT—1) 


+4n(L2+12)], (1) 


o 
2 


where the z direction is taken along the magnetic field 


and the EFG tensor has been arbitrarily resolved into 
an axially symmetric component, 


eqg= 0° V /d2?, 


!'V. Jaccarino and L. R. Walker (to be published). 

2J. W. Stout and E. Catalano, Phys. Rev. 92, 1575 (1953); 
J. W. Stout and L. M. Matarrese, Revs. Modern Phys. 25, 338 
(1953) 

3R. L. Méssbauer, Z. Physik 151, 124 (1958); Naturwissen- 
schaften 45, 538 (1958); Z. Naturforsch. 14a, 211 (1959). 

*R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 3, 554 
(1959); J. P. Schiffer and W. Marshall, Phys. Rev. Letters 3, 
556 (1959). 

5M. H. Cohen and F. Reif, Solid State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1957), 
Vol. 5, p. 321. 
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and an asymmetry parameter, 


ae ell 


The equation remains valid even if 7 should turn out to 
be less than zero or greater than one, but it is then 
customary to describe the EFG tensor in terms of a 
new set of axes chosen to make 0< <1. 
For the ]=$ excited state of Fe®’, Eq. (1) becomes 
5e,= gBHT,+4e0gI2— (5/4) +n(L2t+I)], (2) 


while for the /=4 ground state it is simply 


g,GHI,. 


CV FV eV 
02? 


Ox? oy" 


5, (3) 
The eigenvalues of Eq. (2) are readily obtained by 
noting that it is formally identical with a spin Hamil- 
tonian discussed by Bowers and Owen.* This comes 
about since the transformation properties of the spin 
Hamiltonian are the same to second order as those of 
the quadrupole interaction.’ The eigenvalues, of Eq. 


(2) are 
2 ; | 
) 5 i ab 


Ei.3 = $¢-GH+ 104] ( 1 ss 
4¢ BH : 4 
a 


ve 
In the absence of a magnetic field this reduces to 


ci 
E,=+ 


4¢ 8H 
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e¢ Mg 


(4) 
E» 


+= 4¢8H+1¢04| (1- 


e*( Mg 


(5) 
which also applies in the paramagnetic state when the 
spin correlation time is sufficiently short to destroy the 
magnetic hyperfine splitting. 


:20q(1+ 49"), 


EXPERIMENTAL 


The experiments were performed using the Méssbauer 
effect of the 14.4-kev gamma ray of Fe’. Two single- 
crystal slabs of FeF2, 0.013 cm thick, one oriented with 


6K. D. Bowers and J. Owen, Reports on Progress in Physics 
(The Physical Society, London, 1955), Vol. 18, p. 304. 

7J. C. Burgiel, V. Jaccarino, and A. L. Schawlow (to be 
published). 
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Fic. 1. Resonant absorption of the 14.4-kev gamma ray of Fe*’ 
in paramagnetic Fel’; at 299° and 85°K. 


the ¢ axis perpendicular, the other with the c¢ axis 
parallel to the plane of the slab, were used as absorbers. 
Each absorber was mounted on a thin Mylar backing 
in a copper sample holder attached to the bottom of a 
vacuum Dewar; its temperature was measured with a 
thermocouple attached to the backing. 

The source was a 0.6X0.6X0.0025 cm piece of type 
310 stainless steel* into which radioactive Co’ was 
diffused at 950°C in vacuum. This source was mounted 
on a polyfoam post 7 cm long, attached to a loudspeaker 
voice coil which was driven at fixed amplitude by a 
symmetrical sawtooth wave of adjustable frequency. 
The amplitude of the motion was 0.05 cm; the frequency 
ranged from 0.01 to 5.0 cps. The calibration and 


linearity of the setup were checked with an iron absorber 
whose absorption spectrum was known. 


RESULTS AND DISCUSSION 


Data taken at room temperature [Fig. 1(a), (b)], 
where the crystal is paramagnetic, show two absorption 
lines of equal intensity, consistent with pure quadrupole 
splitting. The separation of the lines is 0.268 cm/sec, 
equivalent to 31.2 Mc/sec. observable 
difference between the two crystal orientations insofar 
as the splitting or the intensity of the absorption is 
concerned. The fact that the two absorption lines are 
not symmetrically disposed about zero Doppler velocity 
indicates that there is a large “chemical shift,” which 
will be discussed further below. Data taken just above 
the Néel temperature [ Fig. 1(c) ], at 85°K, do not differ 
significantly from those taken at room temperature. 

Data taken below the Néel temperature, at 45°K, 
show a complex hyperfine pattern (Fig* 2), as well as a 
significant difference between the two crystal orienta- 
tions. The data taken with the c¢ axis parallel to the 
plane of the absorber show absorption at the expected 
six energies, but those taken with the ¢ axis perpen- 
dicular show absorption at only four. This feature 
confirms directly that the c axis is the direction of the 
magnetization, since the only case for which two 
hyperfine components vanish is when the direction of 
observation is along the field. In this case, the relative 
intensities of the hyperfine components are 3:0:1:1:0:3, 
while when the direction of observation is perpendicular 
to the field, the relative intensities are 3:4:1:1:4:3. 
(These intensities are strictly valid only in the absence 
of quadrupole interaction, but the amount of quadru- 
pole coupling present is not sufficient to perturb them 
seriously.) 

The field at the nucleus can be obtained in two 
essentially independent ways from these data. (I) The 
spacing of lines (2) and (4) or (3) and (5) directly 
reflects the splitting of the ground state, which is 
equal to 2u,H. The ground-state moment is known from 


There is no 


TABLE I. Summary of data and derived quantities.* 


Data 
Doppler velocities for resonant absorption at 299°K (cm/sec) 
Doppler velocities for resonant absorption at 45°K (cm/sec) 
Derived quantities 
Ground-state splitting at 45°K (cm/sec) 


Excited-state spectrum shifted for zero average value at 45°K (cm/sec) 


Results 
Magnetic field at Fe nucleus at 0°K 
Quadrupole splitting 
Direction of maximum electric field gradient 
Asymmetry parameter 





+0.006; +0.274 


-0.425; —0.140; +0.140; +0.224; +0.512; +0.647 


0.368 
—0.389; —0.103; +0.177; 


10.315 


3.40 X 105 oe 
31.2 Mc/sec 
Normal to ¢ axis 
0.33 





* Energies expressed in cm/sec, the natural unit for the Méssbauer effect, may be converted to electron volts by multiplying by 4.80 X10~’, or to Mc/sec 


by multiplying by 1.16 X10. 


8G. K. Wertheim, Phys. Rev. Letters 4, 403 (1960). 
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electron-nuclear double resonance experiments’ and 
allows direct determination of the local field, which is 
thus found to be 3.1010° oe at 45°K. (II) The 
hyperfine splitting of the 7= } excited state can be 
constructed by taking lines (1), (2), and (3) in their 
normal positions plus line (6) displaced toward the 
center of the pattern by the ground-state splitting. If 
these four lines (Table I) are then shifted by a common 
additive constant so as to make their sum equal to 
zero, the resulting values can be used directly to solve 
Eq. (4) for g8H, 4eQg, and n. The moment of the 
I=} state of Fe*” is known from the study of the 
Méssbauer effect in metallic iron." This analysis gives 
a value of 3.17105 oe for the field at the nucleus, 
which is consistent with the value obtained using the 
ground-state moment. The best value for the field at 
45°K is (3.13+0.06) x 10° oe, where the uncertainty is 
based on the errors inherent in the counting statistics, 
in the measurement of velocity, and in the values of 
the nuclear moments used in the calculations. The 
corresponding field at O°K, using the data of reference 
1, is 3.40 10° oe. 

The quadrupole coupling constant obtained from 
this analysis is feOg=0.0425 cm/sec with =5.0, 
which shows that the field-gradient ellipsoid has its 
major axis perpendicular to the c axis. For a comparison 
with the quadrupole coupling in the paramagnetic 
state, these quantities may be combined according to 
Eq. (5), yielding a splitting of 0.260 cm/sec, in satis- 
factory agreement with the measured value for the 
paramagnetic state. Since the magnitude of y indicates 
that the major axis of the EFG tensor is not in the c 
direction, the diagonal elements of the EFG tensor are 
obtained from the parameters }e?Qq and ». If this tensor 
is then resolved in such a way as to make the axially 
symmetrical component as large as possible, the values 
teQOq=0.127 cm/sec and 7’=0.33 are obtained. The 

9G. W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286 
(1960). 

10S, S. Hanna ef al., Phys. Rev. Letters 4, 609 (1960). 
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value of n’ indicates that the EFG ellipsoid deviates 
significantly from axial symmetry. A_ point-charge 
calculation considering only the nearest neighbors 
suggests that the major axis of the ellipsoid is in the 
[110] direction, but this is not conclusive, since an 
appreciable fraction of the EFG tensor may arise from 
the electronic configuration of the iron atom itself. 

An estimate for the magnitude of the field gradient, 
using Bersohn’s value of ~0.310-* cm? for the Fe? 
quadrupole moment," yields eg’=80X 10'* volts/cm?. 

It is apparent in Fig. 1 and also true in Fig. 2 that 
the center of the absorption pattern is shifted from 
zero velocity; this implies that there is a difference 
between the energy of the nuclear gamma ray from the 
stainless steel source and the resonant absorption 
energy in FeF2. The observed effect is very much larger 
than can be accounted for by a second-order Doppler 
shift due to thermal motion.” The fact that the dis- 
placement does not change between room temperature 
and 85°K also argues against this interpretation. The 
shift is then most probably related to the “nuclear 
isotope shift”? discussed by Kistner and Sunyar," 
~ PARALLEL | 
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l'ic. 3. Line shape of the resonant absorption in paramagnetic 
Fel: at room temperature. Only the line near zero Doppler 
velocity is shown. 
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although it is much larger than those previously 
reported. We have observed similar large shifts in other 
divalent iron compounds, which has led to the sugges- 
tion by Blumberg and Jaccarino“ that the exchange 
polarization of inner s electrons by the d shell causes a 
charge rearrangement of the s-electron wave functions 
at the nucleus. This effect is apparently considerably 
larger than the bonding effects (chemical shift) on the 
outer valence s electrons, and may account for the 
large shifts observed. 

The linewidth of the absorption in the paramagnetic 
state, Fig. 3, allows an upper limit to be put on the 
spin correlation time, r. This quantity is related to the 
linewidth, Av (} width at } amplitude), through the 
equation 

(6) 


where A is the hyperfine coupling of the Fe*’ nucleus. 
The measured linewidth for the stainless steel source 
and the FeF; absorber is 0.023 cm/sec, while that 
obtained when the absorber is replaced by a piece of 


14 W. E. Blumberg and V. Jaccarino (private communication). 


7r<2rAv(h/IA)*, 
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stainless steel identical to the source is 0.026 cm/sec. 
From these a linewidth of 0.010 cm/sec is deduced for 
the FeF, alone. This is about twice the natural width 
of the gamma ray, and yields a correlation time of less 
than 3X10-" second for FeF, at room temperature, 
on the assumption that linewidths are additive. It 
should be recognized, however, that the difficulty of 
combining linewidths arising from various mechanisms 
is such that the uncertainty in the spin correlation 
contribution may be as large as a factor of two or three. 
In view of this, no correction has been made for the 
broadening due to the finite absorber thickness, which 
would amount to 30% for a line of natural width in 
the absorber used. 
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Magnetic Studies on Single-Crystal Chrome Potassium Alum Below 1° Kelvin* 


A. C. THorsEnt 
Rice University, Houston, Texas 
(Received August 29, 1960) 


The magnetic susceptibility of a spherically shaped single crystal of chrome potassium alum has been 
measured as a function of entropy and applied external field along the [100], [110], and [111] directions 
in the crystal at temperatures below 0.1°K. Zero-field measurements of the static susceptibility were made 
with a moving coil apparatus and longitudinal field measurements were made using the conventional 
ballistic bridge method. A ballistic galvanometer with period 4.6 seconds was used in both circuits. Drop 
coil measurements indicate no long-time effects in the magnetization and show no appreciable difference 
from the susceptibility measured by the ballistic method. The isentropic susceptibility measured in fields 
up to 300 gauss indicates definite anisotropy below the Néel point in fields from 50 to 300 gauss 


INTRODUCTION 


HROME potassium alum has been one of the most 
widely investigated of the alums used in the pro- 
duction of temperatures below 1° Kelvin. In order to 
understand the mechanisms leading to the ordered 
state which occurs in these crystals well below 1°K, it 
is important to obtain a great deal of accurate quantita- 
tive and reproducible data. In recent years a large 
amount of information about the low-temperature prop- 
erties of this salt has been obtained at the Leiden Uni- 
versity, Oxford University, and National Bureau of 
Standards laboratories.'~* Magnetic susceptibiltiy meas- 


* Supported by the Robert A. Welch Foundation. 

{t Welch Foundation Fellow in Physics; now at Atomics 
International, Canoga Park, California. 

‘J. A. Beun, A. R. Miedema, and M. J. Steenland, Physica 
23, 1 (1957). 


urements have indicated rather unusual behavior below 
the Néel point where magnetic ordering sets in. The 
susceptibility was found to depend on both the meas- 
uring field employed in the measurements and the time 
constants of the measuring circuit. Further, a secondary 
maximum in the susceptibility was observed at one 
laboratory.‘ These measurements indicate similarities 
between the properties of this salt and chrome methyla- 
mine alum. Using a moving coil apparatus it was found® 
that a long relaxation time is associated with the mag- 
netization in the methylamine alum and a very pro- 


2J. A. Beun, M. J. Steenland, D. De Klerk, and C. J. Gorter, 
Physica 21, 651 (1955). 

*J. M. Daniels and N. Kurti, Proc. Roy. Soc. (London) A221, 
243 (1954). 

4E. Ambler and R. P. Hudson, Phys. Rev. 95, 1143 (1954). 

5C. W. Dempesy and R. C. Sapp, Phys. Rev. 110, 332 (1958). 
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nounced double maximum occurs in the susceptibility 
versus entropy curve. 

The crystal structure of the paramagnetic salt, 
KCr(SO,4)2-12H.O is well known. It will be recalled 
that the chromium ion which gives rise to the paramag- 
netic properties is situated on a face-centered cubic 
lattice and is surrounded by an octahedron of water 
molecules. The effect of the surrounding atoms is to 
quench the ‘F state of the free Cr ion into a 4S state, and 
further split the fourfold-degenerate spin state into two 
doublets separated by an energy 6. In cooling a sample 
of this substance from room temperature to liquid helium 
temperatures a number of solid state transitions occur. 
Evidence for a transition below 160°K was detected first 
by Bleaney® from microwave evidence and recently by 
Norwood’ by ultrasonic attenuation measurements. 
Further a transition has been observed by Ancenot and 
Couture’ at 60°K where optical birefringence properties 
are observed. It is possible that the rate of cooling 
through these transitions could influence the low- 
temperature properties of this salt since similar effects 
have been observed in chrome methylamine alum. 

Measurements made in transverse external magnetic 
fields have revealed the presence of magnetic anisotropy 
in chrome potassium alum.! In the case of magnetization 
in longitudinal fields, results from Leiden University 
have shown the equivalence of the cubic axes. No meas- 
urements of the longitudinal] magnetization have as yet 
been reported for other directions in the crystal. 

In the present work we report measurements of the 
magnetic susceptibility along the [100], [110], and 
[111 ] directions of a single crystal of chrome potassium 
alum using the moving coil apparatus. Ballistic meas- 
urements have also been made along these three direc- 
tions in external longitudinal fields up to 300 gauss. 


APPARATUS 


The single-crystal specimen used for the present work 
was grown in this laboratory by slow evaporation of 
an aqueous solution of commercial Baker’s C.P. salt. 
The crystal was then ground into a spherically shaped 
sample having a diameter of 1.27 cm. Mounting of the 
sample was accomplished by two different methods. For 
the drop coil measurements the sample was held in place 
by four thin nylon threads. Details of this mounting 
arrangement are described in a previous publication 
from our laboratory.® For the longitudinal field meas- 
urements the sample rested on a four-inch long, thin- 
walled Pyrex tube which was flared at the top to ac- 
commodate the sample. The sample and tube are held in 
place by inserting the lower portion of the Pyrex stem 
in a cylinder of compressed chrome potassium alum. 
The cylinder of salt, which acted as a thermal dam, was 


® B. Bleaney, Proc. Roy. Soc. (London) A204, 203 (1950). 

7M. H. Norwood and A. C. Thorsen, Proceedings of the Seventh 
Annual International Conference on Low-Temperature Physics, 
Toronto, Canada, 1960 (unpublished). 

8 C. Ancenot and L. Couture, J. phys. radium 21, 47 (1960). 
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Fic. 1. Magnetic susceptibility per unit volume of a single 
crystal of chrome potassium alum as a function of entropy 
(divided by R). 


machined to fit snugly in a glass tube which could 
easily be inserted into the sample chamber. 

The moving coil apparatus for making susceptibility 
measurements is almost identical to that described 
earlier®> where a schematic figure is given. The moving 
coil, or secondary coil, is connected directly to a ballistic 
galvanometer of period 4.6 seconds. The primary coil, 
mounted on the helium Dewar is 39.1 cm long and pro- 
vides a field of 120.4 gauss per ampere. This coil is 
located symmetrically with respect to the drop coil 
motion. 

In making both ballistic and drop coil measurements 
the same coils and galvanometer were used. In the drop 
coil measurements a field is applied by the primary and 
deflections are observed when the secondary coil is 
moved. For the ballistic measurements the secondary 
coil is fixed in position and ballistic deflections are 
observed upon application of a primary field. 

The large magnetic fields used for the magnetization 
of the sample were produced by the Rice University 
25-kilogauss solenoid. The lowest entropies studied were 
obtained by applying the maximum field with the 
helium bath at approximately 1.080°K or a lesser field 
with the bath temperature at 0.926°K. 

Fields of 6 to 300 gauss could be applied to the sample 
by a 15.2-cm long auxiliary solenoid that was slipped 
on the Dewar tail following a demagnetization. This 
solenoid provided a field of 265 gauss per ampere. The 
external field, primary field, and large magnetizing field 
are consequently all in the same direction and along a 
particular axis of the crystal under study. 
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Fic. 2. Magnetic susceptibility per unit volume of CrK-alum as 
a function of S/R for a series of steady fields applied along the 
[100] crystal direction. 


Surrounding the Dewar system are three mutually 
perpendicular Helmholtz coils used to cancel the earth’s 
magnetic field and any stray magnetic fields caused by 
the surrounding apparatus and building. Using a Raw- 
son rotating coil gaussmeter (Type 726), these residual 
fields could be reduced to less than 0.02 gauss in each of 
the three mutually perpendicular directions. 


PROCEDURE 


The galvanometer deflections were calibrated against 
the known susceptibility of the salt in the liquid helium 
temperature range. For a spherical sample the salt obeys 
a Curie law M=CH,/T, where M is the magnetization 
(magnetic moment per unit volume), C the Curie con- 
stant per unit volume (=0.00674°K for chrome potas- 
sium alum), and 7 the absolute temperature. Galva- 
nometer deflections were thus plotted versus 1/T and 
the resulting line used to determine the constants A 
and B in the calibration formula 5— B= A/T, where 6 
is the galvanometer deflection. This procedure was 
followed for both the drop coil and ballistic measure- 
ments; the only difference being the value of the con- 
stants. The primary field H, used for the calibration 
was from 11.4 to 12.1 gauss for the drop coil runs and 
10 gauss for the ballistic runs. 

Data were started 12 to 15 seconds after demagneti- 
zation. When an external solenoid was placed around 
the Dewar tail for longitudinal field measurements, 
readings were delayed until 22 to 27 seconds after turn- 
ing off the magnetizing field. In all cases two deflections 
were taken corresponding to the application of the pri- 


THORSEN 


mary field in the vertical direction followed by two de- 
flections for the primary field in the opposite direction. 
Measurements in these alternate directions were con- 
tinued for three to four minutes. These deflections were 
extrapolated back to the time of demagnetization to cal- 
culate the susceptibility at the known entropy. A pri- 
mary field of 0.61 gauss was used for the drop coil meas- 
urements and a field of 0.90 gauss for the ballistic data. 

The following procedure was followed in all of the 
longitudinal field measurements. For each demagneti- 
zation the susceptibility was found for two values of 
external field (except at the lowest entropy where only 
one field was applied). After cooling the sample, the 
external solenoid was mounted around the nitrogen 
Dewar and eight galvanometer deflections were observed 
for the first field setting (H,). The external field was 
then changed to a new value (H») and four more de- 
flections were observed. The first field (H,) was again 
applied and further deflections were recorded. By extra- 
polation of the deflections corresponding to H; the 
susceptibility in the field H, could be calculated. In order 
to find the susceptibility in the field H, it was necessary 
to know the rate of decrease of the deflections corre- 
sponding to H2. An approximate method was used to 
find this quantity which assumes only that the heat 
leak to the sample is a constant for any series of de- 
magnetizations. The percentage decrease of the H, de- 
flections after a given time are plotted as a function of 
applied external field. After a series of demagnetizations 
with different H; fields a smooth curve is usually ob- 
tained which will give the percent decrease in deflections 
for any applied field. A value from this curve is then 
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Fic. 3. Magnetic susceptibility per unit volume of CrK-alum 
as a function of S/R for a series of steady fields applied along the 
[100] crystal direction 





MAGNETIC STUDIES ON 
used to correct the 1, deflections. In the region of low 
entropy where the susceptibility in small fields is rapidly 
changing, only one field is applied and these deflections 
are extrapolated in the usual manner. For most en- 
tropies, fields larger than 50 gauss always reduce the 
susceptibility to such a magnitude that the deflections 
are not decreasing rapidly enough to introduce any error 
and two fields can be applied for one demagnetization. 


RESULTS 


The results of the drop coil measurements of sus- 
ceptibility are shown in Fig. 1. Within the limits of our 
experimental error the susceptibility in the [100] and 
[111] directions in the crystal is the same in the low- 
entropy region, S/R<0.38. The susceptibility values in 
the [110] direction appear to be slightly lower, the 
difference being a few percent. The wide variation in 
susceptibility around S/R=0.40 is probably, to a large 
extent, caused by the inaccuracy in extrapolating deflec- 
tions in this region due to the rapid decrease in sus- 
ceptibility. The maximum value in the x versus S/R 
curve lies at S/R=0.37. No relaxation times associated 
with the magnetization were observed in this salt. It 
should be mentioned however, that the time constant 
‘associated with such a relaxation effect would have to 
be greater than 7 or 8 seconds to be observable with 
our apparatus. 

The susceptibility measured by the ballistic method 
is shown plotted in Figs. 2, 3, and 4. The zero-field curves 
are very similar for the three orientations. All show a 
maximum in the susceptibility at an entropy of about 
0.34R, slightly lower than the drop coil measurements. 
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Fic. 4. Magnetic susceptibility per unit volume of CrK-alum 
as a function of S/R for a series of steady fields applied along the 
[111] crystal direction. 
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Fic. 5. Magnetic susceptibility per unit volume of CrK-alum 
as a function of applied external field at constant entropy. The 
different curves correspond to a field applied along a specific axis 
of the single crystal. 


For all orientations the susceptibility at constant 
entropy shows a rapid decrease when measured in ex- 
ternal fields, at entropies less than 0.40R. At the lowest 
entropies obtained the susceptibility in a relatively small 
field of 25 gauss is almost half of its value in zero field. 
The secondary maxima observed at Leiden along the 
cubic axes, is apparent for all orientations in fields from 
25 to 100 gauss. The location and magnitude of these 
maxima vary with orientation and are more pronounced 
along the [100] direction. 

The susceptibility at the lowest entropy obtained 
(S=0.20R) is plotted versus external field in Fig. 5. 
Anisotropy is quite apparent in this graph, being about 
11% between the [110 ] and [100] directions in a field of 
150 gauss. (The anisotropy is defined by the formula 
Xmax—Xmin/X.) The interesting feature of this curve 
is the increase in susceptibility with increasing field for 
the [100] direction. The [110] direction does not ex- 
hibit this behavior and shows a steady decrease in all 
fields. The susceptibility in the [111] direction becomes 
flat out to approximately 125 gauss but begins a rapid 
decrease in larger fields. At an entropy of 0.25R all 
curves show this steady decrease in x with increasing 
field, and at this entropy also, the susceptibility meas- 
ured in the [110] direction is consistently below that of 
the other two orientations. 

By numerical integration of the curves of suscepti- 
bility versus applied field, the magnetization as a func- 
tion of field is obtained. The results of these integrations 
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are shown in Figs. 6, 7, and 8 where the parallel magneti- 
zation (M);) is plotted versus applied external field (Ho) 
for five values of entropy. The magnetization curves 
for the higher entropies (greater than 0.40R) are almost 
identical. At an entropy of 0.20R, however, the magneti- 
zation reaches 53% of the saturation magnetizaton in 
a field of 300 gauss along the [100] direction, while 
having 51% and 48% of saturation value along the 
[111] and [110] directions, respectively. (The satura- 
tion magnetization is approximately 16 600 gauss-cm* 
mole.) 

For measurements of the ballistic susceptibility (along 
the [111] direction) at higher entropies (not shown in 
the figures) agreement with the theory of Hebb and 


Purcell? using the Onsager approximation for the local 
field is obtained for temperatures down to 0.2°K if the 
electric field splitting energy (6) taken to be 
5=k(0.29°K). This value is slightly higher than has been 
reported previously.° 


is 


DISCUSSION 


Considering the measurements made with the moving 
coil apparatus, two important results should be pointed 
out. First, the lack of any long relaxation effects in the 
magnetization. If such an effect is due to irreversible do- 
main wall displacements as suggested by Dempesy and 
Sapp,° it is apparent that the walls have a somewhat 
different character in the potassium and methylamine 
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alums. Secondly, a double maxima was not observed 
in the susceptibility of the present salt. Comparing 
again the two chrome alums, ballistic measurements 
by Hudson and McLane’ and by Ambler and Hudson‘ 
indicated a double maximum in the susceptibility, in 
both alums. Drop coil measurements at this laboratory 
strikingly verified the existence of this second peak in 
the methylamine alum. 

The results of measurements in longitudinal fields 
agree reasonably well with those made by Beun ¢¢ al.! 
along a cubic axis. The susceptibility is found to fall 
rapidly in the presence of small external fields followed 
by an increase in susceptibility in fields from 50 to 150 
gauss. Along the [110] and [111] directions, however, 
no such increase was observed. The explanation for such 
an increase of x with field was proposed by Néel and 
discussed more recently by Beun et al."' Their model of 
antiferromagnetism is based on the existence of domains 
with an antiparallel ordering of spins. Under the in- 
fluence of magnetic fields the reorientation of domains 
aligned approximately along the direction of an external 
field can cause an increase in x with field. Domains 
preferentially aligned along the cubic axes might then 
possibly explain the behavior we observe. 

In fields from zero to 25 gauss the rapid decrease in 
x is possibly explained by the existence of domain walls. 
[t has been suggested" that the wall magnetization is 
easily oriented in the direction of the external field. 
There results a large increase in the magnetization as 


10 R. P. Hudson and C. K. McLane, Phys. Rev. 95, 932 (1954 
J. A. Beun, M. J. Steenland, D. de Klerk, and C. J. pt 
Physica 21, 767 (1955). 


shown in Fig. 6 and the sharp decrease in susceptibility. 
If one extrapolates the x versus H» curves horizontally 
to zero field from a field of 50 gauss and assumes that 
the low-field peak is due entirely to domain walls, then 
the contribution of the walls to the total magnetization 
can be estimated. From Fig. 5 one finds that the walls 
contribute 4.2% of the saturation magnetization in 
the [100] rections, and 2.6% in the [111] and [110] 
directions. 

In regard to our determination of the electric field 
splitting 6, it would be well to mention that in all cases 
the sample was cooled to liquid nitrogen temperatures 
in a period of from 8 to 12 hours and from liquid nitrogen 
to liquid helium temperature in about 6 to 8 minutes. 
The determination of 6 requires a precise knowledge of 
the final entropy value. To obtain these high entropies 
we had to demagnetize from a starting bath temperature 
of 2.17°K; hence, the entropy of the lattice can no 
longer be neglected when calculating the final entropy 
of the system. In correcting for this lattice entropy we 
have used the recent specific heat work of Kapadnis," 
giving Cp=4.11X 107". 
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Measurements of the elastic constants from 4.2°K to 300°K have been made on single crystals of cesium 
bromide. The values of the elastic constants at 4.2°K are ¢1=3.350+0.8%, ci2=1.025410%, and ca 
= 1.002+0.8% in units of 10" dynes/cm*. The Debye temperature (0) at 0°K as calculated from the elastic 
constants is 149.0°K+2°K. The lattice energy at 0°K is computed to be Up=147.6 kcal/mole. 


INTRODUCTION 


| recent years this laboratory has been using the 
echo-ranging method to measure the elastic con- 
stants of several alkali halides. Until now we have dealt 
only with the face-centered cubic (NaCl type) atomic 
structure.’ However, in the present work we have 
begun a study of the body-centered cubic (CsCl type) 
atomic structure. W. Ludwig of Technische Hochschule, 
Aachen has pointed out to us that the usual theoretical 
models (central forces, Born-Mayer-replusion) indicates 
that these constants for the CsCl type of structure 
should have nearly the same temperature dependence 
as the NaCl type structure but that cy should be less 
temperature dependent for the CsCl type. We shall 
see that this is experimentally verified for ci; but not 
for C44. 


EXPERIMENTAL 


The single-crystal specimen used for these measure- 
ments was obtained from Harshaw Chemical Company 
and is of the high purity, optically clear type supplied 
by that company. Only one specimen was used for all 
measurements. The specimen was obtained as a cube of 
1} inch on a side. Orientation of the crystalline planes 
within the specimen was then obtained by the Laue 
x-ray back reflection method.‘ Two surfaces were ground 
parallel to the (100) crystalline planes. Another pair of 
surfaces were ground parallel to the (110) crystalline 
planes. The path length between both pairs of the par- 
allel ground sirfaces was approximately 2.7 cm. 

To obtain the adiabatic elastic constants we have 
used the echo-time method. To obtain the constants ¢i1 
and cy, one simply measures the velocity (v) of 10- 
Mc/sec longitudinal and transverse waves propagated 
in the [100] direction. If the density p is known, the 
following relations may be used: ¢;;=0;? and c44=p?7". 
To obtain cz. one measures the velocity of longitudinal 
waves along the [110] direction for which ¢:2=2p0;? 
— (¢1:+2c4s). The technique for measuring the velocity 

* Work supported by a grant from National Aeronautics and 
Space Administration. 

1 C, V. Briscoe and C. F. Squire, Phys. Rev. 106, 1175 (1957). 

2M. H. Norwood and C. V. Briscoe, Phys. Rev. 112, 45 (1958). 

?D. R. Huffman and M. H. Norwood, Phys. Rev. 117, 709 
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4B. D. Cullity, Elements of X-Ray Diffraction (Addison- 
Wesley Publishing Company, Inc., Reading, Massachusetts, 
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of sound in CsBr was similar to that discussed by Nor- 
wood and Briscoe.? Transverse waves traveling in the 
[110] direction could also have been used to determine 
the elastic constants. However, since the polarization 
of particle motion must be known this procedure is 
more difficult. 

The adhesive seal between the quartz transducer and 
the sample was pheny! salicylate (Salol) for the tem- 
perature range of 300°K to 220°K. Below 60°K the 
binder was solid natural gas. For measurements be- 
tween 110°K and 60°K the binder was an organic mix- 
ture of ethyl ether, ethyl alcohol, and isopentane. 

The temperature was measured with a copper-con- 
stantan thermocouple which was in contact with the 
specimen. 


RESULTS 


The values of the elastic constants are given in Table 
I. Also included in this table are the compressibilities 
calculated from the equation for cubic crystals, 
B=3/(ci1+2c2). Figure 1 is a plot of the elastic con- 
stants vs temperature. Due to the linearity of other 
alkali halides in the temperature range of 220°K to 
50°K, we felt that an interpolation would be sufficient. 
There are data® available on the density at 0°C. There 
are data available on the expansion coefficients from 


TABLE I. Elastic constants in units of 10"! dynes/cm? and 
compressibilities in units of 10~% cm*/dyne as a function of 
temperature (°K) for cesium bromide. 





C11 C12 C44 


0.776 
0.818 
0.845 
0.852 
0.866 


6.510 
6.373 
6.275 
6.231 
6.161 


3.056 
3.071 
3.091 
3.111 
3.137 


0.743 
0.759 
0.775 
0.792 
0.809 
0.913 
0.935 
0.956 
0.976 
0.984 
0.992 
0.997 
1.001 
1.002 


3.311 
3.316 
3.323 
3.334 
3.347 
3.350 


® International Critical Tables (McGraw-Hill Book Company 
Inc., New York, 1929). si 





ELASTIC CONSTANTS: OF 
300°K to 134°K.® There are no data available on the 
specific heat of CsBr. However, to obtain the expan- 
sion coefficient from 134°K to0°K we used the Griineisen 
relationship using an estimated shape of the specific 
heat curve modeled after that of other alkali halides.’ 
(The error involved in this procedure is negligible.) The 
densities to 0°K were then calculated from the derived 
expansion coefficient. The total change in length of the 
specimen betwen 300°K and 4.2°K was approximately 
1.0%. The change of density was approximately 3.1%. 
Binder corrections of 0.04 usec for transverse and 0.03 
usec for longitudinal waves* were subtracted from the 
observed delay times. The estimated errors at 4.2°K 
for Ci, C12, and ca are +0.8%, +10%, and +0.8%, 
respectively. 

Work on the elastic constants of CsBr has been pre- 
sented at meetings of the American Physical Society. 
Bolef and Menes® gave room temperature values of 
Cu=3.0040.8%, cg=0.754+0.8%, and ci2=0.784+8%. 
Reinitz and Huntington'® gave values at 295°K of 
€4:= 3.097, c44=0.75, and ¢y2.=0.903, all in units of 10" 
dynes/cm?. Kirshnan and Roy," using a central force 
model, calculated theoretical values of the elastic con- 
stants of CsBr at 0°K. They obtained values of ¢:;= 3.5 
and ¢44= ¢i2=0.6 in units of 10"! dynes/cm?. The Cauchy 
relation at O°K (ci2=css), which is predicted by this 
particular theoretical model, appears to find some veri- 
fication in our results. It should be remembered, how- 
ever, that the possible error of cj» is quite large. 

The Debye temperature at 0°K (69) has been calcu- 
lated from the elastic constants. Using the Betts, 
Bhatia, and Wyman method,” we obtained a value of 
149.2°K+2°K. Using De Launay’s tables," a value of 
149.0°K+2°K was obtained. Based on earlier work 
with the alkali halides,'~* we predict that the Debye 
temperature computed from specific heat data on CsBr 
at temperatures below 3°K will be within 1% of our 
value of 09= 149°K. 


DISCUSSION 


Let us reflect now on the information which we have 
available concerning the face- and body-centered cubic 
structures. If we consider the temperature dependence 
of the elastic constants in cooling from 300°K to 4.2°K, 
we find the following: for the face-centered cubic (with 


® R. S. Krishnan, Proc. Phys. Soc. (London) B69, 679 (1956). 

™W. T. Berg and J. A. Morrison, Proc. Roy. Soc. (London) 
A242, 467 (1957). 

8 L. J. Slutsky and C. W. Garland, Phys. Rev. 107, 972 (1957). 

® D. Bolef and M. Menes, Bull. Am. Phys. Soc. 4, 427 (1959). 

1 K. Reinitz and H. B. Huntington, Bull. Am. Phys. Soc. 5, 40 
(1960). 

1K. S. Krishnan and S. K. Roy, Proc. Roy. Soc. (London) 
A210, 480 (1951). 

2D). D. Betts, A: B. Bhatia, and M. Wyman, Phys. Rev. 104, 
37 (1956). 

18 J. DeLaunay, J. Chem. Phys. 30, 91 (1959). 
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Fic. 1. Elastic constants of cesium bromide in 
units of 10" dynes/cm?. 


the exception of (CaF 2) Acy,20% and Acy=5%. For 
the: body centered cubic Acy10% and Acys30%. 
We see that Ac; does vary as predicted in the introduc- 
tion; however, Aca, varies quite contrary to the predic- 
tion. It should also be pointed out that Acj2 for the body- 
centered has a positive slope whereas for the face 
centered this slope is negative. These results appear to 
pose an interesting theoretical problem. 

The compressibility, which we have calculated from 
the elastic constants at 4.2°K, was used to calculate the 
lattice energy“ for CsBr. Using" for the Madelung con- 
1.762670, we obtain U»= 147.6 kcal/mole. This 
may be compared to the experimental value" of 
148.6 kcal/mole. 

An interesting relationship was found to exist for the 
velocity of compressional waves in the [100] direction 
and the [110] direction. If we consider the face-centered 
cubic KCl, which has an ionic radii ratio near to that of 
CsBr, we find the percentage variation of the velocity 
along the two directions at 4.2°K to be Av, 18% for 
KC] and Avp2.6% for CsBr. This appears to indicate 
that the potential well in which an ion is located is 
more symmetrical for the body-centered than for the 
face-centered cubic. This does not necessarily hold true 
for the case of a large ionic radii ratio where there can 
exist an electron cloud shielding. 


Stanta 
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MoF’; becomes antiferromagnetic below 185°K with a spin-only magnetic moment corresponding to 


S=3; 


> « 


und a magnetic structure which can be correlated with coupling rules applicable to the iron-group 


trifluorides. These resulis, together with the absence of observable magnetic neutron scattering from PdF 
and RuF3;, suggest that Hund’s rule does not apply to ions in the 4d-transition series 


INTRODUCTION 


HE magnetic properties of compounds containing 

ions of the 4d- and 5d-transition series are of con- 
siderable interest, because they appear to be quite dif- 
ferent from those of similar compounds containing ions 
of the 3d series. The values of the atomic magnetic 
moments obtained from susceptibility measurements on 
4d and 5d compounds are generally quite small, and 
they do not correspond to the spin-only values charac- 
teristic of the iron group. Furthermore, there has previ- 
ously been no direct experimental confirmation of order- 
ing of the atomic magnetic moments in these higher 
transition series. 

In a recent neutron diffraction investigation of the 
iron group trifluorides' it was shown that the magnetic 
structures which develop at low temperatures can be 
accounted for in terms of the orbitals which result 
from the splitting of the d levels by the crystal field. 
The crystal field splits the 3d levels of an iron-group 
ion in an octahedral site into a lower triplet (f2,) and 
an upper doublet (e,), the latter obitals being of a type 
which point toward and overlap the p orbitals of the 
anions located between adjacent metal ions. The in- 
direct magnetic coupling which results from this overlap 
depends on the electron occupation of the e, orbitals of 
the particular cations involved. 

Since the magnetic ordering properties of the iron 
group trifluorides could be correlated with their d- 
electron configurations, it was felt that a study of the 
trifluorides of the second transition group elements 
might give information on the electron configuration 
of the 4d shell. This report contains the results which 
were obtained on PdF3, RuF3, and MoF3. 


CRYSTAL STRUCTURES 


Both PdF; and RuF; have been reported by Hep- 
worth, Jack, Peacock, and Westland? to crystallize with 
a bimolecular rhombohedral unit cell of space group 
R3c containing two metal atoms at (0,0,0) and (4,3,3) 
and six fluorine atoms at +(x, }—-x, 3), +($—x, 3,2), 
and +(4,*,4—x), where values of x were given as 

1E. O. Wollan, H. R. Child, W. C. Koehler, and M. K. Wilkin- 
son, Phys. Rev. 112, 1132 (1958). 


2M. A. Hepworth, K. H. Jack, R. 
Westland, Acta. Cryst. 10, 63 (1957). 


D. Peacock, and G. J. 
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—0.10 for RuF; and —0.083 for PdF;. However, MoF; 
was reported by Gutman and Jack* to have the cubic 
ReOs; structure. The samples of PdF; and RuF; used 
in this investigation were found to have crystal struc- 
tures in agreement with those reported, but the samples 
of MoF; were also found to have the bimolecular rhom- 
bohedral unit cell of the R3c space group,‘ and the value 
of x was determined to be —0.12+0.01. 


EXPERIMENTAL RESULTS 
PdF; and Ruf: 


Neutron diffraction patterns were obtained 
powdered specimens of PdF; and RuF; at sample tem- 
peratures of 298°K and 4.2°K. There was no evidence 
of magnetic ordering in either compound. Furthermore, 
the diffuse scattering at room temperature showed little 
or no angularly dependent paramagnetic diffuse scat- 
tering. Unfortunately, the diffraction patterns for the 
samples which were studied showed a considerable line 
broadening of the nuclear reflections so that background 
measurements were difficult and an accurate analysis 
of the angular variation of the diffuse scattering was 
not possible. 


on 


MoF; 


Powder diffraction patterns were obtained on MoF; 
at temperatures ranging from 425°K to 4.2°K, and as 
shown in Fig. 1, antiferromagnetic ordering was ob- 
served at 4.2°K. The reflections 
represent magnetic reflections which occurred at low 
temperatures, and these are the only two magnetic 
reflections which are observable in the pattern. This 
pattern closely resembles that which was reported! for 
the corresponding iron group compound, CrF3, and the 
magnetic structures appear to be identical. They are 
G-type antiferromagnetic lattices’ in which each metal 
atom is antiferromagnetically coupled through the in- 
tervening fluorine atoms to each of its six nearest neigh- 
bors. Furthermore, the relative intensities of the two 
reflections show that the magnetic moments are oriented 


two cross-hatched 


3'V. Gutman and K. H. Jack, Acta. Cryst. 4, 244 (1951) 

‘D. E. LaValle, R. M. Steele, M. K. Wilkinson, and H. L. 
Yakel, J. Am. Chem. Soc. 82, 2433 (1960) 

5 E. O. Wollan and W. C. Koehler, Phys. Rev. 100, 545 (1955). 
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magnetic reflections are cross 
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in a direction closely perpendicular to the unique axis 
of the rhombohedral unit cell. 

The value of the antiferromagnetic transition in 
MoF; was determined by the variation of the (111) 
magnetic reflection with temperature, and the intensity 
of this reflection has a Brillouin-type dependence with 
a Néel temperature near 185°K. This value is consider- 
ably higher than that of 80°K observed for antiferro- 
magnetic ordering in CrF;, thereby indicating that the 
magnetic coupling in MoF; is stronger than it is in the 
corresponding compound of the 3d series. 

In addition to establishing the antiferromagnetic 
structure of MoFs, it was of interest to determine the 
value of the atomic magnetic moments and the mag- 
netic form factor associated with the scattering. The 
latter determination was particularly interesting since 
no such experimental data had previously been ob- 
tained for electrons in the 4d shell. Furthermore, a com- 
parison of the experimental form factor to that obtained 
from theoretical calculations would indicate whether 
or not there was a contribution to the atomic moments 
from the orbital currents. Since there were only two 
magnetic reflections and these occurred at comparable 
scattering angles, very little form factor information 
could be obtained from the coherent scattering, and 
it was necessary to determine this form factor from the 
paramagnetic diffuse scattering. Two types of diffuse 
scattering analyses are possible, and both were per- 
formed as shown in Fig. 2. 

The points in Fig. 2(a) represent average values of 
many determinations of the diffuse scattering from 
MoF; at 425°K, a temperature well above the Néel 
transition so that short-range-order effects should be 
negligible. These points have been corrected for back- 
ground scattering, and corrections have also been made 
for the thermal motion of the atoms on the basis of the 
Debye theory of independent oscillators. A Debye 
temperature of 280°K was determined from intensity 
changes of the (110), (210), and (321) nuclear reflections 
at a series of temperatures from 425°K to 4.2°K, and 
the estimated error of 25° in this determination is pri- 
marily responsible for the long feet on the points at 


SCATTERING ANGLE 


large scattering angles. The angle-dependent scattering 
in this plot corresponds to the paramagnetic diffuse 
scattering, and the differential cross section of this 
scattering is proportional to u,?f?, where yy, is the effec- 
tive moment per atom in the paramagnetic state and 
f is the magnetic form factor. An extrapolation of the 
data to zero scattering angle gives a cross-section value 
which corresponds to a spin-only paramagnetic moment 
with S=1.38. Since the relatively large errors in the 
points do not permit a good determination of the nuclear 
scattering level, this moment value is consistent with 
a spin-only moment for S= $ corresponding to three 
unpaired electrons. 

Figure 2(b) gives points which represent average 
values of several determinations of the difference in the 
diffuse scattering from MoF; at 425°K and 4.2°K, and 
these points have been corrected for thermal effects by 
the method previously stated. Since these two tempera- 
tures are well above and well below the Néel transition, 
to a first approximation the difference in diffuse scatter- 
ing is proportional to u?/*, where yu is the average atomic 
magnetic moment in the ordered lattice. This difference 
method has the advantages of eliminating temperature 
independent nuclear scattering effects and of establish- 
ing the zero position on the scale for magnetic scattering. 
In this analysis of the MoF; data, the extrapolation to 
zero scattering angle is in excellent agreement with the 
value calculated for a spin-only moment with S=3. 
It is interesting to note the two points representing the 
(111) and (100) magnetic reflections that are plotted 
in Fig. 2(b). The intensities of these reflections are also 
proportional to y’?/?, and the agreement with the diffuse 
scattering data is additional evidence that the stated 
antiferromagnetic structure is correct and that the 
moment is equal to 3 Bohr magnetons. Analysis of the 
coherent magnetic scattering requires a knowledge of 
the ordered lattice, whereas the diffuse scattering analy- 
sis is independent of the type of magnetic ordering. 

The data in Fig. 2 were converted to magnetic form 
factors by taking ratios of the plotted values of mag- 
netic scattering to the extrapolated values in the forward 
direction, and the results are shown in Fig. 3. The esti- 
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mated accuracy of the points is indicated for the results 
obtained from Fig. 2(b), and the points obtained from 
the diffuse scattering at 425°K are less significant be- 
cause of the uncertainty in the nuclear scattering level. 
The solid curve in this figure is the calculated form factor 
for Mo** as determined by the method of Pauling and 
Sherman® using their recommended screening constant 
corresponding to (Z—.S)= 10. More accurate form factor 
calculations are not yet available for the 4d series, but 
the agreement between experiment and theory shown in 
Fig. 3 is certainly indicative that the atomic magnetic 
moments in MoF; have little or no orbital contribution. 
The rapid decrease of the Mot* form factor with scatter- 
ing angle is seen from a comparison with the experi- 
mental Mn*? form factor shown by the dotted curve. It 
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Fic. 3. Comparison of observed and calculated magnetic 
form factors for MoF;(4¢). 


6 L. Pauling and J. Sherman, Z. Krist. 81, 1 (1932). 


is this form factor behavior which is primarily respon- 
sible for the observation of only two magnetic reflections 
from the antiferromagnetic lattice in MoF3. 


CONCLUSIONS 


The results of this investigation indicate that the 
magnetic properties of the 4d compound, MoFs, are 
very similar to those of the corresponding 3d compound, 
CrF3. MoF; becomes antiferromagnetic at temperatures 
below 185°K with a structure identical with that of 
CrF;, and the atomic magnetic moment value is con- 
sistent with the expected spin-only value for a magnetic 
ion with three unpaired d electrons. Any theoretical 
considerations regarding the behavior of Cr** ions in 
octahedral sites might therefore be expected to apply 
also to Mot* ions in similar surroundings. However, 
neither PdF3; nor RuF; showed magnetic properties 
similar to the corresponding iron-group trifluorides. 
No magnetic ordering was observed in these compounds 
at low temperatures, and any paramagnetic scattering 
from them was below the limit of detection. 

The behavior of these three compounds can be quali- 
tatively explained if it is assumed that Hund’s rule 
does not apply to ions in the 4d transition series. The 
failure of this rule for ions of the higher transition 
series was originally suggested by Van Vleck’ as a 
possible explanation for the results of the magnetic 
susceptibility measurements, and more recently, Orgel* 
has pointed out that the splitting of the levels in 4d 
transition-metal complexes is in line with this hypothe- 
sis. Under these conditions, the lower /2, triplet would 
presumably be filled with six electrons before any elec- 

7 J. H. Van Vleck, Electric and Magnetic Susce ptibilities (Oxford 


University Press, London, 1932), p. 311. 
§L. E. Orgel, J. Chem. Phys. 23, 1819 (1955). 





NEUTRON DIFFRAC 
trons occupied the e, orbitals. Since Mot contains only 
three 4d electrons, all would be in the 2, levels with 
parallel spins, and there would be no difference between 
this ion and the corresponding ion, Crt, of the iron- 
group series. However, both Pd** and Rut* would have 
only one unpaired electron instead of three and five, 
respectively, which would be expected if Hund’s rule 
were applicable. In the current investigations, the sensi- 
tivity of the measurements was insufficient to observe 
paramagnetic scattering from ions with a spin-only 
magnetic moment from a single electron, and the rapid 
decrease of the 4d-magnetic form factor would have 
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prevented the detection of magnetic ordering unless 
the antiferromagnetic structure produced reflections at 
small scattering angles. It would be of considerable 
interest to obtain the magnetic moment values in these 
two compounds from paramagnetic susceptibility 
measurements. 
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The effect of pressure on electrical resistance and Seebeck co- 
efficient at or near room temperature in NiO, CoO, CuO, and 
Cu2O has been determined. Equations relating the Seebeck co- 
efficient to hole concentration have been used to calculate the 
effect of pressure on hole mobility. In all materials examined, 
hole mobility was decreased by pressures to 60000 atm. It has 
been proposed that NiO charge transport occurs by the motion 
of holes trapped at local sites by polarization of the surrounding 
lattice. The effect of pressure on the diffusion of self-trapped holes 
has been considered. Motion of self-trapped holes in an ionic 
crystal and of vacancies in a metal may be similar to the extent 


INTRODUCTION 


HE band model of solids predicts that materials 

such as NiO, CoO, and CuO with incompletely 
filled 3d shells should be expected to exhibit metallic 
conductivity. However, NiO, CoO, and CuO in pure 
stoichiometric condition are as good insulators as Cu,O, 
which has a completely filled 3d shell. Mott' and 
Verwey” have proposed that materials such as NiO are 
insulators because the Ni** ions are too far apart for 
appreciable overlap of 3d orbitals. Room temperature 
electrical conductivity in both NiO and Cu,O may be 
increased several orders of magnitude by the presence 
of excess oxygen or by addition of certain impurities 
such as Li to NiO. 

According to Verwey,’ in excess-oxygen or Li-doped 
NiO, hole transfer between localized sites occurs by a 
chain of transitions Nit++Nit+*+ — Nit+++Nit*, It 
has been suggested,‘ on the basis of effects of oxygen 

+ This work was done under the auspices of the Air Force 
Office of Scientific Research. 

_N- F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949). 

. H. deBoer and E. J. W. Verwey, Proc. Phys. Soc. (London) 
0 extra part), 49 (1937). 

oF. Verwey, Semiconducting pag J (Butterworths 
Scientific Publications Ltd., London, 1951), p. 

40. Kubaschewski and B. E. Hopkins, Grbdation of Metals and 


Alloys (Butterworths Scientific Publications Ltd., London, 1953), 
p. 30. 


that the motion of either probably involves cooperative move- 
ments of surrounding ions or atoms. Some inward relaxation 
probably occurs around either a hole trapped at a local site inan 
ionic crystal or around a vacancy in a metal. In either case 
pressure would be expected to decrease the jump frequency for 
motion of the defect. It is proposed that in NiO, CoO, and CuO, 
the decreased hole mobility with pressure was due to a decrease 
in diffusion rate of self-trapped holes. The explanation for pressure 
effects in CuszO may be more complicated since Cu2O is generally 
regarded as a wide-band semiconductor. 


pressure on electrical conductivity, that charge transfer 
in either NiO or Cu,O occurs to the Verwey model, that 
is, by electron exchange between divalent and trivalent 
nickel ions or monovalent and divalent copper ions, 
respectively. In NiO, the lack of a detectable Hall 
effect at room temperature and an apparent increase 
in hole mobility with temperature are in accord with 
the Verwey model.® Cu,O, however, exhibits a measur- 
able Hall effect at room temperature and an apparent 
decrease in hole mobility with temperature, suggesting 
hole transport in a wide valence band.® It should be 
mentioned, however, that the temperature dependence 
of hole mobility in CusO may be reversed in some ranges 
of temperature and oxygen pressure.’ Interpretation of 
electrical data from sintered CuO samples is compli- 
cated by the presence of surface layers, which may under 
some conditions carry most of the current.® 

The purpose of this work was to determine the effects 
of pressure on electrical properties of excess-oxygen or 
doped NiO, CoO, CuO, and Cu,0. The effects of pres- 
sure on resistivity and Seebeck coefficients of these 
materials were measured on powder compacts at or 


°F. J. Morin, Phys. Rev. 93, 1195 (1954). 

*W. H. Brattain, Revs. Modern Phys. 23, 203 (1951). 
7P. Schmidt, Ann. Physik 14, 265 (1954). 

8 J. Bloem, Philips Research Rept. 13, 167 (1958). 
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near room temperature. Since compacting was achieved 
by high pressure rather than by presintering, the 
samples were of uniform chemical composition. 

The effect of pressure on the electrical pro; -rties of 
all of the above materials was similar. The resistivity 
either increased or remained nearly constant with 
pressure. In all of the materials examined, hole mobility 
was decreased by pressures up to 60000 atm. It is 
shown that a decrease in hole mobility with pressure 
would be expected in NiO if charge transport occurs, as 
has been proposed,’ by thermally activated motion 
of holes self-trapped at local sites by lattice polarization. 

A similarity in pressure effects on electrical properties 
of NiO and Cu,O might be expected if the charge trans- 
port mechanism were similar in the two materials. How- 
ever, the decrease in hole mobility in Cu,O might also 
have been due to pressure-induced interband scattering 
or to other scattering effects. It was not possible from 
investigation of powder compacts to distinguish be- 
tween various possible explanations for pressure effects 
in Cu,0. 

Mott! has suggested that if a substance such as NiO 
were subjected to very high pressure, it should suddenly 
show metallic conduction for some value of the pressure. 
In this investigation metallic conduction in NiO was 
not found at pressures up to 200 000 atm. 


EXPERIMENTAL METHODS 


To measure electrical resistivity under pressure, 
powder compacts were squeezed between two tungsten 
carbide pistons in an apparatus of the Bridgman-anvil 
type. The arrangement of sample and pistons was 
similar to that used by Griggs et al. for measuring re- 
sistivity of LiH." The material was introduced into the 
pressure cell by centering a catlinite ring gasket on the 
lower piston, then heaping powder over the hole in the 
ring. After precompacting to 10 000 atm, more powder 
was added near the center of the piston to insure a 
nearly equal distribution of the load over the gasket 
and sample. 

Sample resistance was measured by a four terminal 
current-voltage method or by a Wheatstone bridge. 
Electrical contact was made to the piston holders 
which were insulated from the press by mica spacers. 
Because of parallel conduction through the catlinite 
ring and the mica spacers, materials with resistivity 
greater than 10° ohm-cm could not be measured by 
this method. 

The pressure on the sample was calculated by divid- 
ing piston load by piston area. At room temperature, 
the calculated pressure probably approximated the real 
pressure on the sample quite closely up to 150 000 atm." 


9R. R. Heikes and W. D. Johnston, J. Chem. Phys. 26, 582 
(1957). 

10 J. Yamashita and T. Kurosawa, J. Phys. Chem. Solids 5, 34 
(1958). 

uD—. T. Griggs, W. G. McMillan, E. D. Michael, and C. P. 
Nash, Phys. Rev. 109, 1858 (1958). 
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Above 150000 atm, the piston area was increased by 
plastic flow of the tungsten carbide resulting in average 
pressure lower than calculated. Also the sample shape 
was changed when the piston was deformed. There is, 
therefore, increasing uncertainty concerning effect of 
pressure on sample resistivity at pressures above 150 000 
atm. 

During the first pressure cycle, the powder compacted 
and the sample configuration changed. There were 
effects of nonhydrostatic stresses on the sample re- 
sistance. In an effort to separate these from the effects 
of hydrostatic pressure, resistance measurements were 
made during successive increasing and decreasing pres- 
sure cycles. After a certain number of cycles, it was 
generally found that the resistance at a given pressure 
remained nearly constant during successive cycles. It 
was assumed that the variation in resistance was then 
due mainly to hydrostatic pressure. The effects of 
hydrostatic pressure were, of course, superimposed on 
the effects of previous nonhydrostatic stresses. Line 
broadening in x-ray diffraction patterns indicated that 
there was always some residual lattice strain introduced 
by nonhydrostatic stresses. 

Seebeck coefficients were measured by compressing 
powder compacts between preflattened thermocouples. 
The details of the pressure cell for determining Seebeck 
coefficients have been described elsewhere.” The mean 
temperatures of Seebeck samples were between 65°C 
and 90°C; temperature differences across samples were 
between 10 and 35 degrees depending on the material 
and sample thickness. 

Seebeck data were taken from samples which had 
been cycled unti! the sample resistance and temperature 
on either side of the sample indicated that the sample 
configuration was stable. It was found that the Seebeck 
coefficients were generally lower in subsequent cycles 
than during the first cycle. The decrease in the Seebeck 
coefficient on cycling depended somewhat on the sample 
thickness, which could be controlled by the amount of 
powder used. Seebeck coefficients were generally lower 
in thick samples. Examination of samples thicker than 
0.006 in. showed extrusion of the powder outside the 
periphery of the flattened thermocouples. Since heat 
transfer between the pistons and sample was via the 
thermocouples, and temperature gradients were ob- 
tained by heating the top piston, sample extrusion out- 
side the thermocouple area decreased the average 
temperature difference between top and bottom sample 
surfaces resulting in decreased thermoelectric power. 
To obtain pressures up to 60000 atm without failure 
by short circuit between the thermocouples, it was 
necessary to use samples, in which some extrusion oc- 
curred. It was assumed that in stabilized samples where 
extrusion occurred, the effect temperature gradient, and, 
therefore, the measured Seebeck coefficients were low 
by a constant factor over the pressure range from 10 000 


122A. P. Young, P. B. Robbins, W. B. Wilson, and C. M. 
Schwartz, Rev. Sci. Instr. 31, 70 (1960). 
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Fic. 1. Resistance of NiO samples as a function of pressure 
during the first increasing pressure cycle. The quantity R,/Rio 


is the ratio of sample resistance at pressure to resistance at 
10 000 atm. 


to 60 000 atm. Therefore, Seebeck coefficients from these 
thick samples were corrected by a constant factor of 
the order of 15% which provided a fit between the 
Seebeck data from thick and thin samples at 10000 
and 20 000 atm. 
RESULTS 
NiO 

All materials examined are listed in Table I. NiO 
materials D and E were obtained from Morin, who has 
described their electrical properties at normal pressure.°® 
Since the starting material for the high-pressure meas- 
urements had to be in powder form, the sintered ma- 
terials D and E were powdered in a glass mortar. 

The effect of pressure on electrical resistivity was 
similar in materials A, B, and C. During the first pres- 
sure cycle the resistivity increased with pressure up to 
a pressure of 60000 to 80000 atm at which point the 
resistivity began to decrease slowly. The effect of 
pressure on electrical resistivity of materials A, B, and 
C during the first cycle is shown in Fig. 1. The curves 
are normalized. R,p/ Ryo is the ratio of sample resistance, 
at pressure p, to resistance at 10 000 atm. 

It was found on reducing the pressure that much of 
the resistance increase in materials A, B, and C was 
residual. R,/Rio curves, where R, and Ryo were re- 
sistances of precompressed samples, are shown in Fig. 2. 
The difference in the curves of Figs. 1 and 2 is greatest 
in the low-pressure range. In all materials examined, 
the effect of precompression on resistance decreased 
with pressure until at 80000 atm the difference in 
resistance during the first pressure cycle and subsequent 
cycles was negligible. 

There was a possibility that some or most of the 
residual increase in resistance and change in nature of 
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TABLE I. Description of materials examined at high pressure. 


Material 
designation 


NiO A 
NiO B 
NiO C 
NiO D 
NiO E 
CoO 
CuO 
Cu,0 
Cu20 
CdS 


Source* 





J. T. Baker Reagent NiO, green powder 
J. T. Baker Reagent NiO, black powder 
Johnson-Matthey Specpure NiO 
Morin Sample 5 (reference 5) 

Morin Sample 6 (reference 5) 

A. D. Mackay 
J. T. Baker Reagent 
J. T. Baker Reagent 
Baker and Adamson Reagent 
A. D. Mackay 
Baker and Adamson Reagent 





* All materials were examined by x-ray diffraction for detection of minor 
phases. None were found. 


the curves in Figs. 1 and 2 could have been due to loss 
of contact between the sample and the pistons when the 
pressure was reduced. For another check on the effect 
of precompression on the residual resistivity and the 
shape of R,/Rio vs pressure curves, several samples of 
materials A, B, and C were compressed to pressures of 
approximately 100000 atm. The resulting coherent 
samples of each material were powdered in a mortar. 
Samples prepared with this powder were then run in 
the usual way. The initial resistance at 10 000 atm was 
considerably higher than that found in samples of the 
as-received powder. Also the resistivity vs pressure 
curves in the initial cycle in the precompressed and 
reground samples resembled the curves of Fig. 2 rather 
than Fig. 1. It was concluded, therefore, that the in- 
crease in residual resistance and change in shape of the 
curves in Figs. 1 and 2 was due mainly to changes 
within the samples rather than to changes in contact 
resistance on reduction of pressure. 

The effects of pressure on the resistance of samples 
made from materials D and E are shown in Figs. 1 
and 2. The differences in R,/R,o ratios during the first 
pressure cycle and subsequent cycles were much less in 
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Fic. 2. Resistance of NiO samples as a function of pressure 
after precompression. The samples were cycled several times to 
pressures over 100 000 atm until the resistance at given pressure 
was nearly constant during successive pressure cycles. 
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SEEBECK COEFFICIENT IN MV/°C 
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Fic. 3. Seebeck coefficients of NiO, CoO, CuO, and Cu20 samples 
as a function of pressure, 


materials D and £ than in A, B, and C. Some prior 
lattice strain was probably introduced by grinding the 
sintered materials D and E, thus reducing the effects of 
further strain on the resistance. Effects of prior grinding 
on resistance of powder compacts have been noted by 
other investigators." 

The Seebeck coefficients of all NiO materials de- 
creased with pressure as shown in Fig. 3. The curve 
for NiO E, not shown, was very close to the curve for 
NiO B. The NiO materials were all p type. 


CoO, CuO, and Cu.O 


The effects of pressure on the resistance of CoO and 
of NiO materials A, B, and C were similar to the extent 
that the resistance of CoO samples increased during the 
first pressure cycle and that much of the resistance 
increase was residual. However, the resistance increase 
in CoO with pressure during the first cycle was much 
greater than in any NiO material. There was also a 
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Fic. 4. Resistance of CoO and Cu,0 samples as a function of pres- 
sure during the first pressure cycle and after precompression. 

3 F, Seitz, The Modern Theory of Solids (McGraw-Hill Book 

Company, Inc., New York, 1940), p. 69. 
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considerable increase in resistance with pressure of pre- 
compressed CoO samples as shown in Fig. 4. 

The resistance of CuO samples during the first cycle 
decreased by about 30% between 10000 and 30000 
atm, and then leveled off. On release of pressure from 
30 000 atm, the resistance stayed nearly constant at 
the Ryo value. Resistance of precompressed samples was 
nearly constant. The initial decrease in resistance of 
CuO samples was probably related to powder compac- 
tion. Pressures of about 20000 atm were required for 
production of CuO pellets, whereas hard coherent 
pellets of most other materials investigated were formed 
at pressures of less than 10 000 atm. 

Cu,0 samples were obtained from two sources. The 
electrical characteristics under pressure of samples from 
the two materials were nearly the same. Pressures 
attainable with Cu,O powder compacts were limited by 
blowout of the catlinite rings. Apparently the coefficient 
of friction of Cu,O on tungsten carbide is lower than 
that of NiO and CoO. Up to pressures of about 90 000 
atm, resistance increased with pressure both during the 
first cycle and on recycling as shown in Fig. 4. 

The Seebeck coefficient of CoO and CuO decreased 
with pressure, as shown in Fig. 4, but in the case of 
Cu,O, was nearly constant under pressure. This was 
confirmed in several samples of each reagent grade 
material. The results of one run are shown in Fig. 3. 
The Seebeck coefficient of CuzO samples was approxi- 
mately 1 mv/°C. The conductivity of CoO, CuO, and 
CuzO was p type. 


Ag.S, CdS 


Some materials other than 3d transiton metal oxides 
and CueO were examined to determine whether large 
changes in resistance, such as Bridgman" found in some 
compound semiconductors, would be observed with the 
methods of this investigation. 

The resistance of powder compacts made from Ag,S 
dropped by a factor of approximately 400 between 
10 000 and 50 000 atm. The pressure effect on resistance 
was reversible in cycling. The resistance of samples of 
CdS dropped by a factor of more than 150 000 between 
10000 and 50000 atm. Much of this resistance de- 
crease was irreversible as the resistance at 10 000 atm 
on the (lecreasing pressure cycle dropped below its 
initial value by a factor of about 15 000. X-ray analysis 
showed that the CdS was predominantly hexagonal 
wurtzite structure before compression; after compres- 
sion it was predominantly cubic zincblende structure. 


DISCUSSION 


Morin’ proposed an energy-band scheme for impure 
or nonstoichiometric NiO in which localized 3d levels 
lie in the energy gap between the filled and empty sp 


4 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 81, 169 (1952). 


18 FJ. Morin, Semiconductors, edited by N. E. Hannay (Rein- 
hold Publishing Corporation, New York, 1959), p. 600. 
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oxygen bands. Holes are created in the 3d levels by 
electron transitions from the 3d levels to low-lying 
acceptor levels. A 3d hole freed from a cation defect is 
presumed to consist of a Ni+*+* ion with normal Ni**+ 
cation neighbors for some distance around it. The hole 
can diffuse about the cation lattice by exchanging an 
electron with a Ni** neighbor. When an external elec- 
tric field is applied to the crystal, a net drift of holes 
occurs, resulting in current flow. The Morin energy- 
band picture is consistent with the Verwey model in 
which hole transfer between localized sites occurs by 
transitions of the type Nit*+Nit*+*+ — Nit+*++Nit*. 

The Morin assumption of conduction in localized 3d 
levels led to equations relating the Seebeck coefficient 
Q to the hole concentration p: 


OT=Er, (1) 
p N exp( —Ep/kT), 


(2) 


where Er is the energy separation between the Fermi 
level and the filled d levels from nickel ions, and .V 
= 5.610” nickel atoms per cc of crystal. The hole 
concentration p is the number of 3d holes freed from 
cation defects, which is equivalent to the number of 
Nit** ions removed from the neighborhood of cation 
defects. Hole mobility is dependent on the jump fre- 
quency for motion of Nit** ions in the cation lattice. 

Equations (1) and (2) have led to a quantitative fit 
with the data in investigations of doped NiO samples.*:'® 
Similarities in electrical properties of doped NiO, CoO, 
and CuO have been noted.® Equations (1) and (2) 
were assumed to be applicable to NiO, CoO, and CuO, 
and were used to determine the effects of pressure on 
hole concentrations in these materials. There has been 
no experimental evidence that these equations are 
applicable to CuO. However, there must be a relation- 
ship between hole concentration and Seebeck coefficient 
in Cu,O. The Seebeck coefficient of CueO was nearly 
constant throughout the pressure range from 10 000 
to 60 000 atm. Effects of pressure on hole concentration 
may have been offset by other pressure effects to main- 
tain a constant Seebeck voltage over the whole pressure 
range. However, if the changes in hole concentration 
had been large, their effect on the Seebeck voltage 
would probably not have been offset throughout the 
pressure range. It was assumed, therefore, that to a 
first approximation, hole concentration in Cu,O was 
unaffected by pressure. 

The effects of pressure on hole mobilities are shown 
in Fig. 5. The quantity y,/y0 is the ratio between hole 
mobility at pressure and at 10000 atm. In examining 
the curves of hole mobility vs pressure it should be 
kept in mind that the Seebeck coefficient data were 
approximate. Only quite large differences in behavior 
among various materials should be regarded as sig- 
nificant. For instance, among the NiO materials, only 
NiO E differed significantly from the others. NiO E 


16 G. Parravano, J. Chem. Phys. 23, 5 (1955). 
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was a Li-doped material with nearly 10% Li addition. 
At this concentration each Ni*** ion would have on 
the average at least one Li* ion as a nearest neighbor. 
For such heavily doped material there are no Nit** 
ions far removed from the neighborhood of cation de- 
fects. The meaning of the expression for hole concentra- 
tion.p in Eq. (2) for such heavily doped material is 
doubtful because it is apparent that 3d holes can never 
be considered to be freed from cation defects. 

Consider first, the pressure effects in NiO. Morin 
found that the hole mobility in Li-doped NiO samples 
was quite low, and that it increased exponentially with 
temperature at normal pressure. Low hole mobilities 
denote, in the Verwey model, low jump frequencies for 
motion of higher valency ions. This low jump frequency 
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Fic. 5. Hole mobility of NiO, CoO, CuO, and Cu,O samples as 
a function of pressure. Hole concentration as a function of pres- 
sure was determined from the Seebeck data of Fig. 3 by use of 
Morin’s equations (reference 5). The quantity up/10, the ratio of 
hole mobility at pressure p to hole mobility at 10000 atm, was 
computed from pressure effects on hole mobility and on resistance 
of precompressed samples 
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may be accounted for by a trapping process first pro- 
posed by Gurney and Mott.'’ If an electron or a hole 
remains on an ion for a time, which is long compared 
to thé natural vibrational period of the lattice, the sur- 
rounding medium will be polarized. If polarization of 
the lattice around a higher valency ion such as Nit*+* 
occurs, motion of the ion in the lattice will involve 
more than the motion of electrons alone.® Because the 
polarizing effect also moves with the Ni*+** ion, the 
ion movements are not isolated events, but are co- 
operative movements involving a number of ions. In 

17 R. W. Gurney and N. F. Mott, Proc. Phys. Soc. (London) 49, 
32 (1957). 
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this respect, the motion of higher valency ions in a 
polarized medium may resemble the motion of vacancies 
in a metal, since vacancy motion may also involve co- 
operative movements among the atoms surrounding the 
defect. 

Nachtrieb'’ has proposed that in the vacancy mecha- 
nism for diffusion in a metal, transport does not occur 
by movement of simple vacancies but rather by the 
movement of small regions of disorder through the 
crystal. Removal of an atom from the interior of a 
metallic crystal probably results in an inward move- 
ment of its nearest former neighbors. Nachtrieb has 
used the term “relaxion” to describe the disordered 
region around a vacancy. Motion of a Ni*+** ion in a 
polarized lattice and of a vacancy in a metal crystal 
may be similar in that the polarizing effect or the re- 
laxions moves with the defect. In either case, before a 
Ni*** ion or a vacancy can move, this theory suggests 
that work must be done on the surrounding ions or 
atoms to restore them to their normal positions. 

The diffusion rate of Nit** ions or relaxions is given 
by an equation of the type 


D=-ya*v exp(—AF/RT), (3) 


where v is the average lattice vibrational frequency, a is 
the lattice parameter, and y is a constant determined 
by the lattice geometry and the assumed jump mecha- 
nism. The quantities, a, v, and AF all depend on pres- 
sure. Since a? and » vary in opposite ways with pressure, 
it seems likely the direction of change in D with pres- 
sure will depend on the exponential term. The free 
energy AF is related to the work required to restore 
surrounding atoms or ions to their normal positions. 
One would expect this work to be increased by pressure 
if the relaxation around a defect is inward. The jump 
frequency for motion of the defect would decrease with 
pressure. Measurement of pressure effects on self dif- 
fusion of several crystalline materials indicates that the 
jump frequency of vacancies is decreased by pressure." 

The exact nature of ion displacements around a 
higher valency ion such as Nit+*+* will depend on the 
forces of attraction and repulsion between ions in the 
crystal. The surrounding oxygen ions should be moved 
inward around the Ni*** ion from their normal posi- 
tions; the nearest Ni** ions somewhat further away 
will be moved outward. Because the Nit+* ions will be 
partially shielded from the Ni*+*+* ion by the polarized 
O~~ ions and also because the Ni+** ion has a smaller 
radius than Ni**, there is probably a net inward re- 


18 N. H. Nachtrieb and G. S. Handler, Acta Met. 2, 797 (1954). 
1% L. A. Girifalco and H. H. Grimes, NACA Technical Note 
4408, September, 1958 (unpublished). 
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laxation of ions around a Nit** ion. The relaxation 
around a Ni*+** ion may be quite small because of the 
rapid increase in repulsive forces on closer ion approach; 
nevertheless, one might expect some increase, with 
pressure, in the work required to restore ions around a 
Ni*** ion to normal positions. However, with sufficient 
pressure, the general lattice compression will cause the 
ion configurations around a Ni+** ion and neighboring 
Nit* ions to become more nearly degenerate. There 
may, therefore, be a limiting pressure above which the 
activation energy for Ni*** ion diffusion begins to 
decrease. The trend of resistivity and Seebeck coeffi- 
cients in NiO samples indicates that there may be a 
reversal in hole mobility at some pressure above 60 000 
atm. 

The NiO, CoO, CuO, and Cu,O materials examined 
were similar to the extent that none of them exhibited 
the large decreases in resistance with pressure found in 
some other semiconducting compounds. In particular, 
CoO and Cu.0 were similar in that the resistance of 
each of these materials increased with pressure both 
during the first cycle and after precompression. The 
effects of pressure on electrical properties of NiO, CoO, 
CuO, and Cu,0 were consistent with a process in which 
conduction occurs by diffusion of self-trapped holes. 
This does not mean that there was no other possible 
explanation for the effects of pressure on the electrical 
properties of these materials. It was not possible on the 
basis of Seebeck coefficient and resistivity data from 
powder compacts to distinguish definitely between 
various possible effects of pressure on electrical prop- 
erties. It is possible that in Cu,O resistivity was 
increased because of interband scattering or other 
complicated effects such as have been observed in ger- 
manium above 10000 atm.” For more quantitative 
data and more detailed consideration of charge trans- 
port mechanisms, experiments with single crystals are 
required. Consideration is being given to methods of 
determining pressure effects on single crystals of these 
relatively high resistance materials. 

Mott! has suggested that there may be a critical 
interatomi¢ spacing in NiO for which the energy of the 
crystal with: a large number of electron and hole pairs 
will be less than the energy of the crystal with no pairs. 
One would expect then that at some value of high pres- 
sure, the effective number of free electrons in NiO 
would suddenly jump to about one per atom and 
metallic conduction would occur. The results of the 
present investigation indicate that the critical pressure 
for metallic transition in NiO or CoO is greater than 
200 000 atm. 


2” 'W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954). 
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The nuclear magnetic resonance of Ni®! in unenriched metallic nickel has been observed. The results 
provide the first experimental measure of the internal field at the nucleus in nickel. The resonance occurs at a 
frequency of 26.02 Mc/sec at room temperature, yielding an estimate of 170 kilogauss for the internal field. 


W* wish to report the observation of the nuclear 
magnetic resonance (nmr) of Ni® in unenriched 
nickel powder. These observations are similar to those 
previously reported by Portis and Gossard! on Co*® in 
cobalt metal and by Gossard, Portis, and Sandle? on 
Fe? in 80% enriched iron. The nmr of Fe” in unen- 
riched iron has also been observed by Robert and 
Winter® as well as in our laboratory.‘ 

The Ni®™ resonance is observed at a frequency of 
26.02 megacycles at a temperature of 298°K in high- 
purity (99.999%) Johnson-Matthey powder with the 
natural abundance (1.25%) of Ni®™. A typical recorder 
trace, exhibiting the approximate second derivative of 
the resonance absorption curve, is shown in Fig. 1. 
lhe linewidth at room temperature is about 50 kc/sec. 

The resonant frequency has been measured at three 
fixed temperatures; the results are tabulated in Table I. 
Che results contained in Table I cannot be fitted by an 
expression of the form 


v(T) =o 1—(T/T.)*}, 


TABLE I. Ni® resonant frequencies at three 
different temperatures. 


Frequency 
Temperature (Mc/sec) 
78°K 28.21 
193 27.54 
298 


which has proved adequate for the cobalt observation! 
in this temperature range. In Eq. (1), T. is the Curie 
temperature which for nickel is 631°K. 

The nuclear spin of Ni® is known to be 3.° Using this, 
together with the Ni®™ moment of 0.30 nm as measured 
by Orton, Auzins, and Wertz,® we find the internal 
field at the nickel nucleus to be 170 kilogauss at room 
temperature. Further studies of the temperature de- 
pendence of the internal field are in progress. 
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Fic. 1. The approximate second 
derivative of the absorption curve 
for the Ni® resonance. 
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The nuclear magnetic resonance spectrum of Co® in metallic powders is presented. This spectrum contains 
three lines in addition to the already well-known line of Co in face-centered cubic cobalt (213.1 Mc/sec at 
25°C). The other lines are higher in frequency, the highest located 10.0 Mc/sec above the fcc resonance and 
is much less intense than the fcc. This highest lying resonance is identified to be due to Co® nuclei in hexa- 
gonal close-packed cobalt, and we qualitatively account for the lower intensity by examining the effect on 
the resonance of the nuclear quadrupole moment in a noncubic environment. 


E have been examining the nuclear magnetic 
resonance (NMR) of Co*® in finely divided co- 
balt metal samples. The spectrum contains several lines 
in addition to the already well-known nuclear resonance 
of fcc cobalt. The method of observation was similar 
to that described by Gossard and Portis'* who first 
observed the resonance for fcc cobalt. The transmission 
of a frequency-modulated signal through a coaxial line, 
packed with the powder sample, is displayed on a cath- 
ode ray tube. The resonance absorption modifies the 
transmission when the frequency corresponds to the 
nuclear resonant frequency. For some powder samples, 
the oxide coating’ on the individual particles was suffi- 
cient to provide the requisite electrical insulation; in 
other cases the particles were wax coated by wetting 
the powders with a solution of paraffin wax in benzene 
and drying under vacuum. The relative proportions of 
cubic and hexagonal phases in the powder samples were 
determined from x-ray patterns measured with a pro- 
portional counter spectrometer and Cr K, radiation. 
The NMR traces obtained with a commercially 
available sample of cobalt* at 300°K and 77°K are shown 
in Figs. 1(a) and (b), respectively. Part (c) of the figure 
is an index to prominent parts of the spectrum. The 
frequencies 1 and 2 associated with the main resonance 
are approximately 0.5 Mc/sec lower than those reported 
by Portis and Gossard.2? However, this difference de- 
pends upon frequency sweep rate; for very slow sweep 
rates there is no discrepancy. We note that the line 
shape also depends upon sweep rate. 
The following observations established that the lowest 
resonance (frequencies 1 and 2) and the highest reson- 
ance (frequencies 5 and 6) are to be associated with the 


* This work was supported in part by Wright Air Development 
Division, Air Research and Development Command, U. S. Air 
Force. 

1A. C. Gossard and A. M. Portis, Phys. Rev. Letters 3, 164 
(1959). 

? A. M. Portis and A. C. Gossard, Suppl. J. Appl. Phys. 31, 205 
(1960). 

3 The spectra of a powder sample before and after removal of 
the oxide by heating in a current of dry hydrogen were identical. 

* Obtained from Matheson, Coleman, and Bell (—325 mesh). 
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fcc and hep phases, respectively. Figure 2(a) was ob- 
tained with a different sample’ of cobalt powder than 
that used for Fig. 1. X-ray analysis showed that the 
ratio of hcp/fcc for the sample of Fig. 2 was 0.19, 


ies. 


(a) 


_/ 


TRANSMITTED 
POWER 





_____» FREQUENCY 


Fic. 1. The nuclear resonance spectrum of cobalt in metallic 
powders (Matheson, Coleman, and Bell —325 mesh). The figure 
displays transmitted power vs frequency. The peak to peak 
variation of the largest signal is 5% of the average transmitted 
power. Curve (a) is the spectrum at room temperature (300°K) ; 
(b) is the spectrum at liquid nitrogen temperature (77°K); (c) 
is the index to the frequencies tabulated below. 


Frequency (Mc/sec) 
300°K 77°K 
211.84 215.45 
212.9, 216.8; 
215.4; 219.8; 
218.17 223.3 
220.80 226.87 
221.95 227.93 


Position 


1 
2 


6 
We note without explanation that the shift in resonance fre- 
quencies between 300°K and 77°K is linear with frequency. 


5 Fisher Scientific Company. 





NMR SPECTRUM OF 

whereas for the powder sample of Fig. 1, the ratio was 
1.38. The spectrum of MCB powder, taken with identi- 
cal apparatus settings, is included for comparison in 
Fig. 2(b). The reduction of the hep/fce ratio is ac- 
companied by a decrease in the intensity of the highest 
frequency resonance. 

To confirm the identification of the NMR resonances, 
the relative proportion of hcp phase in the MCB cobalt 
was increased by cold-working the powder.* The MCB 
powder was compressed at 80000 psi into briquettes 
which were then powered and annealed for two hours 
at 300°C; the spectrum in Fig. 3(b) was then obtained. 
The decreased signal intensity required a higher gain 
setting than the previous data. A trace of the untreated 
MCB powder, 3(a), is included for comparison. The 
intensity of the highest frequency resonance has in- 
creased relative to the lowest frequency resonance. 
The hep/fee ratio for the cold-worked cobalt has in- 
creased to 4.9. We, therefore, conclude from the data 
presented here that the lower and higher frequency 
resonances are associated with the fcc and hep phases 
of cobalt, respectively. We understand’ that Y. Koi 
(Tokushima University) and W. Hardy (IBM Labora- 
tories, Owego, New York) have both observed a second 
resonance very similar to that we report here as as- 
sociated with the hcp phase. 

In considering the relative intensities of the reson- 
ances of the fec and hep phases and allowing for the 
x-ray determined volume fractions of these constituents, 
we note that the hcp resonance is weaker by almost an 
order of magnitude than that of the fcc phase. We be- 
lieve that the relative weakness of the hcp resonance 
derives from the interaction of the nuclear quadrupole 
moment of the Co*® nucleus with the noncubic crystal- 
line field of the hcp phase. In a crystalline electric 
field of cubic symmetry the Co®* nucleus (J = $), subject 
to a strong hyperfine field, Hers, has (2/+1) distinct 
energy levels which are equally spaced by A= gn8wHerr. 
However, in a noncubic crystalline field, there is an 


(a) 


\| (b) 
Fic. 2. (a) Room-temperature NMR spectrum of a fine grained 
powder sample of metallic cobalt (Fisher Scientific Company) 
which has an hep/fcc ratio of 0.19 as determined by x-ray analysis. 


(b) Room-temperature NMR spectrum of the MCB sample in 
which the hcp/fcc ratio is 1.38. 


®C. Houska, V. Averback, and M. Cohen, Acta Met. 8, 82 
(1960). 
7 A. Portis (private communication). 
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bic. 3. (a) Room-temperature NMR spectrum of an MCB 
sample. (b) NMR spectrum of the same sample after a deformation 
and heat treatment that converted sufficient fcc to hep to give an 
x-ray-determined hcp/fcc ratio of 4.9. Part (a) is upper trace of 
the figure, (b) lower. 


electric field gradient at the nucleus that interacts with 
the nuclear quadrupole moment. The quadrupolar in- 
teraction shifts the energy levels and only the transition 
—}-— ++ is still given by A.* The other transitions 
are shifted to higher or lower frequencies dependent 
upon the relative orientation of the crystalline field 
gradient and the effective magnetic field. The order of 
magnitude of these shifts may be as much as 20 Mc/sec, 
which value is observed for the Co nucleus in CoF».® 
We recognize that this comparison of electric field 
gradients between CoF; and cobalt metal is by no means 
justified, and we quote the value here simply for il- 
lustration. In addition to the shift of the energy levels 
caused by the noncubic crystalline environment, the 
relative orientations of the local effective hyperfine 
field are randomized by the domain walls that “drive” 
the resonance. Within the domain walls the effective 
magnetic field scans all directions between the positive 
and negative ¢ axes and this randomization broadens 
all but the —}—++4 resonance line because of the 
anisotropy of the energy levels. Consideration of the 
transition probabilities shows that the relative in- 
tensity of absorption from just the —}— +} transition 
is 4/21. We thus expect that the hcp cobalt resonance 
intensity should be, on the above considerations, 20% 
of the intensity associated with an equal volume of 
fcc cobalt. 

From the relative positions in frequency of the res- 


® This statement is correct only to first-order perturbations. 
In the second-order treatment there is an additional shift, but 
more important, there is also a broadening of the levels. For an 
analogous effect in electron spin resonance, see B. Bleaney, Phil 
Mag. 42, 441 (1951). 

§V. Jaccarino, Phys. Rev. Letters 2, 163 (1959). 
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onances, we note that H. for the hcp phase is 5% 
higher than for the fcc phase. The various contributions 
to He have been discussed,’ and it is clear that small 
changes in the contributing terms could account for 
the magnitude of the difference observed. A proper 
calculation of this point seems lacking to date. 

The origin of the smaller resonances at frequencies 
3 and 4 has not yet been determined, but it is tentatively 
suggested that they are associated with stacking faults. 
Both growth and deformation faults are observed in 
hexagonal cobalt.* Growth faults are sequences of three 
planes, and deformation faults are sequences of four 
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planes of cubic close packing within the hexagonal phase. 
If the identification of the smaller resonances with 
faulted material is correct, the resonance at frequency 
3, nearer the fcc absorption, probably is associated with 
deformation faults; whereas, the resonance at frequency 
4, nearer the hexagonal absorption line, is associated 
with growth faults. These possibilities are currently 
being investigated. 
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Isotope Effect in Superconducting Lead* 
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The present work is a continuation of earlier measurements of the difference in critical fields of super 
conducting Pb specimens with various isotopic masses. The isotope samples have been repurified and the 
low-temperature behavior is now more fully understood. The results near 7. are consistent with the relation 
T.= const X M?, where M is the average isotopic mass, and yield a value p= —0.478+0.014. The measure 
ments at lower temperatures confirm the similarity principle to within approximately 0.1% and indicate 
that +, the coefficient in the normal electronic specific heat, is independent of isotopic mass to a similar 


accuracy. 


INTRODUCTION 


HE isotope effect for a superconductor is usually 
discussed in terms of the shift in critical tempera- 
ture 7, resulting from variation in the average isotopic 
mass, M. Both theory! and experiment® agree in the 
result that T.=const XM?” which is valid for isotopic 
mixtures of a given superconducting element. A value 
of p close to —0.5 is well confirmed for all elements for 
which measurements have been made.?3 
Study of the isotopic shift in the critical field H, 
at temperatures below T, presents special problems in 
the case of lead. As shown recently,‘ this element is 
particularly susceptible to a type of hysteresis in the 
magnetic transition which obscures the determination 


* This work has received partial support from the Office of 
Ordnance Research, U. S. Army. 

t Present address: Physics Department, Rensselaer Polytechnic 
Institute, Troy, New York. 

t Alfred P. Sloan Fellow. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957); hereafter referred to as BCS. 

? B. Serin, Progress in Low-Temperature Physics, edited by C. J. 
Gorter (Interscience Publishers, Inc., New York, 1955), Vol. I, 
p. 142, 

+R. R. Hake, D. E. Mapother, and D. L. Decker, Phys. Rev. 
112, 1522 (1958). 

‘D. L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 
112, 1888 (1958). 

5 R. W. Shaw and D. E. Mapother, Phys. Rev. 118, 1474 (1960). 


of H. and complicates the measurement of the rather 
small isotopic shift.’ 

The results described here were obtained after repuri- 
fication of the same isotopically enriched Pb specimens 
whose properties have been described in earlier reports,* 
together with one new sample. Some of the ambiguities 
of the earlier data have now been removed. 


EXPERIMENTAL 


The apparatus and techniques were largely those of 
the earlier papers to which the reader is referred for 
details.?4 Ballistic induction measurements were made 
over the range from 7. (7.175°K) to. 1.2°K. Because as 
many as five specimens were in the cryostat simultane- 
ously, correction was made for the field interference 
effect (i.e., the distortion of the applied field at one 
specimen caused by the presence of other supercon- 
ducting specimens in the vicinity).* This could be done 
exactly if the magnetic state of the other specimens was 
well known. However, there was some indication of flux 
trapping by two of the specimens which could not be 
precisely determined by the present method and so led 
to an uncertainty in this correction.* The best available 
estimate of the extent of flux trapping came from a com- 


6 Flux trapping here refers to that flux remaining in the sample 
when the applied field is lowered to roughly 0.8H., the lowest 
field normally reached between transitions in these measurements. 
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Fic. 1. Total hysteresis widths 
observed in the ballistic transitions 
of the isotope specimens. 





HYSTERES!S(gauss) 


parison of the demagnetizing factors calculated from the 
specimen geometry and from observed transition widths. 
This estimate, which indicated 50% flux trapped for 
specimen 702, 60% for 206, and approximately zero 
for the others, was used in making the correction and 
resulted in an uncertainty in the critical field differences 
of perhaps 0.00024... 

Another uncertainty of this order was introduced by 
the correction for inhomogeneity in the solenoid field, 
approximately 4(+1)10-*H.. By far the largest cor- 
rections to the results arose from the hysteresis which 
occurs in the superconducting transition of lead at 
T/T.<0.5. This phenomenon will be discussed below. 

The isotope specimens of the earlier papers’ were 
repurified and analyzed by the Isotopes Division of the 
Oak Ridge National Laboratory. Their spectrographic 
analysis now places an upper limit on the metallic im- 
purity in four of the specimens (258, 704, 702, 138) of 
approximately 0.05%. Although an analysis of the 
specimen labeled 581 was not carried out, it was purified 
in the same manner as the other four, and can reason- 
ably be expected to have a similar impurity content. 

One new specimen (identified hereafter as 206) has 
been added to those already measured. This is a radio- 
genic specimen consisting of 88.3% Pb?°*, 8.649% Pb”, 


SUPERCONDUCTING Pb 








3.04% Pb?, <0.1% Pb*, and metallic impurity of 
less than 0.1%. This sample was interesting because its 
average isotopic mass is very close to that of sample 581, 
although it has a much different mass spectrum. 

Following repurification and analysis, all of the iso- 
tope specimens were cast and grown as nearly single 
crystals. This was done in pure graphite crucibles which 
were carefully cleaned and outgassed prior to use. The 
entire high-temperature process was carried out in a 
vacuum of 10-> mm Hg or better. The crucibles were 
then broken away from the samples and the samples 
annealed prior to measurement. 

The natural lead specimen (4F) is the same one used 
by Decker ei al.4 in the accurate determination of the 


critical field curve for lead. Spectrographic analysis of 
a section taken from this specimen showed less than 
0.002% metallic impurity. Specimen 4F was used as a 
standard to which all other samples were compared. 


Hysteresis is always present in the superconducting 
transition of lead well below T.. However, recent in- 
vestigations have shown that the reversible transition 
lies midway between the S-N and N-S transitions of a 
hysteretic specimen and have thereby provided a means 
of correcting for this behavior.*:> All of the specimens 
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were annealed prior to measurement to reduce the 
hysteresis to a minimum. The resulting hysteresis width 
is plotted vs temperature in Fig. 1. At the lowest tem- 
perature the hysteresis correction ($ of the transition 
width) varies from almost 7 gauss for 206 to less than 
1 gauss for 581 and 704. The accuracy of the thermo- 
dynamic transition determined according to our method 
of hysteresis correction cannot be checked to better 
than about 5% of the hysteresis width. However, this 
correction is not serious above about 3°K (H,=670 
gauss) so that only conclusions which depend on the 
low-temperature results (such as determinations of 
shifts in y and Hp) are affected. 

Although it is now known that the hysteresis can be 
caused either by certain impurities or by mechanical 
strain, no treatment is yet known which will eliminate 
it reliably in a group of several specimens. The wide 
range of hysteresis shown in Fig. 1 for seven specimens 
(six of which had essentially the same chemical and 
metallurgical history) shows the problem very clearly. 
In view of the small amounts and precious nature of the 
isotopically enriched specimens, it is questionable 


whether the results of further improvement in the speci- 


mens would justify the additional effort entailed. 


RESULTS 


The results, after application of all known corrections, 
are shown in Fig. 2. As mentioned earlier, the critical 
fields of the isotopes are compared to that of the stand- 
ard 4F sample at the same temperature. The data are 
then best represented as critical field differences plotted 
as a function of the standard specimen critical field as 
is done in Fig. 2. The lines drawn on the plot repre- 
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Fic. 2. Critical field differences 
between the isotope specimens and 
the 4F natural Pb sample vs the 
critical field of 4F. The lines 
represent the similarity principle 
(see text) 


sent the so-called “similarity principle’? which will be 
more fully discussed below. 

In the region near 7, all corrections become small 
relative to the experimental scatter. (Where this is 
larger than the point size, it is indicated by a vertical 
line.) Thus, the points near H.(4F)=0 are the most 
certain ones on the figure. They are, however, signifi 
cantly shifted from those reported in reference 3 in 
almost all cases. 

From the measured field shifts at the critical tempera 
ture of specimen 4, the shifts in 7. of the various 
specimens may be computed with the following results: 
581(—5) ; 258(—2) ; 702(+1) ; 704(—1); and 138(+2). 
The number in parentheses following the specimen 
number give the shift in 7, from the values of reference 
3. The shift is expressed in millidegrees and rounded off 
to the nearest integer because of the limitations on the 
accuracy of this comparison. It is noteworthy that shifts 
of both sign occur, with only specimens 702 and 138 
showing an increase in T,. (Additional effects to be 
described below give further evidence that specimens 
702 and 138 differ slightly from the others.) 

Presumably the main difference between the results 
in the present measurements from those of reference 3 is 
the chemical purification to which the specimens were 
subjected. Serin and co-workers have shown that shifts 
in 7, of the order of 10 millidegrees can occur in tin,’ 
indium, and aluminum® at impurity concentrations of 
0.1% or less. While there are at present no systematic 


7 J. M. Lock, A. B. Pippard, and D. Shoenberg, Proc. Cambridge 
Phil. Soc. 47, 811 (1951). 

8 E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. Solids 
3, 165 (1957). 

®G. Chanin, E. A. Lynton, and B. Serin, Phys. Rev. 114, 719 
(1959). 
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data on this effect in lead, the large impurity limits on 
the specimens in the earlier work (up to 0.7%) could 
result in shifts in 7. of the size observed here if a cor- 
responding effect is, in fact, characteristic of lead. But 
while the order of magnitude of the shift is compatible 
with the results of Serin ef al., the variation in direction 
of the shift between specimens is not. In all cases the 
dilute impurity studies have shown an initial reduction 
of T. with increasing impurity addition. From this 
result a uniform increase in 7, for all the purified lead 
specimens would be expected in the present measure- 
ments, a condition which is evidently not fulfilled. 

While there is no question of the competence of the 
present measurements to resolve H, shifts of the size 
reported here, it should be emphasized that (a) the 
implied critical temperature shifts are really quite small, 
and (b) the extent of present knowledge on the impurity 
situation does not warrant an unequivocal assignment 
of the observed results to an impurity effect, even though 
it seems most plausible. The one point which can be 
made without qualification is that accurate determina- 
tion of the exponent in the isotope effect requires very 
high specimen purity when so little variation in M is 
possible. 

The intercepts at H.(4f)=0 (Fig. 2) have 
plotted vs the average isotopic mass of each sample in 
Fig. 3. The slope of this line yields 


been 


(0H ./8M)re7.<ar) = —3.80+0.15 gauss/amu. 


This value can be used to calculate the exponent, #, 
of the isotope effect by means of the equation® 


M (dH./dM)r 


T. (0H./dT) mi 


where the partial derivatives are evaluated at 7... The 
most recent values for the other constants of lead in 
this equation are 


M = 207.27 amu, 
T.=7.175+0.005°K," 
(0H ./OT) w= —238.4+1.2 gauss/°K.4 


Using these values yields p= —0.461+0.025. This value 
differs from that found in reference 3 (p= —0.501 
+0.013) almost entirely because of the new value for 
(0H ./8M)r. The best fit to the data of the earlier experi- 
ment (206 and 581 were not considered) is shown as a 
dashed line in Fig. 3, and it is apparent that the ob- 
served changes have not been large. 

Note that the points for samples 702 and 138 in 
Fig. 3 lie conspicuously above a line which passes 
through the other points. If these two specimens are 
considered separately from the others, values of p can 
be calculated for each group: 

10 W. B. Pearson and I. M. Templeton, Phys. Rev. 109, 1094 
(1958). 
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Fic. 3. Critical field differences of Fig. 2 extrapolated to 
H,(4F)=0 vs average isotopic mass. The dashed line represents 
the best fit to the data of reference 3. 


p= —0.478+0.014 (specimens 206, 581, 258, 4F, 


and 704), 
p= —0.480+0.30 (specimens 702 and 138). 


Such a division is entirely empirical, but it wiil be shown 
below that the low-temperature behavior of specimens 
702 and 138 is anomalous. Thermal 
conductivity measurements now in progress should 
show whether a separation based on differences in im- 
purity content is justified. 


also somewhat 


DISCUSSION 


The BCS theory of superconductivity predicts a 
value of p= —0.500 for all superconductors.' Recently 
Swihart has raised the possibility that the Coulomb 
interaction cutoff may not be exactly that used in the 
BCS theory." His calculations lead to a value of the 
exponent somewhat smaller in magnitude than the BCS 
value and different for different superconductors. While 
this theoretical point appears to be somewhat conjec- 
tural at the moment, the present results agree more 
closely with the Swihart prediction for lead (—0.475) 
than with the BCS value. 

The results at temperatures below 7, can be discussed 
in terms of the “similarity principle.” As put forward by 
Lock, Pippard, and Shoenberg,’ this “principle” is 
essentially a statement of two conditions: 


(i) Ho(M)/T.(M)=a, a constant; 
(ii) H.(M)=H,(M)f(i), 


where (= 7/T, and M=average isotopic mass. If @ in 
(i) and f(é) in (ii) are the same for two isotopically 
different specimens of the same superconducting ele- 
ment, these specimens exhibit the property of similarity 
(i.e., a geometrical similarity of critical field curves). 
On thermodynamic grounds it may be shown that the 
property of similarity implies invariance of y with 
changes of M, where y is the temperature coefficient 


11 J. C. Swihart, Phys. Rev. 116, 45 (1959). 





SHAW, 


(gauss) 


He (702) ~ H_(138) 


A Ee t —— 
200 400 
Ho (4F) (gauss) 
Fic. 4. Critical field differences between specimens 702 and 138 
vs H.(4F). The line represents the locus of points expected on the 
basis of the similarity principle. 


of the normal electronic specific heat.’ Insensitivity of 
y to variation of M is also to be expected on physical 
grounds. 

In Fig. 2 lines based upon the similarity principle 
have been drawn using the intercepts at H.(4F)=0 and 
the critical field curve of the 4F specimen as reported 
in reference 4. These lines are the loci of AH, values to 
be expected if the similarity principle were rigorously 
obeyed. However, the present data show that only 
specimen 704 does not deviate from this behavior in 
a systematic way. For fields below H.(4F)=670 gauss 
(where the hysteresis is not important) specimens 581, 
206, and 258 show small but systematic deviations from 
the expected behavior. The deviations are very much 
alike for all three specimens and, in fact, within the 
experimental scatter they are reasonably similar 
throughout this range. 

This leaves only 702 and 138 as samples which deviate 
considerably from similarity with 4F and for these two 
specimens the deviations are also much alike. These 
specimens were measured on different runs and there- 
fore at somewhat different temperatures. Thus, com- 
parison between them must be made by reference to 
the standard specimen, 47. Figure 4 has been con- 
structed to permit their direct comparison. It is ap- 
parent that similarity is reasonably well obeyed between 
these two specimens. This “mutual similarity” (to- 
gether with the small deviations for 702 and 138 shown 
in Fig. 3) provides an empirical basis for considering them 
separately from the remaining specimens. 

The deviations from similarity do not appear to be 
systematically dependent upon isotopic mass. (The 
deviations in Fig. 2 at fields above 670 gauss must be 
attributed to uncertainty in the hysteresis correction 
until it can be more accurately verified.) However, 
assuming that such deviations are real properties of the 
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specimens independent of hysteresis, it is possible te put 
upper limits on (1/a)(da/dM) and [1/ (0) J[df()/dM ] 
of approximately 0.0005 per amu. 

It is well known that y is given by the expression” 


V H.sdH. 
7=—— lim |=( : I 

4n TL T \ dT 
and thus is sensitive to the detailed shape of the critical 
field curve at low temperatures. However, assuming 
that the low-temperature behavior in Fig. 2 is real, one 
finds (1/y)(dy/dM) = —0.003+0.007 per amu. If, on 
the other hand, points for which the hysteresis is 
greater than 2 gauss are completely ignored and a 
linear extrapolation is made on Fig. 2, a value of 
(1/7) (dy/dM) = +-0.00015+-0.0008 per amu is found. 
The quoted uncertainties are one standard deviation 
and do not reflect any estimate of the maximum un- 
certainty. It seems clear that, within the accuracy of 
the experiment, we have found no dependence of y 
upon M. 

The possibility that the isotope effect in lead might 
be sensitive to the detailed character of the mass spectra 
of individual specimens was suggested by the anomalous 
behavior of 581 in the earlier measurements.’ This con- 
jecture was based on the fact that the mass analysis 
of 581 (25.8%Pb™; 33.9%Pbs; 14.2% Pb"; and 
26.1% Pb**) was conspicuously broader than any of the 
other specimens. The analysis of 206 (see the Experi- 
mental section) shows the most sharply peaked mass 
distribution of all the specimens measured.’ 

The intervening treatment of 581 (presumably the 
chemical refinement) converted it into one of the best 
behaved specimens of this series, particularly with 
respect to hysteresis (see Fig. 1). The divergence in 
Fig. 2 between 581 and 206 at the lowest temperatures 
is almost certainly related to the large hysteresis correc- 
tion required by 206. Over most of the temperature range 
agreement between these specimens is very good. This 
result seems to dispose of the possibility that the isotope 
effect in lead has any appreciable sensitivity to details 
of the isotopic mass distribution. Because of the wider 
range of M available, more conclusive results on this 
point could be obtained with tin if it were deemed of 
interest. 
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This paper is a continuation of an earlier study, from a many particle point of view, of the electromagnetic 
properties of insulators. Here the system of an insulator and one electron is treated. The Coulomb inter 
actions between all the electrons in the system are allowed for to all orders of perturbation theory. The true 
effective mass m* of the extra particle is defined as the curvature in wave vector space of the energy surface 
connecting the ground state and the low-lying excited states of the interacting system. The central result 
then obtained is that the response of the system to long-wavelength, low-frequency electric fields is exactly 
that of a free electron of mass m* moving in a medium characterized by the dielectric constant of the perfect 
insulator. The energy levels of the system in a static magnetic field are also discussed. An alternative deri- 
vation of a single-particle effective-mass equation, previously obtained by Klein, is given. The eigenvalues 
of this equation are under certain conditions the energy levels of the interacting system in a magnetic field. 
In an Appendix a Kramers-Kronig relation connecting the difference in optical absorption of the present 
system and the perfect insulator with m* is derived. These results indicate that the usual effective-mass 
theory of semiconductors of low carrier concentration includes the effects of the electron-electron interactions 


to an excellent approximation. 


1. INTRODUCTION 


XPERIMENTS on semiconductors containing a 

few carriers, such as those dealing with shallow 
impurity states, absorption and cyclotron 
resonance, have long been interpreted with quantitative 
success in terms of an effective mass model.' In this 
model, the carriers are treated as free particles having 
an effective mass m* (in the simplest cases a scalar), 
moving in a medium characterized by a macroscopic 
dielectric constant. Effective-mass theory is customarily 
justified from the standpoint of the independent- 
particle approximation.? In view of the experimental 
success of the theory, however, one is led to suspect 
that the assumption of weak electron-electron inter- 
actions is sometimes not necessary for its derivation. 
Recent theoretical work, mentioned below, has shown 
that this is in fact the case. In the present paper we 
further investigate this question. We consider the 
system of an insulator plus one electron. We study the 
response of this system to weak electromagnetic fields 
using methods very similar to those applied in an 
earlier paper® to the perfect insulator. The main result 
we then prove is an inertial theorem which states that 
the response of the system to long-wavelengih, low- 
frequency electric fields is exactly that of a free electron 
of mass m* moving in a medium having the dielectric 
constant of the perfect insulator. This result includes 
Coulomb interactions to all orders of perturbation 


* Portions of this paper are based on Chap. II of a Ph.D. thesis 
submitted to the Carnegie Institute of Technology (unpublished), 
and supported in part by the Office of Naval Research. 

t Present address: Institute for Theoretical Physics, Copen- 
hagen, Denmark. 

1W. Kohn, in Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1957), Vol. V, p. 257; 
H. Y. Fan, Reports on Progress in Physics (The Physical Society, 
London, 1956), Vol. 19, p. 107; G. Dresselhaus, A. F. Kip, and 
C. Kittel, Phys. Rev. 98, 368 (1955). 

2J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 
Other references are given here. 

3.V. Ambegaokar and W. Kohn, Phys. Rev. 117, 423 (1960). 
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theory. Kohn *» has previously shown that the bound 
states which occur when a small positive charge is 
embedded in this system have a hydrogenlike spectrum 
given by 

, m*eO? 1 


E. (1.1) 


Tol 


2[ «7 (0) } n? 


where Q is the embedded charge and «/(0) the static 
dielectric constant of the perfect insulator.* Further- 
more, Klein’ has shown, and we shall also show, that 
the spacing of the low-lying energy levels of this system 
in a constant not too strong magnetic field is 


(1.2) 


where 3C is the magnetic field. The results (1.1) and 
(1.2), like the inertial theorem to be proved here, are 
exactly what one expects on the basis of the above- 
mentioned effective-mass theory. They show that this 
theory is exact for gently varying perturbations of the 
system of an insulator and one electron. Consequently, 
it is very nearly exact for semiconductors of low carrier 


ac= es m*( . 


concentration. 

In outline, the program of this paper is as follows. 
In Sec. 2 we discuss the form of the many-particle 
wave functions of our system, and define the true 
effective mass m*. We also derive a longitudinal sum 
rule satisfied by our system. In Sec. 3, we calculate the 
response of our system to long-wavelength electric 
fields of arbitrary polarization. In Sec. 4 we show that 
the low-frequency response may be interpreted as the 
inertial theorem stated above, and make some com- 
ments about the response at higher frequencies and 
about the case of more than one extra particle. Finally, 
in Sec. 5 we discuss the response to a static magnetic 


‘W. Kohn, Phys. Rev. 105, 509 (1957) 

® W. Kohn, Phys. Rev. 110, 857 (1957) 

6 Throughout this paper the superscript / indicates a property 
of the perfect insulator and h=1, 

7A. Klein, Phys. Rev. 115, 1136 (1959) 
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field. Appendixes A and C clarify some details of the 
argument. In Appendix B we show that a Kramers- 
Kronig relation® between the true effective mass and 
the integrated electrical conductivity follows quite 
generally from the inertial theorem. 


2. EIGENSTATES, TRUE EFFECTIVE MASS, 
AND SUM RULE 


As our model we consider a lattice of nuclei (supposed 
rigid and of cubic symmetry) and electrons which 
interact with these nuclei as well as with each other at 
the absolute zero of temperature. Our system is ob- 
tained by adding one electron to the perfect insulator 
of reference 3. The Hamiltonian that describes this 
system of (.V+1) electrons is 


H=H)+Hct+H1, (2.1) 


where 


N+l1 


Ho= p (T,+ V3), 


r Seemanatll, 


Qo i<ik 


Here 7; is the kinetic energy of the ith electron and 
V; its interaction with the lattice. He describes the 
Coulomb interactions between the electrons (2 is the 
volume of the normalization box) and H, the electro- 
static energy of the lattice. Because of the translational 
symmetry of the lattice, the eigenstates of (2.1) may 
be characterized by a wave vector k (confined to a unit 
cell of the reciprocal lattice) such that 


TW n,«(X1,X2,°°*) =Vn,x Xit ta, Xott., °*:) 
= exp (ik- ta)Wn,x(X1,X2,°**), 
where 


HWY ys = ae a 


Here T, is the operator which translates all electrons 
through the lattice vector +, and m denotes all quantum 
numbers needed in addition to k to specify the state 
V,,x of energy E,.x. Let us assume for simplicity that 
the ground state corresponds to k=O and call the n 
associated with this state »=0. We also require that 
in the neighborhood of the ground-state (energy 5,0) 
there be a set of states of energy /y,,, and that for small 
enough k all other states En, (m0) satisfy the 
inequality 

Exn.x—Eoo> AE, (2.6) 
where AE is a characteristic energy of the order of 
electron volts. The foregoing requirements incorporate 
the notion of an energy gap against all excitations in 
our interacting system except those corresponding to 
“intra-band” transitions of the “extra particle.’ They, 
furthermore, make the unimportant simplifying as- 


*V. Ambegaokar and W. Kohn, Phys. Rev. Letters 2, 385 
(1959). 
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sumption that, except for direction of k, degeneracies 
due to the point group symmetry of the lattice do not 
occur near £,o. The eigenstates Y»,x, for small k, are 
then the one-particle like states which may be put into 
one-to-one correspondence with the set of Slater 
determinants corresponding to .V electrons filling a 
certain integral number of Brillouin zones and one 
electron near the bottom of a simple conduction band. 
The true effective mass is defined by the expansion® 


Fo,u= Eo,o+ (2?/2m*)+---, (2.7) 


where we have used the assumed cubic symmetry of 
the system. Let us also note for future reference that, 
because of the invariance of the Hamiltonian (2.1) 
under time reversal, the energy levels /,,, satisfy 


| ae ky (2.8) 


and the states V,,,. may be chosen to have the property 


Wn,u* (X1,X2,° + +) =Wn,—n(X1,X2,° °° (2.9) 

We now proceed to derive a longitudinal f-sum rule 

satisfied by our system of V+1 electrons. We start 
from the identities 

[H,o(q) |=q-j(q), (2.10) 

. (CV +] )q° 

CLH,e(q) ],o(—q) ]=—- (2.11) 

m 


where the operators p(q) and j(q) are defined as follows: 
V+1 


pla)=  e*, 


i=l 


(2.12) 


N+1 


i(q)=— DX (pic's *'+e'-*p,). 


2m i=! 


(2.13) 


Here p; is the momentum operator for the 7th electron. 
Taking the expectation value of (2.11) in the ground 
state Vo,o, we have 


(Eo,q— £,0) | (0,q| p(q) | 0,0) |? 
+(Eo. q— Eo,o)| (0, =a p(—q) 0, 0) > 


> (En.q— Eo,0) | (1,q| (q) | 0,0) |? 


nx) 


+> (En—q—Eo,0)|(n, —q| o(— q)|0, 0) |? 


n¥0 


(2.14) 


Using time-reversal invariance (2.8) and (2.9) and the 
definition (2.7) of the effective mass, we have'” 
mM a 
lim —| (0,q| p(q)|0,0)|?+" fon’=(V+1), 
a0 gy* . ; ’ 


nx 


(2.15) 


® This is the same definition as that used by Kohn‘ and Klein.” 
10 This relation is also a direct consequence of gauge invariance. 
See reference 16. 
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where fon! is defined by 


2m 
fon'=lim —(Enq— Eo,0) | (n,q| p(q) | 0,0) |? 
0 


2m iq | |? 
=lim — (x --3(q) 00) (2.16) 
t™ Faq Eo,0 q 


and the last equality follows from (2.10). The matrix 
element lim ,-.0(0,q| e(q)|0,0) has been discussed by 
Kohn.® He has shown that 
1 
lim(0,q | p(q) | 0,0) =——, (2.17) 
70 x! (0) 


where x/(Q) is the static dielectric constant of the perfect 
insulator. Substituting (2.17) into (2.15), we get the 
sum rule 


> 


+¥ fon'=(N+1). 


nr 


m 1 


x7 (0) 


(2.18) 


Since this sum rule contains the static dielectric 
constant of the perfect insulator, a characteristic 
many-particle effect, it cannot be derived in the 
independent-particle model. 

We shall see in the next section that the longitudinal 
oscillator strengths introduced here characterize the 
response of our system to perturbing long-wavelength 
longitudinal electric fields. We shall also see that a 
transverse sum rule having exactly the form of the 
usual f-sum rule of the Bloch theory holds for our 
system as well.''! This sum rule will characterize the 
response to transverse fields. 


3. RESPONSE TO FIELDS OF ARBITRARY 
POLARIZATION 


The program of this section is very similar to that 
of reference 3, Secs. 2 and 3. We start by calculating 
the longitudinal long-wavelength polarizability of our 
system in terms of the exact many-particle wave func- 
tions. We then make an expansion of this quantity in 
powers of the Coulomb interaction and represent the 
terms by graphs. As a result of the graphical expansion 
we are able to isolate the long-range effects of the 
Coulomb interactions which do not occur in the response 
to a transverse field. Finally, we calculate the complete 
tensor form of the kernel 7, which relates the induced 

"Tt is easily seen from the explicit form (3.11) of 7,, that Eq. 
(3.22) implies the following transverse sum rule 


m 

—+2 fo,*=N+1, 

m* 0 
where 

2m 
fon'= lim ee (n,q \j (q) ‘ ty |0,0) " 
re Es. q _ Eo, 0 

where ty is a unit vector perpendicular to q. A sum rule of the same 
form is well known in the Bloch theory. Here, however, the 
excited states indicated by the sum over nm include states not 
obtainable in the independent-particle approximation. 
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current to a perturbing vector potential. The low- 
frequency form of 7,, which we explicitly exhibit here 
leads at once in the next section to the inertial theorem 
mentioned in Sec. 1. 

Let us start, then, by calculating the long-wavelength 
longitudinal polarizability, a(w), of our system. We 
define this quantity by the relations 


(3.1) 
(3.2) 


Pina(G,w) =a (q,w) pext(q,w), 


lim a(q,w). 


q-0 


a(w) 


Here pext(qw) and pina(qw) are, respectively, the 
Fourier coefficients of an external charge density 
embedded in the system and the induced charge density. 
To calculate a(w) we suppose the external perturbation 
to be slowly turned on with a time factor e*‘, find the 
perturbed wave function of the (V+1)-particle system 
to first order in the external potential, and take the 
expectation value of the electronic charge density 
operator in this wave function.’ As a result we find” 


: 4rre* 
im ( ~) (- 1) 
or FR 


0 


x dtl p(—q, 0),p(q,t) })ce*#*e**. (3.3) 
Lp 1 p\q 


n 


a(w) 


Here p(q,t) is the operator p(q) [Eq. (2.12) ] in the 
Heisenberg representation, i.e., 


p(q,t) = e'# tp (q)e—##, (3.4) 


with H given by (2.1). In (3.3) the subscript 0 indicates 
that the expectation value of the commutator is to be 
taken in the ground state Woo. Performing the time 
integration indicated in (3.3) and introducing the 
oscillator strengths of the last section, we have 


a(w)=lim— 
q-0 


dire? __ (“ oe) 
LX ——_—_+-——— 
» Won twtis 


gQ 


Won —W—-t1S 


— lim - - — 
2 ol Le(0) Fe 


4rre’ 1 1 


(q?/2m*)—w—is 


| i | 
(q?/2m*)+w+is 


4rre* fon! 1 1 
= oY ; i. 
—~ 2 : ons 
MQ 24 2won \Won—W—1S Wontwtis 


4rre? 1 


(3.5) 


4rre* fon' 


( 1 
Qe? m*[x7(0) PF mQ 2H 2won \won—w—is 


1 
+ ——}. 
; Won tw—ts 
2 This is a special case of the type of result discussed by R. 
Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
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0,0 


Proper N-particle Response Internal Coulomb Effects 


0,0 


Improper N-particle Response Internal Coulomb Effects 


Fic. 1. Graphs corresponding to the polarization of the perfect 
insulator by a charge embedded in the (V+1)-particle system. 


The subscripts in (3.5) refer to the exact (V+1)- 
particle eigenstates, the wave vector index has been 
suppressed for brevity, and wo,= E,—£o. 

The quantity a(w) may also be calculated as an 
expansion in powers of the Coulomb interaction. This 
was done in detail in reference 3 for the perfect insu- 
lator. We imagine the Coulomb interactions to be 
turned on with a time factor e" and go over in (3.3) 
from the Heisenberg representation to the interaction 
representation, in which the time dependence of 
operators is determined by H».'* The terms of the re- 
sulting perturbation series may be represented by 
graphs." In this graphical representation we take the 
one particle ground state of the perfect insulator as 
“vacuum.” Then the graphs that occur start and end 
with one line traveling upward and labelled with the 
one-particle quantum numbers, 0,0 (band 0, wave 
vector 0). The classes of graphs illustrated in Figs. 1 
and 2 occur. Here the dashed horizontal lines starting 
at the crosses represent interactions with the external 
charge, those ending at crosses represent measurements 
of the induced charge. The solid line traveling upward 
represents the one particle state 0,0 occurring as the 
initial, intermediate or final state. The dashed hori- 


3 Explicitly, the first term in the commutator of (3.3) now 
becomes 


_ ar. . . : ’ 
lim —(—i) {vat lim (Wo, 0 | U,(— ©, 0)p(—g,0) 
ao ga “2 7 


X PLU, (0, — ©)po(q,t)]| Vo, 0)emt*test, 
where 


. 0 (—34 n ~~ oe 
U,0,—*)= % oP fats: + «dt, He(tet+ ++ He(tae™. 


Here P is the usual chronological operator; Hc¢(t) and po(q,t) are 
interaction representation operators, i.e., e*#0tHce-*Hot and 
e*Hoto(q)e~*40t, and Woo is the independent-particle ground 
state of the system. 

“For more details on the graphical representation see J. 
Goldstone, Proc. Roy. Soc. (London) A239, 267 (1957); J. Hub- 
bard, Proc. Roy. Soc. (London) A240, 539 (1957). 
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zontal internal lines indicate Coulomb matrix elements 
of wave vector q. The circles schematically represent 
arbitrary graphs of interacting electrons with the 
restriction that they cannot be split into two parts by 
cutting either a single electron line labelled 0,0 or a 
single Coulomb interaction line carrying momentum q. 
In the graphs of Fig. 1, the external interaction lines 
are not attached to the part of the graph that starts 
and ends with one line. The contribution of these 
graphs to the polarizability a(w) of (3.5) is exactly that 
of the perfect insulator which we here call a’(w). (The 
parts of Fig. 1 labelled ‘internal Coulomb effects” 
correspond to the normalization sum of the clothed 
state Woo, make a multiplicative contribution of 1, 
and may thus be omitted.*) The graphs of Fig. 2 
represent the contribution of the extra particle to the 
polarizability. (Here again the vacuum parts may be 
omitted.) Let us call the contribution of graphs of the 
form of Fig. 2, 8(w). Then by our definition 


I 


alw)=a‘\(w +B(w). (3.0) 


We now consider the connection between the totality 
of graphs and those of the form of Figs. 1(a) and 2(a). 
The latter cannot be split into two parts by cutting a 
single Coulomb line carrying momentum q. Such graphs 
we call proper polarization graphs. Graphs of the form 
of Figs. 1(b) and 2(b), on the other hand, we call 
improper polarization graphs. For a‘(w) we have a 
relation between proper and improper graphs. This was 
discussed in detail in reference 3 and is 


> 


Paes 7 oy 
7 (w)| 1+a!(w) |. (3.4) 


Here ap! is the sum of the contributions of all graphs 
of the form of Fig. 1(a). A similar relation connects 
8(w) and graphs of the form of Fig. 2(a) whose contri- 
bution we call Bp(w). It is 


B(w) =[1+a! (w) |8p(w)[1 T al (w) |. (3.8) 


2 


Equation (3.8) follows from the fact that the contri- 
bution of the most general 8 graph may be factored 
into the parts obtained by cutting the Coulomb inter- 
action lines carrying momentum q. (See Appendix A 
where the question of taking the limit g— 0 is also 
discussed.) Since a general improper 6 graph is obtained 
by attaching an N-particle polarization graph to one 
or other or both of the external lines of a 8p graph, Eq. 
(3.8) is proved. The relations (3.7) and (3.8) will prove 
useful in calculating the response to transverse fields 
since in this case, as we shall see, the long-wavelength 
Coulomb effects represented by the factors [1+ a! (w) ] 
do not occur. 

We now calculate the response of our system to fields 
of arbitrary polarization. To do this we calculate the 
tensor T,,(q,) defined by the relation 

Ju(G,w) = T y»(g,w)A,(G,w), (3.9) 


where A,(qw) is the Fourier coefficient of the per- 
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(a) 
0,0 
0,0 
>X 
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q 0,0 


Proper “extra-particle" Response 


0,0 (b) 
q 
oO 
0,0 
Q rq 
X C) 0,0 
q 


Improper “extra-particle" Response Internal Coulomb Effects 


O 


Internal Coulomb Effects 


i) 


Fic. 2. Graph (a) represents the charge induced by the direct 
esponse of the ‘extra particle” to an embedded charge. Graph 
(b) shows the “extra particle’ responding to the polarized medium 
and thereby further polarizing the medium. 


turbing vector potential'® and j,(qw) that of the 
induced current. The method of calculating 7,, is 
similar to that described before Eq. (3.3). The result is” 


* 9 
ie? °° 


Ty» (q,w) rm f dk{ j,.(—4, 0), 7-(q,t) ])oe~‘*"e*! 


cQ 


(3.10) 


Here j(q,/) is the operator j(q) [Eq. (2.13)] in the 
Heisenberg representation. 
Performing the time integration in (3.10), we get'® 


e 1 
T 4»(q,o sais > jul —Wonin(@)ao( — —— 


QQ * Won—w—1S 


e (N+1) 


1 
4 ——)-—- ——§,,. (3.11) 
Wontwtis moe YQ 


Here again the subscripts refer to exact (N+1)- 
particle eigenstates and the wave vector index has 
been suppressed. Note that the terms in the sum on 
corresponding to m=0 (namely, those that refer to the 
transition from Vo,9 to Wo,,) give no contribution in the 


‘8 Since only the Coulomb interactions have been included in 
the Hamiltonian 7, we mean here the total transverse vector 
potential and the longitudinal vector potential due to external 
sources. As in reference 3, we treat the long-wavelength part of 
the transverse field self-consistently. 

16The relation (2.15) is equivalent to the statement 
Qul u»(g,0)q,/¢=0 as may be readily verified from the explicit 
expression (3.11) and the definition (2.16) of the oscillator 
strengths. Thus (2.15), and consequently the sum rule (2.18), 
follows from a requirement of gauge invariance, namely, that a 
longitudinal time-independent vector potential induce no polari 
zation, since it describes no physical fields. 
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limit of small g since then wo, approaches zero and the 
two terms in the large bracket have opposite sign. 

By transforming (3.11) using the sum rule (2.18), 
the long-wavelength longitudinal part of T,, may be 
seen to be related to a(w) as follows: 


lim ry jp 3 g 
7 


T 1 (w) 
(3.12) 


w? 
— a\w). 
4irc 


Equation (3.12) is a statement of gauge invariance, 
namely, that the same longitudinal electric field 
described either by a vector or scalar potential induces 
the same charge. 

Here, as in reference 3, we may use (3.12) to derive 
also the transverse part of 7,,. The first term of this 
quantity [Eq. (3.10) ] may be expanded in powers of 
the Coulomb interaction. The graphs which represent 
this expansion have the same form as Figs. 1 and 2. 
It can be shown" that the improper graphs, i.e., Figs. 
1(b) and 2(b), in the limit of small g have the tensor 
form q,9,/g° whereas the proper graphs have the form 
5,». Thus only the latter contribute to the transverse 
part of 7,,. Now the equality (3.12) also holds for the 
subseries represented by proper graphs in the expansions 
of the right and left sides.'* Thus we conclude that 


w? 
a p(w), 
dic 


? 
gw), (3.13 


T .(w)=lim 1,7, 


where ap is the sum of graphs of the form of Figs. 1(a) 
and 2(a), i.e., 
(3.14) 


aPp\wW ap! (w)+ Bp(w), 


and t is a vector perpendicular to q. Thus the complete 
tensor form of T,, is 


aw 
lim T,.(q,w) = ——{ap(w)6,, 
q—0 Arc 


+[a(w)—ap(w) |guq,/¢}. (3.15) 


In the next section we shail discuss the physical 
interpretation of (3.15). Before doing this, however, 
it is convenient to display the low-frequency forms of 
the response more explicitly. For the longitudinal case 
we have, from (3.12) and (3.5), that 


e 1 
lim 7T)(w — (3.16) 
v0 m*cQ [x7 (0) P 

\7 See reference 3, Appendix B. 

18 This was shown in reference 3 by the mathematical artifice 
of applying the gauge invariance relation (3.12) to a hypothetical 
medium in which the electron-electron interaction had no g* 
divergence in the long-wavelength limit. For, in such a medium 
the contribution of improper graphs approaches zero with g. It 
is also possible, though tedious, to prove (3.13) directly by ex- 
plicitly examining the contributions of certain related proper 
graphs to the right- and left-hand sides of (3.12) and showing 
these contributions to be equal. 
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To find the form of the response to a low-frequency 
transverse field we note that from (3.5) 


hire” 1 


' (3.17) 
m*Q [«"(0) ? 


lim wa (w) 


ww) 


Now, for the perfect insulator 


lim wa! (w) =0, 


ew 


and, thus, from the definition (3.6) of B(w) 


4rre* 1 
lim w?8(w) on, 
o-10 m*Q [x7 (0) }? 


(3.19) 


Using the connection (3.8) between 8 and 8p and the 
definition,® 

1 

x? (w) = (3.20) 


- l—a p'(w), 


1 +a I (w) 


of the dielectric constant of the perfect insulator, 
then find 
w"B(w) é 
lim w?8 p(w) =lim =lim w*8(w)[«! (w) P 
ie ““Tital(w)P 
4ire” 


m*Q 


Thus finally from (3.13), (3.14), and the fact that (3. 
holds for ap! (w), we see that"! 

. e 

lim Ti(w - , 

w—+0 m*cQ 


We shal] see in the next section that the response 
calculated here is physically readily understandable. 


4. PHYSICAL INTERPRETATION 


We begin this section by showing that the low- 
frequency limits of the expressions for T;(w) and T;(w) 
which were derived in the last section [Eqs. (3.16) and 
(3.22) ] are identical to those one finds for a classical 
system of an electron of mass m* moving in a medium 
of dielectric constant x? (w). 

What is the response of the classical system men- 
tioned above to a perturbing electric field? Consider 
first a transverse field. Let A(x,/) describe the total 
transverse field in the system. The motion of the single 
electron is determined by the equation of motion, 

m*d*x/d?? 


eE’ (x,t) = — (e/c)A’(x,t), (4.1) 


where x is the position of the particle, E’ the electric 
field it sees (i.e., the total field less its own), and A’ 
the corresponding vector potential. The motion (4.1) 
gives rise to an average current density 


J = (e/Q)dx/di= — (e2/m*cQ)A’(x',1). (4.2) 
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Consider the long-wavelength Fourier transform of 
(4.2). Since the difference between A and A’ is of order 
A/N, we may neglect the contribution of this difference. 
Thus we have 

— (e?/m*Q)A(w), 


J’ (w) 


(4.3) 


where, as in previous sections, 


(4.4) 


j (w)=limj/(qw), A(w) 
q ») 


lim A(q,w). 
q +) 
The classical dielectric medium responds to the total 
field A according to 

Ja(w) 


(w*/4arc)[_ «x! (w)—1 JA(w). (4.5) 


Thus the Fourier coefficient of the total current induced 
in our classical system is 


é€ w" 
j(w) |- + [x?(w)— 1] JA(w). (4.6) 
c 


m*cQ 4a 


At low frequencies the first term in (4.6) dominates. 
This term corresponds exactly to the response of the 
interacting system described by (3.22). 

Consider now that an external time dependent charge 
density is embedded in the classical system. Let A(w) 
now describe the longitudinal field due to the external 
source. The induced current may be broken up into 
the following three parts: first, the response of the 
“extra particle” to the external field as modified by 
the medium; second, the current carried by the di- 
electric medium in responding to and modifying the 
external field; and third, the additional current induced 
in the medium as a result of the motion of the extra 
particle. The first current described above has, in 
analogy with (4.3), the form 


J’ (w) = (e* m*Q)A(w x! (w). (4.7) 
The sum of the second and third currents is 


w sx! (w)—1 
ja(w) = ( )rAw) +A’(w) |, (4.8) 


1 x! (w) 
where A’(w) is the longitudinal vector potential set up 
by the current j’(w) and is given by 


A’ (w) (49rc/w)j' (w ‘ 4.9) 
Thus the total response current is 


j(w) =j'(w)+ja(w) 


e A(w) & (= = ) 
m*cQ xi (w) 4arcX\ x? (w) 
4c 


e 1 
x] 4+ a 


w? m*cQ x (w) 


P : w /K!(w)—1 
iat sateen epee -+—(“ = )A) (4.10) 
m*cQ [x (w) P 4arc\ «7 (w) 
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For an external source whose significant Fourier co- 
efficients occur for very low frequencies. (4.10) reduces 
to 


e 1 


pay. (4.11) 
m*cQ [x!(0) P 


j(w)=— 


in exact agreement with the explicit form (3.16) of the 
low-frequency longitudinal response function calculated 
in the last section. We have thus proved that an 
effective-mass picture of the response of the interacting 
system of insulator plus one electron to low-frequency, 
long-wavelength perturbations is exactly correct. 

It is interesting that the decomposition of the induced 
current according to the above classical discussion 
exactly corresponds to a separation into topological 
classes of the graphs which occurred in the quantum 
mechanical discussion of the last section. Consider the 
graphs which describe the expansion of the transverse 
response function 7,(w). These have the form of Figs. 
1(a) and 2(a). They correspond, respectively, to the 
response of the medium and the “particle” to the total 
transverse field. The case of a longitudinal field is more 
interesting. The graphs which occur in the expansion 
of T,(w) have the form of Figs. 1 and 2. Figure 1 shows 
the perfect insulator responding to and modifying the 
external field as discussed in reference 3. Figure 2(a) 
and those graphs of the form of Fig. 2(b) that have 
N-particle polarization graphs only between the in- 
coming interaction line (corresponding to the inter- 
action with the external source) and the proper extra 
particle part show the “extra particle” responding to 
the external field as modified by the medium. The 
remaining graphs of the form of Fig. 2(b) show the 
medium in turn responding to the field set up by the 
extra particle. 

It is only, of course, at extremely low frequencies 
that the effective-mass picture of the interacting system 
is exact.’ At higher frequencies, Eqs. (4.6) and (4.10) 
no longer hold for this system. It may be readily 
verified, however, that when the quantity (e?/m*cQ) 
is replaced by (—w*/4mc)8p(w) * in these equations 
they correspond to the exact results (3.13) and (3.12). 
[Use Eqs. (3.14), (3.6-8), and (3.20).] Since the ex- 
pansion represented by Figs. 1 and 2 corresponds to 
these exact results, we see that the classical decom- 
position of the response current discussed above still 
applies. 

It should also be remarked that in so far as inter- 


9 In the limit of high frequencies our system behaves like a 
system of (N+1) free particles of mass m. For from (3.11) we 
have 

lim , 


2 N+1 
we Tyy(qw) = Z + 


—— —————=@ 45. 
ee Ti 


2” The function Bp(w) describes the transition from the low 
frequency region where the motion of the extra particle is most 
strongly influenced by interactions with the lattice and the other 
electrons (8p <1/m*w?) to the high-frequency region where the 
particle behaves essentially as though free. (It is easy to deduce 
from reference 19 that for high frequencies Bp(w) « 1/mw*.) 
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actions between carriers may be neglected, results of 
the form of (3.16) and (3.22) will continue to hold for 
the system of insulator plus a few carriers. The response 
of such a system would be described by N-particle 
polarization graphs (Fig. 1) plus extra particle polari- 
zation graphs (Fig. 2) for each carrier. Thus, apart 
from terms smaller by a factor of (m/N), where m is 


the number of carriers, we would have 
e n 


m*cQ [x7 (0) P 


(4.12) 


lim 7,” (w) 
w > 
and 
e 
lim 7,(" (w)=—- n. 
© m*cQ 


(4.13) 


Physically these results mean that such a system 
would respond to low-frequency, long-wavelength per- 
turbations like a system of n free particles of mass m* 
moving in a dielectric medium. 


5. EFFECTIVE HAMILTONIAN FOR 
STATIC MAGNETIC FIELDS 


In this final section we consider the effects of a 
static magnetic field on the system of an insulator and 
one electron. Klein,’ as mentioned in Sec. 1, has previ- 
ously derived the results we shall obtain here. We 
include this discussion both because it is a little more 
explicit than Klein’s and, also, because it follows quite 
naturally from the preceding considerations. 

What will be shown here is that the low-lying energy 
levels of the interacting (V+1)-particle system in a 
magnetic field may be very accurately obtained from 
a one-particle Schrédinger equation, namely, 


1 (- 
2m*\i 


* 


e 2 
v- pAcalx) ) FC) WF(x). (5.1) 
, 


Here m* is the effective mass defined by Eq. (2.7), 
A.x:(x) is the vector potential describing the external 
magnetic field, u/ is the static magnetic permeability 
of the perfect insulator," and W the energy measured 
relative to the ground state of the (V+1)-particle 
system. The conditions under which (5.1) is valid are 
as follows: 
1 
wcKAF, VA ext |< (mwc)'K-, 
y a 
where we is the cyclotron resonance frequency, 
(e5C/m*c) (5C is a representative value of the magnetic 
field), AE is the energy gap, and a is the lattice parame- 
ter. Under ordinary experimental conditions these 
requirements are extremely well satisfied. 


1 In reality, the correction obtained by taking into account the 
modification of the external magnetic field by the permeability 
of the system is of the order of the accuracy of (5.1). We include 
this correction, however, for formal completeness, 
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We now derive Eq. (5.1). The Hamiltonian de- 
scribing our system in an external magnetic field is 
H+H’. Here H is the unperturbed Hamiltonian (2.1). 
It contains all the Coulomb interactions. H’ describes 
the interaction with a magnetic field. We shall see later 
from a self-consistency argument that the magnetic 
field which contributes to H’ is the sum of the external 
field and the long-wavelength field it induces in the 
medium. Let this total magnetic field be described by 
a vector potential A(x). We Fourier-analyze this 
quantity as follows: 


A(x)=D, A(qe™*. (5.3) 


We choose ¥-A=0O so that 
A(q) 


t,A(q), where t,-q=0. 
Then we have 


H’=H)'+Hy, 


where 


H,'=—-— 


> A(q)t,-j(q), 


H,/= 


- ¥ ta: ty A (q)A (q’)p(q4+q’). 


2mc? 4.49’ 


The operators j(q) and p(q) were defined in 
(2.12-.13). We wish to solve the equation 


(H+ H')¥= EW. 
Let us expand ¥ as follows: 


Vv 3 a 


— 


nk 


aV a,x; (5.9) 


where the V,,,’s are the eigenstates of H and were 
discussed in Sec. 2. The wave vector k runs over a 
single Brillouin zone. In the V,., representation the 
Schrédinger equation (5.8) is 


> (n,k H’ | n' kaw = (E— Enx) Qn. x- (5.10) 


n’k 


Explicitly exhibiting the terms corresponding to n=0, 
we have 


> (0k) A’0,k’)aou + ¥ 


— 


k’ n’ #0 


(0.k H’ Wk’ )an’ x? 


(E- Eo.) do, x; 
and 


> (nk| WOK aoe + © (nik! A’! ln Kane 
k’ n’ #0 


= (E— En,x)On k- 


(5.12) 


We shall see later that, under the conditions (5.2), 
the low-lying solutions of the Schrédinger equation 
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(5.8) satisfy 


|E—Eoo|<AE; anx*0 only for ka<1. (5.13) 
Then, solving for @n,x (70) from (5.12) to lowest 


order in H’, we obtain 


1 


(n.k H’ O.k’) a: k’s (5.14) 


an,k >" 


Eoo— En,o 


> 
k’ 


Substituting (5.14) into (5.11), and retaining only terms 
quadratic or of lower order in A, we find 


> fe (on H’'|\0,k’) 
. 
(O,K| Hy’ | 2,k’’) (n,k” 
+ x aa 
k” Eo 


H,'|0,k’) 
do.’ 


0— Eno 


(E— Eo xa k- (5.15) 


We shall see that Eq. (5.15 
effective-mass equation (5.1). 

Let us, then, explicitly consider the matrix elements 
that have been retained in (5.15). In evaluating these 
matrix elements we impose the second set of inequalities 
stated in (5.2). We shall see later that the spread of 
the wave packet (5.9) for the states of interest is of 
the order of the fundamental cyclotron length (1/mwe)}?. 
Thus the above inequalities require that the magnetic 
field vary gently over lengths comparable to the spread 
of the wave packet and that this spread itself be large 
compared to the lattice parameter. Under these cir- 
cumstances the contribution of H,’ to the first term in 
the square bracket in (5.15) is 


is equivalent to the 


(0,k! 1’ |0,k’) 
= — (e/c) 4 A(q)(0,k| t,-j(q) |0,k’) 
=_— (e/c)A (k—k’)t, x (O.k j(k- k’) 0,k’). (5.16) 


It is proved in Appendix C, to all orders of perturbation 
theory, that for k, k’<1/a 
-k’/m*. 


> tx_x 5.17) 


lim (0,k! ty_x--3(k—k’) | 0,k’) 
k—>k’ 


Thus under our conditions 


(O,k| Hy |0,k’) = — (e/c) A (k—k’) ty_ ue k’/m*. (5.18) 


The contribution of 77,’ to the first term in the square 
bracket in (5.15) is 


2 
(0O,.k| H.’ | 0,k’) Zz 


— 


2mc? 4.4’ 


ty: ty A(q)A(q’) 


x (0,k | o(q+q’) | 0,k’) 

2 
— > tg: thx (q) A (k—k’—q) 
2mc? 4 


 (0,k| o(k—k’)|0,k’). (5.19) 
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The contribution of H,’ to the second term in the square 
bracket in (5.15) is 
> (O,k| Ay’ | nk’) (n,k’ | Hy’ | 0,k’)/ (Eo.0— Eno) 
: &  A(q)A(k—k’—q) 
-— > -—___—_ 
2¢ q En.o— Eo,0 
n #0 
X LO, k| te—n-—q-j (kK—k’—q) | n, k’+q) 
x(n, k’+q| te-j(a)!0, k’) 
+(0, k|t,-3(q) |”, k—q) 
X (n, k—q| te—1—q° J (kK—k’—q) | 0, k’) J. 


The following transverse sum rule is also proved in 
Appendix C. 


m > ((0, kK) ten: 3 (k—k’—q) | nk ’+q) 
7 X (n, k’+q| t,-j(q) | 0, k’) 
+ (0, k| t,-j(q)|”, k—a@) 
X (n, kK—q| tej (K—k’—q) | 0, k’) )/ 


m 
(En,o— Eo,0) +tg: te k’ ( ) 
m* 


= ta: tk—x«—q(0,k| p(k—k’) | 0,k’). 


2 


(5.20) 


(5.21) 


(For k’=k, this reduces to the transverse sum rule of 
reference 18.) Using (5.21), the terms (5.19) and (5.20) 
can be combined. Then Eq. (5.15) reduces to 


, 


> oo] —“A(k—) — 
k’ Cc 


m* 


e 
+—¥ A(q)-A(k—k’—9) | 


2m*c? q 
Rk 
= E— Eo.o-—- ao,k, (5.22) 
2m* 


where we have used the expansion (2.7) for the energy 
Eo... Equation (5.22) is in fact the effective-mass 
equation (5.1), written however in ““momentum” space. 
To obtain (5.1) we form a wave function F(x) as follows: 


F (x)= > ae do. xe'***, (5.23) 


where the sum on k runs of course over one Brillouin 
zone. Multiplying Eq. (5.22) by e™:* and summing 
over k, we obtain 
1 
(E— Fy») F(x)=-— 
2m* 


—~— ¥ A(k—-k)- kes, ye** 


m*c i,k’ 


V°F (x) 


e 
+ > A(q)-A(k—k’—q)ao,x-e"* -. 


2m*¢? q.k.k’ 


(5.24) 
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WF(x)=—- 


where W 
over the dimensions of a unit cell, we have 
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Now 


1 
A(q) = fAcve iq-tqy. (5.25) 
° 


~e 


1 
eik-(x—2’) = A(x—x’), 
Q kc B.Z. 


(5.26) 


where A is a spread-out 6 function having the di- 
mensions of a unit cell of the lattice. Using (5.25) and 
(5.26), we obtain 


V°-F (x) 
2m* 


e 


1 
- fax! Axx) AG) v F(x’) 
1 


2 
+ fev 20) 00-x)F 0), (5.27) 


2m*c? 
E— Eo,.o. Since A(x) varies extremely little 
1 


A(x)--w+ 
m*c 1 


1 é 
= i 
2m* 


A?(x) Jew 


2m*¢ 


=WF(x). (5.28) 

To complete the derivation of (5.1) we must relate 
A(x) to Acxt(x). Now for consistency the field A(x) 
must satisfy 


V?A(x) = — (4a/c)[ (Jer) +Jext.|, (5.29) 


where jext is the source of the external field and (je) 
the average current density induced by A in the N- 
particle system. As discussed in reference 3, it must be 
possible in the long-wavelength limit to write this 
current to lowest order in A in the form 


c pulrt 
den ( | ‘ra 
4X pl 


Here uw! may be interpreted as the static magnetic 

permeability of the perfect insulator. Substituting 

(5.30) into (5.29) and using the fact that V?Acct 
— (4r/c)hext, we find 


A(x)- 


(5.30) 


uA... (x). (5.31) 


When (5.31) is substituted in (5.28), the result is 


1 si e : 
( v- ube) F(x) =WF(x). (5.32) 
2m*\i c 
This is the effective-mass equation (5.1). 

We conclude with some comments on the consistency 
and accuracy of (5.32). First, we note that, for the low- 
lying states, W~we and the spread of the wave func- 
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tions is indeed of the order of (1/mwc)!. Thus the in- 
equalities (5.13) which we assumed in deriving (5.32) 
are in fact implied by the conditions (5.2). Since, under 
typical conditions for a cyclotron resonance experiment, 
(we/AE)~10~* and (mwe)ta~ 10-, the latter conditions 
are well satisfied. Second, we note that the spread of 
the wave functions implies that for the states of interest 
the quantity eA/c effectively has the value mwe/k 
where k is a representative wave number, i.e., 
k~(mwc)'. Thus, effectively eA/c~k and our pro- 
cedure of retaining terms up to the second order in 
these two quantities is consistent. Finally, we remark 
that it can be shown for crystals having a center of 
symmetry that the terms omitted in deriving (5.32) 
are effectively smaller by a factor of (wc/AE).” As 
mentioned above, this factor is extremely small under 
typical conditions. Thus the simple effective-mass 
equation (5.32) in fact includes the effects of electronic 
correlation to an excellent approximation. 
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APPENDIX A 


Here we discuss the factorization of graphs of the 
form of Figs. 2(b) into proper parts. We refer to the 
discussion of reference 3, Appendix A. The procedure 
for factorization described there amounted to first 
performing the time integrations” associated with the 
part of a graph on one side of a Coulomb interaction 
carrying momentum q while preserving their relative 
order. When this was done the contribution of the 
complete graph factored into those of the two parts 
obtained by removing the interaction line carrying 
momentum g and in its place attaching two external 
lines that preserve the sense of the momentum transfer. 
In applying this procedure to graphs of the form of 
Fig. 2(b) a slight complication arises. The complication 
is due to the occurrence of the initial one-particle state 
0,0 as an intermediate state, leading to energy de- 
nominators which vanish with (the rate of turning 
on the interactions). This, as is well known, contributes 
only a phase factor, undefined as » approaches zero, 
which corresponds to the energy shift induced by the 
interactions. Since both this phase factor and its com- 


22 Since many-particle effects do not enter into the order of 
magnitude arguments which give this result we refer to studies of 
the motion of Bloch electrons in a magnetic field, i.e., reference 2. 

%8 See reference 13. This factorization has also been discussed 
by J. Hubbard, reference 14. 

*M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951), 
Appendix. 
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Fic. 3. A_ simple ‘“‘extra- 
particle” polarization graph. 





plex conjugate occur in the calculation of the expec- 
tation value a(w), no real difficulty is caused. In the 
discussion of the perfect insulator, in fact, the corre- 
sponding phase factor and its complex conjugate were 
explicitly removed by the elimination of unlinked 
parts. However, even after the internal Coulomb effects 
are eliminated in the graphs of Fig. 2, the possibility 
remains of returning to the state 0,0. Thus the limit 
n— 0 cannot be taken in these graphs until the con- 
tribution of all of them are summed. This causes an 
apparent difficulty. For, the factorization procedure 
discussed above does not preserve the » dependence of 
the factored parts. In carrying out the intermediate 
integrations, the time factors e”* (due to the turning 
on of the Coulomb interactions) accumulate at the 
limits of integration. In general, one finds that, if there 
are / internal Coulomb interaction lines in the portion 
of a graph between the incoming external interaction 
line and the internal line carrying momentum q about 
which the factorization is to be performed, this line 
effectively carries an energy [w+is+i(/+1)n]. In 
other words, the contribution of the factored part, in 
which half the erstwhile internal line is now the in- 
coming external line, is that of the complete graph of 
the same form in which, however, the exterenal per 
turbation is turned on with a time factor [(4Dt 
instead of e*'. This fact causes no real difficulty, how- 
ever. For, the only factored parts which depend 
crucially on 7 are those which start and end with one 
line. But when all such parts are included in turn in a 
particular improper graph, and the factorization per- 
formed, the limit »=0 may be taken with impunity 
for the reasons given above. The result (3.8) then 
follows. 

One other point requiring special discussion is the 
question of taking the limit g— 0 in the contributions 
of 8 graphs, Fig. 2. An explicit factor g~ occurs in their 
contributions [see Eq. (3.3) ]. It is important to note 
that this causes no difficulty as g > 0. When interband 
transitions take place at the external vertices it is 
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obvious that no divergence occurs. For the matrix 
elements between Bloch functions of e*‘4-* which then 
occur there are themselves linear in g. It is when intra- 
band transitions occur at the external vertices that a 
special discussion is required. For the perfect insulator 
this was given in reference 5, Sec. 2. The point there 
was that the terms singular in g occurred in pairs: one 
had to consider together graphs in which each of the 
troublesome intraband vertices was associated in turn 
with the other point on the same electron-hole loop at 
the same horizontal level. Then because the sign’ that 
goes with these graphs is (— 1)'**, where / is the number 
of closed loops and # the number of internal hole lines, 
a cancellation occurred. Now for the graphs which 
occur in Fig. 2 this method of eliminating the divergence 
as g— 0 sometimes does not apply since it is possible 
that the external vertices do not lie on a closed loop 
However, the procedure exemplified below applies to 
such cases. In Fig. 3, if an interband transition occurs 
at V,;’, and an intraband one at V;, the singular part 
of the contribution (proportional to q~') is removed by 
adding together graphs in which this vertex is replaced 
by intraband vertices at the points V2, V3, and V4. If 
the vertex V;’ is also intraband, the graphs obtained 
by attaching the outgoing interaction line at all possible 
distinct points along the single particle-hole line 
traveling from the bottom to the top of the page, and 
causing intraband transitions at these points must also 
be included. When the contributions of all the above 
graphs are added together, the result approaches a 
finite limit as g— 0. 


APPENDIX B 


The inertial theorem discussed in Sec. 4 may be 
equivalently stated as the following Kramers-Kronig 
relation between the true effective mass m* and optically 
measurable parameters: 


2mQ m 


1-—— f [o(w)—2"(w)do=—. 
0+ 


re m 


(B.1) 


Here o(w) is the real part of the complex conductivity 
of the system of insulator plus one electron and o/(w) 
that of the perfect insulator. The lower limit of the 
integration indicates that the principal value is in- 
tended at w=0 (i-e., limes ft”). Equation (B.1) can 
be shown to follow from the transverse sum rule 
(reference 11) in the explicit model considered in the 
preceding sections. However, it also follows inde- 
pendently of that model from the low-frequency form 
of the transverse response function for very general 
reasons. This will be shown here. 

Consider a system of (N+1) interacting particles 
described by a response function, which relates a 
transverse vector potential to the current it induces, 
of the form 


T (w) = —2/m*Q+uB(w), (B.2) 
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where B(w) is a complex function of w whose real part 

is finite at w=0. The system discussed in Chapter II 

is a special case of (B.2). A result of the form (B.1) 
follows from (B.2) if 

e(N+1) 

lim T;(w) = —-————_-. 


wo 


(B.3) 


mcQ 


Physically (B.3) implies that the response of the 
system of (V+1) interacting particles to fields of high 
frequency should asymptotically approach that of 
(N+1) free particles of mass m. (This physical require- 
ment is of course satisfied for our explicit model.) Now 
— (ic/w)T ;(w)=S(w) is the complex conductivity which 
relates the induced current to an electric field. Since 
this must be a causal connection, it follows that® 
(i) S(w) considered as a function of the complex 
variable w is analytic in the upper half w plane, and 
(ii) S(—w) = S* (Ww). 

Using requirement (i), we have 


wS (w) 
f du =(Q), 
w—w’ 


c 


(B.4) 


where w’ is a real number and c is any closed finite 
contour in the upper half w plane. If this contour is 
deformed to run parallel to an infinitesimally above the 
real axis from —* to +, and then along a large 
semicircle in the upper half plane, we get 


® wS(w) me? ; 
Po f ——dw — irw'S(w’) -—(N+1)=0, 


(B.5) 
~«o Ww’ mQ 

where the first two terms come from the integration 
along the real axis (P.,, means that the principal part 
of the integral must be taken at w=w’), and the third 
term is the contribution of the large semicircle along 
which '7;(w) has the asymptotic form (B.3). Taking 
the real part of (B.5), we have 


* » Re[S(w) ] 
Po f ce -dw+-1rw’ Im[.S(#’) | 


—o wo-wW 


——(N+1)=0. 
mQ 


(B.6) 


Let us now let w’ — 0 and substitute the assumed low- 
frequency form of the Then, defining 
a (w) = Re[.S(w) ], we have 


" we? m 
Pof a(w)dw=— [v+i-—] 
mQ m* 


—o 


response. 


(B.7) 


The symmetry requirement (ii) implies that o(w)= 
% See, e.g., L. D. Landau and E. M. Lifshitz, Statistical Physics 


(Addison-Wesley Publishing Company, Reading, Massachusetts, 
1958), Sec. 122. 
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o(—w), and thus 


? re" m 
f a(w)dw = | w+1-— | 
2mQ m* 


(hy 


(B.8) 


If the N\-particle system has a finite dielectric 
constant at w=O0, as will be true for an insulator, we 
have from arguments similar to those given above that 


«© re- 
a! (w)dw=—N. 
0 2mQ 


Introducing (B.9) into (B.8), we get the result (B.1). 
If a system of (V+2) particles has a low-frequency 
response of the form (4.13), we similarly find that 


2mQ r* m 
—— f [o"(w)—o!(w) \dw=—. 
04 


wne m* 


(B.9) 


(B.10) 


Since (4.13) has been shown to be very nearly exact 
for the system of insulator plus m particles, it follows 
that (B.10) is also. 

For the system of insulator plus one electron described 
in Chapter II, ¢(w) has no singularity at w=0. This, 
as is well known from similar treatments of the Bloch 
model,”® is due to the neglect of damping. The integral 
in (B.1) must be understood to omit the low-frequency 
peak in the conductivity of the (V+1) system which 
would be experimentally observed and which a more 
realistic treatment would predict. 

It is possible to define an effective mass for a semi- 
conductor of large carrier concentration, for which the 
theory of the main body of this paper does not apply, 
by requiring that the low-frequency electric suscepti- 
bility lead to a response of the form of Eq. (4.13).?7 
We see that the effective mass so calculated will also 
characterize, according to (B.10), the difference in the 
optical absorption of pure and doped material. However, 
it is not, of course, obvious that the same value for the 
effective mass would be measured by some other means 
(e.g., cyclotron resonance). What we have shown in 
the main body of this paper is that for low carrier 
concentrations this is in fact so. 


APPENDIX C 


In this Appendix we evaluate some matrix elements 
needed in Sec. 5. We first consider the quantity 


(C.1) 


1 
lim (0, k+q| 7,(q)|0,k), k«-. 
ites a 


Now from the identity (2.10), ie., [H,o(q)]=q-j(q), 


26F. Seitz, Modern Theory of Solids (McGraw-Hill Book 
Company, New York, 1940). 
27 W. G. Spitzer and H. Y. Fan, Phys. Rev. 106, 882 (1957). 


AMBEGAOKAR 


we have 
lim (0, k+q| g-j(q) | 0, k) 
q-0 
1 ! \ 
=lim —(Fo,n+q— o,x) (0, k+q!p(q)| 0, k) 
qv q 
1 1 
=lim -[(k+ q)?—] 
6 2m*x! (0) 
=k-@/m*[x?(0) ]. 


Here we have used the identity® 


lim (0, k+q) p(q) 0, k) 


qv 


1/[x?(0) | 


and the expansion (2.7), valid for small &, for the 
effective mass m*. In (C.2) and in what follows, @ is a 
unit vector in the direction of q. To calculate (C.1) in 
an arbitrary direction we make an expansion in powers 
of the Coulomb interaction of the exact states |0,k) 
and |0, k+q).5 When the resulting series for (C.1) is 
represented by graphs, one finds that these fall into 
two classes symbolized by Fig. 4(a) and Fig. 4(b). In 
these graphs the operator j,(q) occurs at the inter- 
action line starting at the cross. The circles have the 
same significance as those in Figs. 1 and 2. The solid 
lines represent the one-particle states 0,k and 0, k+4q, 
(filled zones and one electron with wave vector k, k+q 
in the lowest conduction band). By examining the 
contributions of these graphs, one sees that 


lim (0, k+q/! 7,,(q)! 0, k) 


qq 


. g,a(k) + kb(k), (C.4) 


where the first term is the contribution of the improper 
graphs, Fig. 4(b), and the second that of the proper 
graphs, Fig. 4(a). To calculate (C.1) we must now 
determine the quantitites a(k) and 6(k). One relation 
for this purpose is given by (C.2). Another may be 
most easily obtained by the artifice used in reference 3. 
and in Sec. 3 of this paper. We examine the content of 
the identity (2.10) in a hypothetical medium in which 
the electron-electron interaction does not have a 1/q° 
singularity for small g. In such a medium the contri- 
bution of the improper graphs goes to zero with g, while 


| 
a0, k+q 


Fic. 4. The two classes of graphs which occur in the expansion of 
the matrix element (0, k+4q| 7, (q) |, k) 
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that of the proper graphs remains unchanged. We then 
conclude that?* (the subscript P means the contribution 
of proper graphs alone) 


lim (0, k+q]| 4-j(q)|0, k) p 
¢g +4) 


1 
lim ~( Fo 4 ae Eo.x)(O, k+q| p(q) 0, k)p 
q—0 g 


k-G/m*, (C.5) 


since® 


lim (0, k+q! p(q) | 0, k) p= (0,k|0,k)=1. (C.6) 


Using (C.4), (C.5), (C.2) and the fact that proper 
graphs contributed the second term in (C.4), we see 
that 
k-g 

—[1+e«7(0) ], 
n* 


1 


a(k)-+k- gb(k) (C.8) 


k- gb(k) =k- g/m*. (C.9) 


g:q’ m*[ x? (0) P+ > : ; 
n-t) Euxu— Eo,x 


(0, k+q—q’ | g-j(q)|”, k—q’)(n, k—q’| 4’-j(—q’)!0, k) 


— Bom Bies 


where we have used (C.3) and the expansion (2.7) to 
transform the terms on the left-hand side of (C.13) 
corresponding to intermediate states with n=0. 

A transverse sum rule follows from (C.13) in the 
same way as the transverse sum rule of reference 11 
followed from (2.18). We start by constructing the 
tensor 

0 


i 
Kulaa's)=|~ f dl e~‘*'e** 
2 J_. 


x (0, k+-q—q'| [j.(—a’, 0) j,(a,t) ] 


+{(j.(q,0),7,(—q’; t) ]|9, W)| 


1 um ‘ 
——b,,(0, k+q—q’|p(q—q’)|0,k).  (C.14) 


m 


ta-ty/m*+ - 


. Fo. 
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In (C.8) we have written the dielectric constant «/(0) 
in terms of the polarizability a’(0) [Eq. (3.20) ]. From 
(C.8), (C.9) and (C.4) we conclude that 


k, 
(6.>+G,9.07(0)). 


lim (0, k+q)! j,(q)/0, k)= 
¢70 m* 


(C.10) 


In particular, the transverse part of this vector is given 
by 
lim (0, k+q)|t,-j(q)|0, k) =t,-k/m*. 


q-~ 


(C.11) 


This is equivalent to the identity (5.17). 

Finally, we wish to derive the transverse sum rule 
(5.21). This is the transverse analog of the longitudinal 
sum rule which arises from the following identity: 


(CH,e(q) ],0(—q’) |= —q-q'p(q—q’)/m*. (C.12) 


Taking the matrix element of the right and left sides 
of (C.11) between the exact states |0,k) and 
0, k+-q—q’), we obtain for small q and q’ 


(0, k+q—q’! 4’-j(—q’)|n, k+q)(n, k+q 9-j(q)| 0, k) 


= 4-g/(0, k+q—q’ | p(q—q’)!0,k)/m, (C.13) 


We now consider ¢’- K(q,q’,w)-g. Using the sum rule 
(C.13), one then sees that in the limit g, g’ 0 


lim @’-K-g=—@-G'/m* (x! (0) F. (C.15) 


This relation is analogous to (3.16). Now, by a line of 
reasoning similar to that which lead.to (3.22) from 
(3.16), one can show that 


lim ty’ K-ty=—tg:tg:/m*. 


+) 


(C.16) 


Calculating the left-hand side of (C.16) explicitly from 
(C.14), one finally obtains” 


(0, k+q—q’ |t,:-j(—q’) |”, k+q)(n, k+q)| t.-j(q) | 0, k) 


_ (0, k+q—q’ ty: j(q) | n, kK—q’)(n, k—a’ t.-j(—4’) | 0, k) 


LS 
dos 


Enum Eo,x 


To lowest order in k, we may neglect the k dependence 


28 The energies Eo% and Eo,%+q are not affected by the removal 
of the extreme long-range tail of the Coulomb interaction. These 
energies are related to the proper electron self-energy parts. [See 
M. N. Hugenholtz, Physica 23, 481 (1957) and D. F. Du Bois, 


t,: tq (0, k+q—q’ | p(q—q’)|0,k)/m. (C.17) 


of the energy denominators in (C.17). The result is 
then equivalent to (5.21). 

Ann. Phys. 7, 174 (1959).] In the calculation of such parts the 
Coulomb interactions lines are integrated over all momenta. 


In the limit of small g, g’ the contributions of intermediate 
states with nm=0 cancel in the same way that they did in (3.11). 
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Gyromagnetic Ratios of Manganese Alloys 
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The gyromagnetic ratios of two different ferromagnetic alloys of manganese were measured by Einstein- 
deHaas experiments. The Heusler alloy CuzMnAl gave a g’ value of 1.993+0.002. The alloy MnSb gave a 


g’ value of 1.978+0.002. 





INTRODUCTION 
NVESTIGATORS who have measured the gyro- 
magnetic ratio of Heusler' alloys have given a g’ 

value of 2.00 indicating complete orbital quenching. 
Since highly specialized facilities have been made 
available? for making measurements of the Einstein- 
deHaas effect, it has become possible to determine 
whether or not orbital quenching is complete to one 
lower order of magnitude. It was also considered to be 
of interest to compare the magnetomechanical factors 
for different ferromagnetic alloys of manganese. Ac- 
cordingly, rods were cast and ground to the proper size 
of CuegMnAl (the usual Heusler alloy) and MnSb. The 
experimental equipment and techniques used by us for 
making measurements of the Einstein-deHaas effect 
have been previously described.’ 


RESULTS 


The series of experiments on the Heusler alloy is 
summarized in Table I. In these experiments two dif- 
ferent rods of CugMnAl were used. This is indicated by 
the break in the table. The value obtained for g’ is 
1.993+0.002. Although this value departs only 0.35% 
from the spin-only value for g’, the precision of these 
experiments is such that it is unlikely that orbital 
quenching is complete. Ferromagnetic resonance ex- 
periments by Yager and Merritt‘ show a similar 
(g=2.01) departure from the spin-only value. 

The experiments on manganese antimonide are sum- 
marized in Table II. Here the orbital contribution to 


1S. J. Barnett, Proc. Am. Acad. Arts Sci. 75, 109 (1944). 

? By the Charles F. Kettering Foundation. 

3G. G. Scott, Phys. Rev. 119, 84 (1960). 

*W. A. Yager and F. R. Merritt, Phys. Rev. 75, 318 (1949). 


the net magnetic moment is considerably higher, the 
g’ value being 1.978--0.002. 

It is concluded from these experiments that the ferro- 
magnetic alloys of manganese have small but definite 


TaBLeE I. Values of g’ for CuzMnAl obtained for various daily runs. 


Magnetizing current 
milliamperes g’ 


10.00 
10.00 


1.998 
1.980 


10.00 
5.00 
5.00 

10.00 
5.00 


2.002 
1.990 
1.992 
1.991 
1.995 


Average 1.993 


TABLE II. Values of g’ for MnSb obtained for various daily runs. 


Magnetizing current 
milliamperes 


10.00 
10.00 
14.00 
14.00 
14.00 
14.00 
10.00 


1.977 
1.981 
1.976 
1.979 
1.965 
1.982" 
1.988 
\verage 1.978 


*® This value obtained by Dr. J. V. Laukonis of General Motors; other 
values by author. 


orbital contributions to the net magnetic moments and 
that the amount of these orbital contributions is de- 
pendent on the particular alloying atoms used. 
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Heat Capacity of Ferromagnetic Superconductors* 
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Heat capacity measurements on two samples from each of the systems La;_,Gd, and Y;_2Gd,Os2 show 
features which are correlated with the reported existence of both ferromagnetic and superconducting transi- 
tions. For one sample the measurements cover a wide enough temperature range to show that the entropy 
associated with the ordering of the gadolinium spins is the xRIn8 expected for complete order. The heat 
capacities of the other samples are consistent with complete ordering. Superconducting transitions have 
been observed both above and below the maximum in the heat capacity associated with the spin ordering. 
The entropy differences between the normal and superconducting states show that superconductivity is not 
confined to small volume elements but probably extends throughout the sample. 


ECENTLY, solid solutions of elements and inter- 

metallic compounds have been discovered in which 
superconductivity and ferromagnetism appear to co- 
exist.'~* A question of central interest which cannot be 
answered by magnetic susceptibility measurements is 
whether the whole sample is both superconducting and 
ferromagnetic or whether, for example, superconduc- 
tivity is confined to small regions of the sample.‘ This 
note presents results of some preliminary calorimetric 
measurements which show both a superconducting tran- 
sition in a ferromagnet and a spin alignment taking 
place in a superconductor. The measurements also indi- 
cate that superconductivity and ferromagnetism exist 
simultaneously throughout the whole sample. 

Figure 1 shows the heat capacity of two samples be- 
longing to the system Y;_,Gd,Ose, between 1.1° and 
4.2°K. In this range it is considerably in excess of that 
to be expected for the lattice and conduction electrons 
alone. The observed entropy is in each case only 50% 
of the «Rln8 that would be expected for the complete 
ordering of the gadolinium spins but the shape of the 
curves is consistent with an entropy of that amount 
being associated with the total heat capacity anomaly. 
Susceptibility measurements on similar samples’ show 
that the ferromagnetic curie point, T,, for the Gdo.o7s 
sample is 3.1°K. For the Gdo.o, sample the presence of 
superconductivity makes the measurement of 7, by 
that technique difficult but an extrapolation from higher 
gadolinium concentrations gives 1.4°K. The heat capac- 
ity maxima are, respectively, 2.5°K and below 1.1°K. 
This correlation must be considered satisfactory in 
view of the width of the transition and the different 
nature of the two measurements. At temperatures above 


* Supported in part by the U. S. Atomic Energy Commission. 

1B. T. Matthias, H. Suhl, and E. Corenzwit, Phys. Rev. Letters 
1, 93 (1958). 

2R. A. Hein, R. L. Falge, B. T. Matthias, and C. Corenzwit, 
Phys. Rev. Letters 2, 500 (1959). 

3H. Suhl, B. T. Matthias, and E. Corenzwit, J. Phys. Chem. 
Solids 11, 346 (1959). 

4B. T. Matthias and H. Suhl, Phys. Rev. Letters 4, 51 (1960). 


the Curie point both samples have a heat capacity which 
increases with increasing magnetic field, as expected for 
paramagnetic materials. The one exception occurs for 
the Gdo.os sample near 3.6°K, which is the superconduct- 
ing transition temperature observed in the susceptibility 
measurements. Here the heat capacity decreases in 
small fields in the way expected for a superconductor 
just below its transition temperature, but then starts 
to increase in larger fields. The maximum decrease with 
field, 8 millijoules/mole deg, gives a lower limit for the 
difference in heat capacity between the normal and 
superconducting states. For a pure metal with electronic 
heat capacity yT this difference is about 1.4y7’, at the 
superconducting transition temperature, 7,,. In the pres- 
ent case the transition is spread over a 10% range of 
temperature in the way typical of solid solutions and, 
while the maximum difference depends to a certain 
extent on the shape of the distribution, it can be ex- 
pected to be approximately y7,. The assumption that 
the whole sample becomes superconducting leads then 
to a minimum value for y of 2.3 millijoules/mole deg?, 
which is of the usual order of magnitude. For example, 
pure Os has a ¥ of 1.1 millijoules/mole-deg?.5 

For the Gdo.o75 sample the superconducting transition 
occurs below the ferromagnetic Curie point. In this case 
there is a bump of about 2% in the zero field heat 
capacity relative to that in fields of 150 and 300 gauss. 
The heat capacity seems to approach a constant value 
as the field is increased and the apparent value of y 
is 4.0 millijoules/mole deg*. This result shows that 
superconductivity is not confined to a small fraction 
of the sample, as seemed possible from the susceptibility 
measurements,‘ but probably occupies the whole 
volume. 

It is interesting that external fields of a few hundred 
gauss can destroy superconductivity in a ferromagnet 
for which the field associated with the saturation mo- 
ment is several times greater. This observation is con- 


5 B. B. Goodman, Nature 167, 111 (1951). 
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Fic. 1. Heat capacity of solid solutions of GdOs2 in YOse2. T, and T, are, respectively, the ferromagnetic Curie point and 
superconducting transition temperature obtained by magnetic susceptibility measurements (see reference 3). 


sistent with the fact that the energy of interaction of 
the saturation moment with the external field is greater 
than the superconducting energy and with the result 
of Anderson and Suhl*® that the range of ferromagnetic 
ordering in a superconductor must be small compared 
to the coherence length. 

Figure 2 shows the heat capacity of two solid solutions 
of gadolinium in lathanum. The measurements below 
1.1°K were made in an adiabatic demagnetization 
calorimeter.’ The behavior of the 0.7% gadolinium 
sample at temperatures between 0.3 and 1.1° is compli- 


cated by thermal hysteresis and a spontaneous evolution 
of heat following some of the heating periods and lasting 
for several minutes. In some cases the temperature of 
the sample suddenly jumped by several tenths of a 
degree. We believe that these effects are all associated 
with the exposure of the sample to a magnetic field 
during cooling: no such effects were observed above 
1.1°K. Between 0.6° and 1.1°K it was possible to make 
measurements without having exposed the sample to 
the field of the main magnet and results obtained this 
way are generally higher, show no spontaneous heating, 
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Fic. 2. Heat capacity of solid 
solutions of gadolinium in lan- 
thanum. Magnetic susceptibility 
measurements indicate a supercon- 
ducting transition in the 0.7% 
gadolinium sample at about 2.1°K 
and ferromagnetic Curie points at 
temperatures indicated by T, (see 
references 1 and 2). Each symbol 
designates a single series of con- 
secutive measurements: the open 
symbols represent points obtained 
in the adiabatic demagnetization 
calorimeter. 
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6 P. W. Anderson and H. Suhl, Phys. Rev. 116, 898 (1959). 
7N. E. Phillips, Phys. Rev. 114, 676 (1959). 
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HEAT CAPACITY OF 
and are the only ones which join the measurements at 
higher temperatures. On the assumption that the correct 
heat capacity between 0.3 and 1.1°K is that obtained 
when no spontaneous heating was evident the heat 
capacity is very similar to that for Yo.9Gdo.o4Ose. With 
the extrapolation to 7=0 shown in the figure the en- 
tropy in excess of that for pure lathanum at 4.2°K is 
95% of the expected 0.007 Rin8. The superconducting 
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a magnetic field is 8 millijoules/mole deg and is con- 
sistent with the value 6.7 millijoules/mole deg? for y 
for pure lanthanum.*® For each of the lanthanum- 
gadolinium samples the heat capacity maximum is in 
good agreement with an extrapolation of the JT, vs 
composition curve from above the point at which it 
crosses the 7, curve. Both samples are known to be 
superconducting at and below the maxima.’ 


transition is spread out between 1.4° and 1.8°K. The 


2 : : ‘ ; J §D. H. Parkinson, F. E. Simon, and F. H. Spedding, Proc. 
maximum decrease in heat capacity on application of 


Roy. Soc. (London) A207, 137 (1951). 
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Magnetic Field Dependence of Energy Gap in Superconductors* 


K. K. Gupraf AND V. S. MATHUR 
The Enrico Fermi Institute for Nuclear Studies and the Department of Physics, 
The University of Chicago, Chicago, Illinois 
(Received July 20, 1960) 


The dependence of energy gap in superconductors on static magnetic fields has been derived in a gauge- 
invariant way from the theory of Bardeen, Cooper, and Schrieffer. It has been shown that the gap width 
decreases with magnetic field approaching the critical value. Optimum conditions have been discussed 
for the observation of such an effect. The decrease in gap width has been calculated for two supreconductors, 


Al and Sn, and it has been shown that for film thickness between 10~ to 1075 


enough to be observable. 


1. INTRODUCTION 


UCH progress has been made in recent years in 

the theory of superconductivity proposed by 
Bardeen, Cooper, and Schrieffer.’ Whereas the existence 
of an energy gap and the related thermal properties 
have been explained quite satisfactorily, the treatment 
of the electromagnetic properties of superconductors 
has not been quite unambiguous, mainly because of 
the question of gauge invariance.’ A lot of work has 
appeared in the literature on the problem of gauge 
invariance,*~* especially with a view to deriving the 
Meissner effect and the Pippard equation.’ 

In the present paper we consider another aspect of 
the magnetic behavior of a _ superconductor—the 
dependence of the energy gap on a static magnetic 
field. Since superconductivity is destroyed at a critical 
value of the magnetic field, one may expect that the 
energy gap would decrease with magnetic fields ap- 
proaching the critical field. The purpose of the present 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

+ Present address: Tata Institute for Fundamental Research, 
Bombay, India. 

1 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957), hereafter referred to as BCS. 

2M. J. Buckingham, Nuovo cimento 5, 1763 (1957). 

3 P. W. Anderson, Phys. Rev. 110, 827 (1958). 

4G. Wentzel, Phys. Rev. 111, 1488 (1958). 

6G. Rickayzen, Phys. Rev. 115, 795 (1959). 

6 Y. Nambu, Phys. Rev. 117, 648 (1960). 

7K. K. Gupta and V. S. Mathur, Phys. Rev. 115, 75 (1959) 


cm, the effect can be large 


paper is to study this possibility, and to explore the 
conditions under which the gap decrease might be 
large enough to be observable. 

Some experimental attempts have been made to 
study the effect of magnetic field on penetration depth 
and the gap width. Notable are the experiments of 
Pippard,* and of Spiewak,’ and the more recent attempt 
of Ginsberg and Tinkham." Studying the behavior in 
a microwave field, Pippard found that for tin, in presence 
of a static magnetic field close to the critical field, the 
penetration depth increased by less than 3%. Spiewak’s 
experiment also performed with tin wires (thickness 
~ 60u) at a lower microwave frequency again indicated 
a very small effect for both longitudinal and transverse 
magnetic fields. Ginsberg and Tinkham, in contrast 
with the above experiments, used very thin super- 
conducting films (thickness 12 A), and with the 
technique of transmission of far infrared radiation 
through such specimens, found a very small effect 
again. One of the purposes of the present investigation 
is to understand these negative results on the BCS 
model of superconductivity. We shall see that according 
to our calculations, these experiments have been 
performed with films either too thick or too thin, while 
the, optimum thickness for maximum effect lies some- 
where in between the two. 


§ A. B. Pippard, Proc. Roy. Soc. (London) A203, 210 (1950). 
* M. Spiewak, Phys. Rev. 113, 1479 (1959). 
10 TD. M. Ginsberg and M. Tinkham, Phys. Rev. 118, 990 (1960). 
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In this paper, the magnetic field will be treated as a 
perturbation, and the calculations will be carried out 
only in the lowest perturbation approximation. The 
electron-phonon interaction, on the other hand, shall 
be considered rigorously according to Bogoliubov’s 
philosophy" of compensation of “dangerous graphs.”’ 
The question of gauge invariance is an important one, 
but the various gauge invariant methods proposed 
involve approximations whose validity is not quite 
clear. In the present work we have used Wentzel’s 
method; it has advantage in the ease with which it 
lends itself to Bogoliubov’s elegant mathematical 
formulation. Since Wentzel’s method is known to give 
penetration depths larger than the ones obtained by 
BCS and others, it is desirable to check the present 
calculations using one of the gauge-invariant techniques 
based on a random phase approximation. This work is 
in preparation now and will be published at a later date. 

We start with Bloch-Froéhlich’s Hamiltonian of a 
system of electrons and phonons in interaction in 
presence of a magnetic field. Wentzel’s canonical 
transformation is then made to remove terms linear in 
the vector potential, so that the transformed Hamil- 
tonian is explicitly gauge-invariant (Sec. 2). Next we 
apply Bogoliubov’s quasi-particle transformation (in 
Sec. 3) extracting the ‘dangerous graphs” and mutually 
compensating for them (Sec. 4). The transformation 
parameters are now dependent on the magnetic field 
through the transverse vector potential, and so is 
the energy for a single-particle elementary excitation 
or the gap (Sec. 5). Section 6 is devoted to an applica- 
tion of these results to superconducting films. The 
decrease in the gap due to a static magnetic field is 
calculated separately for thick and thin films. Finally 
the possibility of observation of such an effect is 
discussed in Sec. 7. 

Throughout the paper we have confined ourselves to 
temperature 7=0°K, and have neglected all Coulomb 
corrections. In view of the approximations made in 
simplifying the integrals encountered, the calculations 
should be considered only as a crude estimate of the 
result. 


2. MANIFESTLY GAUGE-INVARIANT 
HAMILTONIAN 


For our system of electron gas interacting with lattice 
vibrations in presence of a magnetic field, we adopt the 
well-known Bloch-Fréhlich Hamiltonian, 


H=HotH,t+ Hata. (1) 
Here 


H.=>. E(k)a;,.*a..+> w(p)b,*b, (2) 
k,s Pp 


is the energy of the free electron and phonon gas. 
E(k)=?/2m is the energy” of a single Bloch electron 
11N. N. Bogoliubov, Nuovo cimento 7, 794 (1958). 

1 We use natural units #=1, velocity of light=1. 
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of wave number &, w(p) that of a phonon of momentum 
p. Gke*, 2x, are the canonical creation and destruction 
operators for an electron of wave number &, spin s, 
satisfying the usual commutation The 
electron-phonon interaction is given by 


s 


relations. 


H,= <= s(k—k’—p) 
(2V)! k.e’.p.s 


Xw!(p)(b,*+b_p)ans*ax,, (3) 
where g is the coupling constant, and V the normaliza- 
tion volume. The delta function used in the summation 
is defined as 
x, 


6(0)=1. (4) 


6(x)=0 for 


H« and Hx, represent the linear and quadratic terms 
in the interaction of electrons with the external magnetic 
field. The magnetic field will be described by a general 
electromagnetic vector potential A(r), a specific form 
for which will not be chosen till Sec. 6. 

e 


H,=-— 2 


2m k,k’.q,3 


5(k’—k+q) 


< {(k+k’)- A(q)}ax,*ax,, (5) 
e * 
Has=— >  6(k’—k+q4+q’) 
2m k,k’.q.9’,s 
X{A(q)- A(q’)}ax.*ax,, (6) 


where A(q) is the vector potential in momentum space, 
defined by the Fourier transformation 
A(r)=>-, A(q)e***, 
with the reality condition 
A(q)= A*(—q). 


In order to have a manifestly gauge-invariant 
treatment, we follow Wentzel, and remove from the 
Hamiltonian (1) terms linear in A by means of the 


canonical transformation: 
H—> H=e "He", (9) 
with LZ satisfying the condition 


[Het+H,, L]=—Aa. 


We shall then express Z in a power series in g: 


L=KatKgatKyoat:::, (11) 


where the operators Ku, Kya, Kgga are the same as 
given by Eqs. (2), (4), (6), (7), and (8) of Wentzel’s 
paper. 

The transformed Hamiltonian is then given by 


A= Hot+H,+ Aastha, KatKyatKooa ] 
+O(A*,gA*,g*A® etc.). (12) 


Assuming the external field to be weak, we neglect terms 
of order A* and higher in the electromagnetic potential. 
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The commutators in Eq. (12) can be calculated to be 


$LH4,Kal+Has=—-— & 


m k,k’.q,q’,8 
; iene. , 
1(44,K,.)=—— — > 
2m (2V)* &.&’.q.9’.p.8 
sided, ofl ale 
SLB a Keeal= oh ie 
2m k’,4,9’.P.p’.8 
+ 


k ,k’ ky ,k1’,q,q',8,8" 


where the functions / are complicated functions of 
the momenta, and have been listed in Appendix 1. 
It should be noted that /; and F, contain no phonon 
operators, F, is linear, and F; quadratic in them. 
Furthermore, it is clear from the Eqs. (13) to (15) that 
F’s are all quadratic in the vector potential. For a 
longitudinal vector potential, it can be seen immediately 
from the defining equations of the F functions that they 
are “manifestly” zero. The Hamiltonian (12) is then 
explicitly gauge-invariant. Without loss of generality 
we may now choose the vector potential to be trans- 
verse. The gauge ¥- A=0 will be adopted for further 
calculations. 


3. BOGOLIUBOV’S TRANSFORMATION 


It is well known that a straightforward perturbation 
theory cannot be applied to the Hamiltonian (12). We 
use here Bogoliubov’s method of compensation of 
“dangerous graphs,” and accordingly make the canon- 
ical transformation to the new Fermi amplitudes 


. * 
arto UjpAK,4— Vp k,—} » 


_— a. * 
Qk = U;,a- k—at UeCk,3 9 


de? 


_ } 5(q+q’)Fi(k,k,q,q’)2,2 4. 


5(k’— k+ q’+ q)ax.*ay PF 


6(k’—k+k,’—k, + q/+q) Xa, *ay aks 


DENCE 


i(k,k’,q,q’), 


6(k’—k+-q’+q+p) Xw!(p)a,,*a,.F2(k,k’,q,q’,p), 


6(k’—k+q’+q+pt+p’) Xw!(p)w!(p’)a,,*ax-./s(k,k’,q,q’,p,p’) 


*aky's’F (k,k’ ki, ki’,q,q’)}, (15) 


where mu, and v, are 
relation 


real ¢ numbers and satisfy the 


ujZ2+v,2= 1. (17) 


The Hamiltonian (12) then transforms to 


A’ =U+Ho+Hia (18) 
where U is the constant part of the Hamiltonian; i.e., 
free of quasi-particle or phonon operators, Ho is the 
diagonal part of the Hamiltonian, and Hj, represents 
the interaction between quasi-particles and phonons. 

Since Bogoliubov’s quasi-particle transformation 
does not conserve the particle number, we first replace 
the Hamiltonian 1 by H—AN, where N is the particle 
number operator >°,,.@%.*@xs, and \ is a parameter of 
the nature of a chemical potential. The transformation 
(16) can then be applied, and A can be determined from 
the condition that the expectation value N of the 
number operator in the Bogoliubov ground state 
should equal the actual number of particles Nr in the 
Fermi sphere. 

The Hamiltonian (18) is then given by 


e° g a ; 
> 6(q+q’) 


U=2 > {E(k)—A}o2— — 
k m ,4q,q’ 2m 2V«,«’.4.9’ 


< [2F 4(k,k’,k’,k,q,q’)ux-?0.2+{F 4(k, k’, —k, —k’, q, q’)+F(—k, —k’, k, k’, q, q’)}epoptey-d¢ 
+2{F4(k,k,k’,R’,9,q') + Falk, k, —k’, —R’, g, 9')} oe? on? ], 


Ho=>D 1(k) (eeo*arot+aes*onr) +L w1(p)by*b,, 
k P 


where 
e 2 


g 
e:(k) = { E1(k)—A} (w2—v4?)-—_ — LL 8(qt+q’) 
m 2V ’.a,.4’ 
X {Fi(k, k’, —k, 7 k’, q, q’)+Fi(—k, —k’, k, ¥, q, Q’) } 20D’ Vee, 
e e 2 
E(k) = E(k)—— & 6(q+q’)Fi(k,k,q,q’)+— —  8(q+q’){ Fa (k,k’,k’,k,q,q') ex? 
mM 4.9’ 2m 2V «’,4.9’ 
+2F,(k,k,k’,k’,q,q’)0.-? +27 4(k, k, —k’, —k’, q,q’)oy-?— Fa (k’,k,k,k’,q,q’)2,-?}, 


and 
2 


e g 
wi(p)=w(p)+— — > 5(q+q’)v.?X{F3(k,k,q,q’,p,p)}v.r., 
2m 2V 


k.4q,q’ 
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{ F;(k,k,q,q’,p,p)}v.e. being the coefficient of the 
diagonal term b,*b, in /'3(k,k,q,q’,p,p). The interaction 
between quasi-particles and phonons given by Hint is 
a complicated expression and we shall not write it in 
full. Schematically, however, it can be broken up as 


A iw=H1+A2t+ 834+ As, (24) 


where H,, Hz, and H; are quadratic or biquadratic in 
a’s, and H, contains no quasi-particle operator. Now 
H, represents the creation (or destruction) of 2 quasi- 
particles, and is an operator of the form a*a*, aa, 
a*a*a*a, ---. With respect to the phonon operators, we 
may further subclassify H, as 


H,=H'+H,", (25) 


where H,’ creates (or destroys) no phonons or 2 
phonons, and H,” creates (or destroys) one phonon. 

Next, H; is only quadratic in a’s, and represents no 
net creation or destruction of quasi-particles. It is an 
operator of the type a*a. As before, we write 


H.= H,'+H,”, (26) 
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where H,’ and H,”’ have the same meaning as the 
corresponding primed quantities in Eq. (25), except 
that in the case no phonon is emitted (or absorbed) 
only the nondiagonal part (N.D.P.) of a*a is involved 
in H,’, the diagonal part having been picked up in Ho 
already. 

The third term H; in the Hamiltonian (24) is wholly 
biquadratic in a@’s, and contains no phonon operators. 
Note that the quasi-particle transformation gives rise 
to biquadratic terms in a’s only when there are no 
phonon operators with them. This is therefore also 
true for the biquadratic terms in H,. The biquadratic 
forms of a’s in H; are all those not contained in A, e.g., 
of the type a*a*a*a*, aaaa, (a*a*aa)Nn .p.p., etc. 

The last term H, contains no quasi-particle operators 
and is purely quadratic in the phonon operators. Thus 
it contains terms like b*b*, bb, (b*b)np.p., etc. 

We quote below the explicit forms of H,’, H,’’, and 
H,", since these are the only terms which will be 
required in future. 


e 
Hy! =2 S{ E(k) —A\} nv: (eno*aer*+a00rn)—-— SS { > 6(k’—k+q’+q)Fi(k,k’,q,q’) 
P 


mk’ | 4.q’ 


1s 2g 
i. () ps a(k’—ke+a-bart p+ PPK Kaan) |X (arvaastawit + 
2\2V 7 a.0’.p.r’ 


9 


) 
e 2 


g/V_,OL_K 1040} +— — > 


Up VOL eR FU 


Vp A_h/0 AK 


6(k’—k+k,’—k, +-q’+q)F4(k,k’,ki,ky’,q,q’) 


2m 2V«.k’ .ei,k1’.4,9’ 


K { (teytepracgo* arg oA Vet 
X (kk yack 0% ak '1* — U —kyv 


+ (i DpCeK 0 Ee 1* — U,V 


x (ui jUky ak 10*aky'0+ Vk 1U%1 ‘ky lak v1*+u —k\u —ky'—ky1*a —ky'1 +0 
5(k’—k+p+q-+q’)w!(p){b,/(k,k’,q,q’,p) +5_,*g(k,k’,q,q’,p)} 


” * * " a " . 
XK (Uderano Akl +4 _,v Kal RO" kD Ug Dp aR Oo TU Rt 


g i 
H,"= > 
(2V)4 &.e’.a.0’.p 


where 


9 


eh ha KOT EOE Apia’ o— V_.pU_p’A_ pa e1) 


* ok ” 3%) 
e/AkiAk} + kU_p/A_py A Raitt eU_p/A_,9at K0") 


kyl —kyl*ae —ky'0* + Vk Uk Ack ylak'0— V —kyU — ky’ —k 0 —k 11) 


pA 4’ 1a Ko}, 


e 
f(k,k’,q,q’,p) =6(4)8(a’) -—{ coeff. of b, in F2(k,k’,q,q’,p)}, 
2m 


9 


e 
g(k,k’,q,q’,p) =5(q)5(q’) -——{ coeff. of b_,* in F2(k,k’,q,q’,p)}, 


2m 


” 8 
HH,’ =——_ 
(2V)! &.&’.4.0’.p 


4. THE COMPENSATION EQUATION 


We now follow Bogoliubov’s philosophy demanding 
compensation of “dangerous” graphs. Such “dangerous” 
graphs arise when two quasi-particles are created from 


5(k’—k+p+q+q’)w!(p) x {b,f(k,k’,q,q’,p) +0_,*2(k,k’,q,q’,p)} 


* a 
MK {Wee O04! 0 Upp tt gt 1 — VED OLK? "OLE — 1 


(30) 


x 
p/h 6 Q OL ko}- 


“vacuum” without the emission of phonons. Matrix 
elements for the creation of two quasi-particles, k0 
and ki say, can be written down in perturbation 
approximation. From the discussion on the form of the 
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interaction Hamiltonian (24), it is clear that only H,’ 


contributes in lowest order. In second order, the 


“dangerous” graph arises from a combined action of 
H.,” and Hy". 


elements to zero, we obtain the compensation equation, 


Equating the sum of these matrix 


correct to second order, 


_— e = 
{E(k)—A}—— DY 6(q+q’)F,(k,k,q,q’), 


m 4.49’ 


£(k) 


( (k) 5 


2V &’.a.q’.q1,41'.p 
<{f/(—k, —k’, q, a’, p)g(k, k’, qu, qx’, — p)+4 


e? y2 
ee 
= — 
2m 2V ’.4,9’ 
with 


g° ; 
Ee—— F 


2V &’.9,9’.91.41'.P 
i 


E(k)= 


DEPENDENCE 


a 5(k—k’+ p+q+q’)é(k’—k— p+qi+qi)X 
f(k, k’, qu, qu’, 


5(q+q’){Fa(k, k’, 


6(k—k’+ p+q-+q’)6(k’—k— p+qi+qi’)X 
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(0 | axons 1’ |0)— (O| apoax He’ (1 ‘H,)H,'"\0)=0, (31) 


which together with Eq. (17) specifies u, and 2,. 
Computing the expectation values in Eq. (31), we 
obtain the compensation equation in the form: 


E(k) u,v, = 3c (k) (u,2—0,2), (32) 


where 


(33) 
w\ p) 
€,(k’) +e, (k) +a (p) 


-p)g(—k, —k’, q, q’, p)}aeve 


—k, —k’, q, q’)+F.(—k, —k’, k, k’, q, q’)} yr, 


w(p) 
e,(k’) T €:(k) +a; (p) 


x (f(k, k’, qu, qu’, — p)g(k’,k,q,q’,p) ux? — f(k’,k,q,q’,p)e(k, k’, qu, qu’, —p)re?} 


a 


2m 2V «’.4,9’ 


e:(k) and w;(p) being given by Eqs. (21) and (23). 
Equation (32) is formally similar to Bogoliubov’s 
compensation equation and indeed becomes identical 
to it in the absence of the electromagnetic field. From 
Eqs. (17) and (32), we can solve for a; and 2, 
of c(k) and &(k) to obtain 


in terms 


E(k) 
1+ | 
{2(k)+£(k)}! 


£(k) 
~ {2(k) saa 
1 ck) 

2 {c2(k)-+ E(k}! 


whence 


U;,0;, = 


Substituting for 4/2," from Eq. (37) in the expression 
(34), one obtains an integral equation for c(k). The 
first term on the right-hand side of Eq. (34) can be 
written out fully using the defining Eqs. (29) for f, g. 
The term 26(q)5(q’)6(q:)6(q:’) in the expression inside 
the curly brackets is the one that contains Bogoliubov’s 
result. Within the limits of our approximation, the 
remaining terms that we need consider inside the 
curly brackets are the ones proportional to g’e?. These 
can be shown to be negligible as follows. If we write 
out these terms in full using the definition (A —2) of 
the F, function, we can interchange the variables 


5(q+q’)[ uy? 4(k,k’k’,k,q,q’) +2, 


{2/'.(k,k,k’,k’,q,q’) 
+2F4(k, k, —k’, —k’, q, q’) —F,4(k’,k,k,k’,q,q’)} J, 


suitably to group them into expressions like 
w(k—k’) 
| E(k’) — E(k-+-q’)—w(k—k’) 
w(k—k’) 
~ E(k’ +q’)—E(k)—o(k—k’) J 


Now, the maximum contribution comes from 
close to the Fermi momentum kr, so that for 


w> E(kr)— E(k; +q’) (39) 
these terms are negligible. The first term on the right- 
hand side of Eq. (34) in our approximation then 
reduces to 


(k’—k— p)—H———-u,. (40) 
€ 


1(k’) + e1(k) +e1(p) 


This has been evaluated in Appendix 2. Note that here 
we have to take into account terms in e;(k) which are 
proportional to e?. However, these can be shown to be 
negligible, so that integral (40) reduces to 


2¢°mky 
——c In(2a/c), 
(29)? 


(41) 


where ko is defined by the equation 


kK ko) —A QO. 
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Note that in the above evaluation c(k) has been taken 
to be a constant as an approximation, and w(p) has 
been replaced by a certain mean phonon energy @. The 
parameter ko defined in terms of the “chemical poten- 
tial” A, can be evaluated from the condition that the 
particle number is conserved. Following Bogoliubov’s 
field-free case, it is simple to show that ko~kr. 

In the second term on right-hand side of Eq. (34), 
substituting for F, from Eq. (A-4) and rearranging the 
terms, we find expressions like 


| o(k—k’) 
| E(k’) — E(k+-q)-+o(k—Kk’) 
w(k—k’) 


+ — EE 
E(k+q)—E (k’) ++ (k— k’)}’ 


which under assumption (39) can be replaced by 2. 
The result, after some algebra, becomes 


k- A(q)k- A*(q) 
{ E(k) Poser (k+49/2)) 
A(q)k’- A*(q) | 


~ (2E(k)— E(k’+q)— E(k’)} (a: (k’+4/2)) 


Note that the first term in (44) gives a dependence on 
the orientation of k. In the present work, we shall 
not discuss this angular dependence, and will confine 
ourselves only to the magnitude of the effect caused by 
the extra terms (49). Averaging out the angular 
dependence, it is easy to see that the two terms in (44) 
become equal in magnitude within the limits of our 
approximation, so that for k~ kr, (44) reduces to 


& #c 


oF y= 
2 (2m)? q 


meine — T(u,g), (45) 


" | A(q)| 5 ji (1—u?)du 
—1 (u+/2) 


where 


v=4q/kr, (46) 


1( =f a (47) 
u,q Pa M (2+) +a’ / 


a’ = (c/B)(ut+~y/2), 
8=2mc/krq, 


(48) 
(49) 
and 7’ is related to k’ by the equation 

n'=E(k’)—). (50) 


It is understood that at singularities one takes the 
principal values of the integrals. The maximum 
contribution to I(u,qg) comes from small values of 
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n'(n’~c), and for |n’| >w the factor (43) becomes very 
small. The limits for n’ integration have therefore been 
chosen as —w<7’<w. The 7’ integral is straightforward, 
but the resulting ~ integral in (45) cannot be done 
exactly. We estimate this integral in the following way. 
Split the range of integration of g in the following two 
domains: (i) vrq<c, (ii) vrpg>c, where vp is the Fermi 
velocity. In, Appendix 3, we have evaluated the u 
integral in these two regions, so that (45) can be written 
approximately as 


ky 3 


A(q)? 
» 


q 
where the single and the double primes on the summa- 
tion sign indicate the respective domains (i) and (ii). 

With the help of (41) and (51), the integral equation 
(33) can be solved to yield 


c=cf1—>d, f(q 
1ié ky 
—| A(q) 


3 m? co? 


where 


f(@= 


e ky | A( q) 2 
f(q)=~2.7 nt ie. mea for 
mM Co q 


V rg > C, 


and ¢o is Bogoliubov’s field-free solution, given by 


— )f,e—1/0 


Co L2WE (55) 
with 

(56) 
In deriving Eq. (52) we have assumed >), f(q)<1, 
so that Eq. (52) is not valid for strong magnetic fields 
that violate this condition. 


p= (g?/22*)mkr. 


5. ENERGY OF AN ELEMENTARY EXCITATION 
Consider a state with one quasi-particle 
|kO) = ayo*|0). (57) 


In our approximation, the energy of this state is 


H"|k0) 


+o Hy" (ho)— H,"’(k0) °), (58) 


Hy 


1 
E.(k) =(k0| Hy|k0)—¢ k0| H.””——— 


Ho x(k) 


where H,’’(k0) refers to that part of the Hamiltonian 
H," which creates (or destroys) the quasi-particle, k0, 
while creating (or destroying) a pair. The last term 
in Eq. (58) thus arises due to inhibition imposed by 
Pauli’s exclusion principle. Since we are interested ia 
the excitation spectrum for electrons very close to the 
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top of Fermi sphere, we have for such electrons ¢;(k) 
~0(g",g"e?,e) Consistent with our approximation, we 
neglect terms of order g’e,(k). Writing Eq. (58) in an 
expanded form and using some symmetry properties 
for the f and g functions, we get 


E(k) = €:(k)+2c;(k) yr, 


, 
e 
- ps 


2V &’.4,9’,a1.41'.p 


5(k—k’+p+q+q’) 


, 1) w(p) 
6(k’—k— p+qat+eq:)———— 
e(k’) +w(p) 


xX {/(—k, —k’,q,q’,p)g(—k’, —k,qu,qu’, — p) 
X uy?—g?(k,k’,qi,qi’, — p) 


< /(k’,kK,q,q',p)v% 7} (w2—v2), (59) 

where c;(k) is the first term on the right-hand side of 

the integral Eq. (33) for c(k), Now with the help of 

Eqs. (35), (21), (34), and (32), it is easy to reduce 
this to 

E(k) = &(k) (u,2— 0,2) + 2c(k)uyr, 

={ (60) 


e(k)+2(k)}}, 


so that the minimum energy required for an elementary 
excitation or the energy gap is given by c(k). 


6. LONDON AND PIPPARD SOLUTIONS FOR A(q) 
INSIDE A SUPERCONDUCTING MATERIAL 


So far the magnetic field B, or its vector potential 
was undetermined, but now we shall specify it, in 
accordance with what is known about the magnetic 
response of a superconductor. We do this for the simple 
case of a plane-parallel plate of thickness L, say 
—L/2<2z<¢L/2, with A=(0,A(z),0), B=(B(z),0,0), 
B(+L/2)=B. Now L may be large or small compared 
with the coherence distance’ 9>=vp/z’c. We first treat 
the former case (L>>£o) because it is simpler for two 
reasons: (1) The main contribution to Eq. (52) will 
come from qg<c/vp, and the error in adopting Eq. (53) 
for all values of q will be small. (2) The magnetic 
response is given by the simple London equation, the 
modification due to nonlocal effects (Pippard) being 
irrelevant. It is well known™ that in this case the 
solution of London equation with appropriate boundary 
conditions is 


coshuz B © sinhyz 
, 4—)=-—————_ 61) 
uw cosh(uL/2) 


cosh (uzL/2) 


B(z)=B 


for |z| < L/2, where uw is the penetration depth. Using 
4 F. London, Superfiuids (John Wiley & Sons, Inc., New York, 
1950), Vol. 1. 
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the Fourier transformation defined in Eq. (7), we get 
+1 


1 2 
>. | A(q) |?=- f | A(z) |*dz 
LY _1)2 


B* (sinhulL—pL) 
ey, 


2D cosh?(uLl 2) 


so that for L>>uo! (which follows from the condition 
L>>£o, since in general £)>>y7"') 


le ky B 
c oo( 1 : ). 
3 mm? ce pL 
The ZL dependence makes it clear that the effect 
calculated here is nol responsible for the breakdown of 
superconductivity at higher than critical field strengths 
in bulk material. 

The other extreme case, that of very thin films, 
L<éo, is much more complicated. The main contribu- 
tion to the g summation in Eqs. (51) or (52) comes from 
qg values >c/vpr, and the London equation must be 
replaced by an equation similar to the Pippard equation. 
Instead of solving Pippard’s equation explicitly with 
the approximate boundary condition, we proceed as 
follows: We consider a superconducting medium of 
infinite thickness and apply the surface current 


(63) 


j*"(r) =J{5(c—3L)—5(2+3L)}, (04) 


where J= (0,/,0). Alternatively, the external magnetic 
field (|z| > /2) may be thought to be generated by this 
surface current, and the field inside the thickness L 
will be the same in the two pictures. The value of J 
will be fixed by the condition that the field generated by 
(64) has the value B at z= +L/2. The desired expression 
for A(q) can then be obtained from the Fourier trans- 
form of the Maxwell equation 


V2A(r) = —4a[pe**(r) +3"(r) ], (65) 


where j*(r) is the supercurrent induced by the magnetic 

field. The Fourier transform of j*(r) may be written as 
1 

3°(q) = ——K (q) A(q), 


T 


(66) 


where the expression for the Kernel A(q) in Pippard’s 
case has been derived in an earlier study’ (based on the 
same approximation as the one used in Sec. 2 and 
Sec. 3). 
mp 3re 1 
eS 


-~— ve|g|>c. 
2 4)?vp q 


(67) 


Using the fact that in Wentzel’s theory the penetration 
depth uw! and coherence length £ are given by 
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Fic. 1. Percentage depression in the gap width for superconduct- 
ing aluminum plotted against the thickness of aluminum foil on 
a log-log scale 


the Pippard kernel becomes 


2 
or 


K(q) (68) 


which is formally the same as the BCS expression for the 
kernel, and identical to it if we use experimental values 
for the penetration depth uw and coherence distance &p. 

Unfortunately the evaluation of J and the summation 
over q in Eq. (52) can be performed only in a crude 
approximate way. Defining 


24 
) (09) 


the final result can be stated for two different cases. 
For 1/qo<L <p, 


(c—¢o) e ky B? 2 9 
weeny (- ) x(vL), 
‘ m Cogo” go°L* 


p= (gol 2)3. (71) 


(70) 


where 
and 
x (vL)=[1—e-"4(14+ vL) ]/ (1 +e“), (72) 
which tends to unity for vyL>>1. For L<1/ qo, 
Ckr BL 
; o(goL), (73) 


Mm Co qo 


(C—Co) 


~—0.4 


where 
(gol) = (2/gr'L*){1—e- “(14+ qoL)}, (74) 
which tends to unity for gol<1. 

It should be noted that the London case could also 
be treated by this method using the appropriate value 
for the London kernel K(q). In this case, however, the 
straightforward method we have adopted is much 
simpler. 

Notice also that the magnetic field generated by the 
current (64) is periodic in 2/ and not in L, as has been 
assumed in deriving Eq. (62). Care should therefore be 
taken in the Fourier expansions used for the two cases. 

At this point we would like to emphasize that the 
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results deduced in this section are independent of the 
Bogoliubov parameter p defined by Eq. (56). The 
situation is therefore different from one that obtains in 
the calculation of penetration depths in Wentzel’s 
theory where the result is different for different super- 
conductors because of the dependence on p. The 
disappearance of p from our final result can be traced 
to its cancellation in deriving Eq. (52), and also because 
we have chosen to use experimental values for the 
kernels (64) and (65). The depression of the gap can 
be calculated for various superconductors, the difference 
in the result for different metals entering in two ways: 
firstly through the quantity kF/mco, and secondly 
through the quantity uw in Eq. (63) and go in Eqs. (70) 
and (73). Experimental values for these quantities have 
been used from the data quoted in Table IV of BCS. 


7. POSSIBILITY OF OBSERVATION 


The decrease in the gap width due to the magnetic 
field has been calculated from Eqs. (63), (70), and (73) 
for two superconductors, aluminum and tin, and the 
results have been plotted in Figs. 1 and 2. It is clear 
that the effect is quite sensitive to the thickness of 
the film. It is also evident that the optimum thickness 
for maximum effect is independent of the strength of 
the field and is of the order of 1/go. For tin the gap 
depression for fields near the critical field is quite 
small (~8%), but for aluminum the result predicted 
(~25%) seems large enough to be observable. The 
sensitivity of the effect to the thickness of the film 
explains why the experiments of Pippard, of Spiewak, 
and of Ginsberg and Tinkham give a very small effect. 
Our result indicates that the superconducting specimens 
of Pippard and of Spiewak were too thick, and those of 
Ginsberg and Tinkham too thin compared with the 
optimum thickness 1/g9 (~ 10~° cm). 

Superconducting films of optimum thickness are 
neither thin films nor bulk superconductors, and so 
the experimental detection of the effect may present 
some difficulties. Infrared or microwave transmission 
experiments may not be feasible because of the opacity 
of such films. Experiments involving specific heat, 
thermal conductivity, or ultrasonic attenuation are not 
likely to give enough information. However, measure- 
ment of absorptivity of far infrared or microwave 
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Fic. 2. Percentage depression in the gap width for superconduct- 
ing tin plotted against the thickness of tin foil on a log-log scale. 
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radiation in such specimen appears feasible. A possible 
way of doing this is to look for the absorption edge in 
the reflected radiation as the frequency is increased to 
correspond to the gap width. Such an experiment has 
been recently described by Richards and Tinkham'*'® 
who used it to determine the gap energy in bulk super- 
conductors. It is perhaps also possible to detect the 
effect by experiments involving nuclear spin relaxation. 

We would like to emphasize at this point again that, 
in view of the approximate mathematical technique 
used, the calculations should at best be treated only 
as an order of magnitude result. The dependence of the 
effect on the thickness of the superconducting material] 
is, however, quite reliable. The use of Wentzel’s gauge 
invariant technique does not appear to be very crucial 
to the result. In fact, the final result is independent of 
the Bogoliubov parameter p which is characteristic of 
Wentzel’s results. 

The effect of decrease in gap width in presence of a 
magnetic field may have some interesting consequences ; 
a brief speculation on the problem of Knight shift will 
be made here. It is known that the temperature 
dependence of the paramagnetic susceptibility of a 


DEPENDENCE OF ENERGY 


GAP 115 
superconductor, calculated from the BCS theory,'® is 
at variance with the experimental results of Reif’ and 
Knight'*; the theoretical curve falling off too rapidly 
with decreasing temperature. It is easy to see that if 
the decreased gap width due to magnetic field is taken 
into account the theoretical curve would shift in the 
right direction towards the experimental points. Of 
course, such a shift would depend on the size of the 
superconducting specimen. A quantitative calculation 
of the magnitude of this shift cannot be made without 
calculations of this paper to finite 
temperatures—a generalization by no means trivial. 
Note that the above argument does not help in the 
problem of the vanishing of paramagnetic susceptibility 
at absolute zero; it is intended only for the temperature 
region i,t oe 


extending the 
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APPENDIX 1 


FP’, (k,k’,q,q’) 


1 (C(k +k’+q’)- A(q) |[ (2k’+q’)- A(q’) | 


4 q’: (2k’+q’) 


F.(k,k’,q,q’,p) 


[ (k+k’—q’)-A(q) |[(2k—q’)- A(q’) }) 


+ —3A(q)-A(q’), 
q’: (2k—q’) 


=4{[ (2k—q)- A(q) J[A(q’)- X(k’+ p+q’,k’,q’,p)b,+ A(q’)- Y(k’+ p+q’,k’,q’,p)d_,* | 


—[(2k’+q)-A(q) ][A(q’)- X(k, k— p—q’, q’, p)d,+A(q’)- ¥(k, k— p—q’, q’, p)d_,* }}, 


F;(k,k’,q,q’,p,p’) 


1 
- ; [(2k—q)- Acai] A(a) X(k—q—p’, k’, q’, »)( 


E(k—q)— E(k’) +0(p’)—«(p) 
b_»*b, 
4 — 
E(k—q)— E(k’) +(p’)—w(p) 
b_»’*b p 
oe ——— es be ————s 
E(k—q)— E(k’) +a(p’)+a(p) 
b_»*b_p* 


E(k—q)— E(k’)+a(p’)+(p) 


)-Aca’) X(k—q, k’+ p’, q’, n( 
-)+(a): Yk a p’, k’, q’, »)( 


)-Aa: Y(k—gq, k’+p’, q’, »)( 


(A-2) 


by bp 


E(k—q)— E(k’)—w(p’)—o(p 


id, 

E(k—q)— E(k’)—w(p’)—w(p) 
b_,*byy 

E(k—q)— E(k’)—w(p’)+a(p) 
b_»*byy 

E(k—q)— E(k’) ~w(p’)+0(p) 


) cw t+q)-A(q)} 


4 P. L. Richards and M. Tinkham, Phys. Rev. Letters 1, 318 (1958). 


16 P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 


16K. Yosida, Phys. Rev. 110, 769 (1958). 
17 F. Reif, Phys. Rev. 106, 208 (1957). 


18 G. M. Androes and W. D. Knight, Phys. Rev. Letters 2, 386 (1959). 
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X(k—p’, k’ A poe 
(q’)- X(k—p’, k’+q, q’, »(— > nnn -) 
[A E (k) \—E (k’+q)—w(p’)—w(p) E(k)— 2(k +q)+w(p’)—w(p) 


bybp b_»*b, 
—A(q’)- X(k, k’+p’+q, q’, p(— se eer rears ) 
E(k)—-E (k’ +4q)—w(p \— w(p) E(k)—£E(k’+q)+(p’)—w(p) 
b_,*by b_»*b_,* 
+A(q’): ¥(k—p’, k’+4, q, »)( - —4+—___—"_* __ ) 
E(k)—I 2(k’+q)—w(p’) )+w(p) E(k)—E(k’+q)+e(p’)+w(p) 
b_,*by b_»*b_p* 
— A(q’)- ¥(k, k’+p’+q, q’, )(- ————— 
E(k)—E E(k’-+q)— »( p’)-+w(p) Tp — E(k’ +a) tel 
FP ,(k,k’,k,,k,’,q,q’) 
1 — (2k,— q)- A(q) 
” 2 | E(k) — E(k’)-+ E(k, q) — E(ky’) 
(2k,’+q)- A(q) 
+ 
E(k) — E(k’)+ E(k) — E(ky’+q) 
ee Teo(Iky’—k,)A(q’)- X(k—a, k k—q—k’)A(q’)- ¥(k,,k 
_ »(k,/— X(k—q, k’, q’, p)—w(k—q—k’)A(q’)- ¥(ki,k,’,q’,p) | 
E(k—q)—E(k’)+E(k,)-Ek;) | 
(2k’+q)-A(q) 


+ —- w(k,’/—k,)A(q’)- X(k, k’+q, q’, p) 
E(k)— E(k’+q)+4 i(k) — E(k) 


[w(Kki’—k,+q)A(q’)- X(k,k’,q’,p) —w(k—k’) A(q’)- ¥(ki—4q, ky’, q’, p) ] 


[w(ki’—k,+q)A(q’)- X(k,k’,q’,p) —w(k—k’) A(q’)- ¥(ki, ky’ 1, Pp) | 


—w(k—q—k’)A(q’)- ¥(ki,ky’,q’,p) | | 


it (A-4) 


(k’+q 2) __ (k- q/2) ) 1 15 
_— (A-5) 
(k’)—Z 


XikK.a0)=(— —— kilos 
-(k’+q/2) q-(k—q/2) 
(k’+ y k—q/2 1 
YkKap)=(—— 2 2 a 2) -) —. 
E(k’) — E(k) —«(p) 


(k’-+q/2 q: (k—q, 2) 
Note that these functions have some symmetry properties that have been used in the text of the paper: 
X(—k’, —k, q, p)= Y(k,k’,q,p), 
F,(k,k’,q,q’)= F ,(—k’, —k, q, q’), 
F4(k,k’,ki,ky’,q,q’) = F«(—ky’, —ki, —k’, —k, q, q’), 
F(k,k,k,,ki,q,q’) = F«(ki,k,,k,k,q,q’). 
APPENDIX 2 
Using Eq. (37) and summing over #, the integral (40) can be written as 
ae f a ie (A-11) 
2 (2x) e:(k)+e:(k’)+o,(k— k’ ) [e. +E (k’ )} 


where we have taken c(k’) to be independent of k’ as an approximation, and have replaced w(k—k’) by a mean 
phonon energy &. Substituting for €, w;, and & from Eqs. (21), (23) and (33), we obtain with the help of Eqs. (22) 
and (35), the following result, consistent with our approximations: 


: g @ ¢ 
I fw —— == —x— —, (A-12) 
2 (29) (n—T')? Ne +(g—T ? } +(n! —I’)?/Le+(n’—-T’)? +6 [e+ (n’—T’)?] 
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Expanding the integrand in powers of e*, we get 


g’m @ 
[=—— - f ean'as dQ/—_——_—_——— - 
2(2n)? Lx (c 


In? 


(+9)! 


Note that the maximum contribution to the integral 
comes when n’~0, i.e., k’~ko. We, therefore, replace k’ 
in the integrand by ko, so that I’ is replaced by Ty. 
Now we are interested in k~kp, and since nr~0(e?) 
the terms involving I'n are negligible. Furthermore the 
integrand is small for large n’, and negligible for | n’| >o. 
The limits of integration for yn’ may thus be taken 


from —@ to +@. It follows that the terms proportional 
to I'p are zero. Finally the integral reduces to 


g’m +e c 
[=— bof yt Se 
(29)? J_3 (+n)! 


(A-17) 


which gives Eq. (41), i.e 


2g’mko 


c In(2a/c). (A-18) 
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APPENDIX 3 
Here we evaluate the integral in the expression (45): 


+ (1—?)du 
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Case (a). For vrg<Kc, B>1, we have a’Kc and a, 
and J(u,g) reduces to the simple form 


I (u,qg) = (2/cB8) (u+y/2). (A-21) 


The integral J in this case is therefore simply 


J =$(krq/mce*) (A-22) 

Case (b). For vrg>c, BA, note that in the subsequent 
q integration, the integrand decreases as g increases. 
For simplicity we shall consider vpqg<{cE(kr)}}, 
which implies 8>y/2. The integral 


I (u,q) I( (—%, q) )| 


— (A-23) 
(u—y/2)! 


al 
J= / (1—u?)du 
° | (ut+y/2) 


can then be estimated by splitting the range of u 
integration into three domains OS u<y/2, y/2< up, 
8<u<1. If we call the corresponding integrals J,, J 
and J3, a straightforward integration yields 


2) 


J = 2y, cp, 
Jom Ci 
Jy 6.8 fd 


Consistent with our approximation J; 


that finally 


<J>o and J3, so 


J~=10.8/c. (A-24) 


Using (45) with Eqs. 


follows immediately. 


(A-22) and (A-24), result (51) 
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Electroluminescence of Zinc Sulfide Single Crystals 
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In a series of experiments designed to distinguish between ionization and recombination processes during 
electroluminescence, rectangular voltage pulses were applied to single crystals of zinc sulfide. During the 
“on” period, the emission gradually increased to a stationary level. Removal of the voltage resulted in a 
burst of emission, which decayed slowly. This behavior is explained by the assumption of three field-de 
pendent processes, namely: (a) ionization of centers in barrier regions; (b) sweeping out of the liberated 
electrons from the vicinity of the centers; (c) tunnelling of electrons into the barrier regions. It was found 
that for a considerable voltage range the product of the light-sum (measured during the “off” period) by 
the current was proportional to the stationary emission level during the ‘‘on’”’ period. This proportionality 


strongly supports the model suggested. 


In many cases the current was found to be more strongly dependent on the voltage than the light sum 
This result favors an ionization mechanism which is independent of the current. 

The model suggests furthermore an alternative explanation for the Neumark-effect, i.e., the enhancement 
of the thermal glow by electric fields. The explanation does not involve an impact-ionization mechanism 


I. INTRODUCTION 


HE processes governing the electroluminescence 
(“EL”) of ZnS crystals and powders have been 
studied and discussed for several years. 

Most authors assume that during EL the luminescence 
centers are excited (or ionized) as a result of the impact 
of accelerated electrons. However, no clear-cut evidence 
has yet been found for the validity of this assumption. 

A controversy exists over the question whether de- 
layed recombination (of liberated electrons and ionized 
centers) is an important process in EL. 

Electroluminescent ZnS (both crystals and powders) 
behaves differently in alternating fields than in direct 
ones. The explanation of this fact has not yet been sup- 
ported adequately by experiment. 

We shall discuss each of these problems in some detail. 


A. Impact Ionization 


An impact ionization mechanism for EL excitation 
was proposed by Curie! and, independently, by Piper 
and Williams.? The latter authors suggested that the 
excitation is confined to the exhaustion barrier at the 
contact with the negative electrode. According to their 
model, some of the electrons in the barrier region are 
accelerated to energies sufficient for impact-ionization. 
Several modifications of the Piper-Williams theory were 
suggested.*~’ In all these models it was assumed that EL 
is excited by impact-ionization in regions of high local 
fields. The fact® that strong magnetic fields did not in- 

! D. Curie, J. phys. radium 14, 510, 672 (1953). 

2 W. W. Piper and F. E. Williams, Phys. Rev. 87, 151 (1952); 
ti98 J: Appl. Phys., Suppl. 4, 39 (1954); and Phys. Rev. 98, 1809 
1955). 

+P. Zalm, Philips Research Repts. 11, 353, 417 (1956). 

*G. F. Alfrey and J. B. Taylor, Proc. Phys. Soc. (London) 
B68, 775 (1955). 

5 E. Nagy, Acta Phys. Acad. Sci. Hung. 6, 153 (1956). 

*W. Lehmann, J. Opt. Soc. Am. 48, 647 (1958). 


7 C. H. Haake, J. Opt. Soc. Am. 47, 881 (1957). 
8A. N. Ince, Proc. Phys. Soc. (London) B67, 870 (1954). 


fluence the EL showed conclusively that if impact ioni- 
zation does take place, then it has to be confined to 
regions of high local fields. All the models mentioned 
above account well for the voltage and frequency de- 
pendence of EL. The observed temperature dependence 
has also been accounted for.’ 

The experiments which seem to offer the most direct 
proofs for impact ionization are those of Neumark® and 
of Steinberger.'° Neumark showed that the thermal glow 
of ZnS single crystals was considerably enhanced by an 
electric field acting during the “warming up” period. 
Enhancement ratios up to 10 were observed with 1000 
volts dc applied to the crystal. Neumark interpreted her 
results by assuming that the electrons which are therm- 
ally released from traps can serve as “heads of ava- 
lanches,” i.e., they are accelerated and generate sec- 
ondary electrons by impact ionization. Steinberger’s 
experiments seemed to demonstrate that the concentra- 
tion of free carriers increases considerably with applied 
voltage in ZnS crystals showing ac EL. 

On the other hand, Thornton’s recent experiments" 
lead him to strong arguments against the impact ioniza- 
tion model. He found that the EL emission spectrum 
did not change with voltage even at the lowest voltages 
applied. In fact he observed EL emission in activated 
ZnS thin films at 1.5 volts rms, i.e., at a voltage cor- 
responding to an energy smaller than the mean energy 
of the photons emitted. Thornton concludes from these 
results that EL does not depend on impact ionization. 


B. Delayed Recombination 


Waymouth and Bitter” applied rectangular pulses to 
a ZnS(Cu,Pb) powder layer. The behavior of the light 


®G. F. Neumark, Phys. Rev. 103, 41 (1956); and Sylvania 
Technologist 10, No. 2, (1957). 

10T. T. Steinberger, in Solid State Physics, edited by F. Seitz 
and D. Turnbull (Academic Press, New York, 1960), Vol. 4, p. 646. 

1 W. A. Thornton, Phys. Rev. 116, 893 (1959). 

12 J. Waymouth and F. Bitter, Phys. Rev. 95, 941 (1954). 
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pulses observed when the voltage was switched on and 
off led these authors to the conclusion that generally 
the recombination of the freed electrons with the ionized 
centers is delayed. The delay is caused by the field 
which “sweeps out” the liberated electrons from the 
vicinity of the ionized centers. Only after the removal 
of the external fields can the electrons return to the 
centers. This assumption is supported by the observa- 
tion that the “waves of brightness’”—under sinusoidal 
excitation—are much simpler for phosphors with excited 
activator centers (e.g., in phosphors containing manga- 
nese) than for phosphors where the centers are ionized." 
Further arguments for the delayed-recombination model 
were brought forward by Zalm,’ who applied voltages 
of various waveforms to phosphor powder layers, binder- 
or immersed in slightly conducting tricresy] 
phosphate. 

Similar results on ZnS powders have led Matossi' 
to different assumptions. He emphasized the different 
dependence of the green and of the blue emission bands 
on time. Furthermore he observed—with other authors 

a decaying light pulse during the “on” period and a 
somewhat similar pulse during the “off” period. Ac- 
cording to his model, these two pulses are caused by 
separate excitations of the centers. The high field neces- 
sary for the excitation during the “‘off’”’ period is created 
by the polarization charges which had piled up during 
the ‘‘on” period. In contradistinction, the light pulse 
at the switching on of the voltage is determined pri- 
marily by the external field. By taking into account 
these two, almost independent excitation processes, 
Matossi explained a large number of experimental facts 
without using the hypothesis of delayed recombination. 

All the results on powders showed*:'*—'’ that even 
the light pulse which is observed during the ‘‘on’”’ period 
does decay with time. It is natural therefore to assume 
the buildup of a polarization field during the “on” 
period. Consequently it seems that it is rather difficult 
to choose between the explanations of Zalm and Matossi 
if the experimental evidence available was obtained on 
powders. 

Experiments published on rectangular pulses applied 
to single crystals gave a simpler picture. Frankl and 
his co-workers'* reported that the emission of single 
crystals rises to a steady level during the “‘on’’ period. 
When the voltage is switched off, there appears a sudden 
burst of emission, followed by a decay. Narita’s experi- 
ments” essentially confirm these results. Frankl e¢ al. 
explained their results by assuming the delayed-recom- 
bination mechanism. 


less 


‘8 J. Mattler, J. phys. radium 17, 725 (1956). 

‘4 F, Matossi and S. Nudelman, J. Electrochem. Soc. 10, 1546 
(1954); and Phys. Rev. 99, 1100 (1955). 

16D. Hahn and F. W. Seemann, Z. Physik 149, 486 (1957). 

16 A. M. Bonch-Bruevich, Optika i Spektroskopiya 2, 256 (1959). 

17 R, Zallen, W. T. Eriksen, and H. Ahlburg, J. Electrochem. 
Soc. 107, 288 (1960). 

18D. R. Frankl, G. Neumark, and A. Lempicki, Bull. Am. 
Phys. Soc. 3, 45 (1958). 

19S. Narita, J. Phys. Soc. (Japan) 15, 128 (1960). 


OF ZnS SINGLE CRYSTALS 
C. Electroluminescence in Alternating 
and in Direct Fields 


It is well known that EL in alternating fields often 
appears under conditions where no EL in a direct field 
is observed. This fact is not discussed in detail in the 
literature. Most authors, however, seem to agree that 
it is essential for the production of dc EL, that electrons 
reach the excited region from the cathode side. This 
means tunnelling of electrons through the barrier. For 
ac EL, however, tunnelling is not a necessary condition. 
Zalm* pointed out that the tunnelling electrons can 
serve as the source for the impact ionization. Assuming 
tunnelling into an exhaustion barrier at the metal-semi- 
conductor interface, he showed that the number of 
tunnelling electrons should increase proportionally to 
exp(—a/s/V), where V is the applied voltage and a a 
constant. The probability for an electron in the barrier 
region to be accelerated to a given energy is also propor- 
tional to exp(—8//V), where 8 is another constant. 
The probability for an electron to tunnel through a 
barrier and to ionize subsequently a center should thus 
be proportional to exp(—a’/./V) where a’=a+ 8. This 
means that for dc EL the brightness should increase 
more steeply with the voltage than the current. Further- 
more, in ac EL, the number of centers ionized per cycle 
should increase more steeply with the voltage than the 
conductive component of the current. If the ionization 
were the rate-determining process, the EL emission (both 
dc and ac) should increase more strongly with voltage 
than the current. Comparison between the voltage 
dependencies of the EL brightness and of the currents 
could thus serve as a first check of this model. 

We shall return to these discussions after presenting 
our experimental results. 


Il. THE EXPERIMENTAL ARRANGEMENT 


A photomultiplier (I[P21) in conjunction with a gal- 
vanometer and an oscilloscope seved for the measure- 
ment of the EL brightness. The blue band of the emis- 
sion was observed through the filter “Wratten” No. 34 
and the green one through “Wratten” No. 16. The 
current under direct fields was measured with an elec- 
trometer amplifier. For the measurement of conduct- 
ances under sinusoidal voltages, it was essential to 
eliminate the displacement currents. This was done by 
applying simultaneously with the alternating field a 
much smaller direct test potential.!°° The direct com- 
ponent of the current thus generated was measured by 
the electrometer amplifier. From this the average (taken 
over the half of a cycle) of the conduction current could 
be determined by calculation. 

In most experiments rectangular pulses were applied 
to the crystal. A set of “Tektronix” Series 160 pulse 
generators served as the source. For repetition rates 
above 100 cps, a conventional RC-coupled amplifier 

J. T. Steinberger, V. Bar, and Y. Berlinsky, Bull. Research 
Council Israel 8F, 224 (1960). 
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TABLE I. Slopes of log B vs 1/4/V and of log J vs 1/\/V representations. [All slopes in (volt)#. ] 
I g V I by I 





Crystal 
No. 
1 Growing in 10 cm H,S, 1200°C, 60 hours in 
fused bomb. Green emission, medium per- 
sistence. 


Short description of crystal 


Growing in 10 cm H,S, 1080°C, 72 hours in 
fused bomb. Blue emission, short persist- 
ence. Accidental oxidizing during cooling. 


Contains 0.004% by weight of Cu. Blue and 
green emission, short persistence. 


a; de Remarks 


No de EL 


@EL dc aj ac QEL ac 


52 lath 60 105 


f Low voltages 


190 | 


100 9 
54) 34 


High voltages 
Green band 


Blue band 








was used for obtaining higher voltages. For the lowest 
repetition rates, the output of the pulse generator was 
fed to the coil of a mercury-wetted contact relay 
(“Clare” HG 1017). Across the contacts of this relay 
voltages up to 500 volts could be applied. The time 
of switching by the relay was of the order of 10~° second. 
Actually the parasitic capacitances increased this time 
up to 50 microseconds. Even this time is much shorter 
than most time-constants shown by the crystals. 

In all experiments reported here, the crystals were 
equipped with nonblocking contacts. For sinusoidal ex- 
citation, colloidal graphite, silver paste or indium amal- 
gam electrodes were used. The results were independent 
of the electrode material. For excitation by rectangular 
pulses only indium amalgam electrodes were employed. 
The EL light emission was studied through a low-power 
microscope as well. It appeared that the light originated 
in the crystal bulk. Under direct fields the details of the 
emission patterns did not change when we reversed the 
polarity of the voltage. 


II. EXPERIMENTAL RESULTS 
A. Direct and Sinusoidal Voltages 


About twenty crystals, grown under various condi- 
tions, were tested for ac and for dc EL. The currents 
though the crystal were also measured. Figure 1 shows 
a typical voltage dependence of the current and of the 
EL brightness. It is seen that for ac the logarithm of the 
brightness B is linear with (1/,/V), where V is the 
applied voltage. The dc EL and the currents, however, 
could be better represented by a law of the form 
I =A, exp(—ai/\/V)+A:2 exp(—a2/s/V), where Aj, 
A», a, and a, are constants. As pointed out in the 
Introduction, the slopes of log B vs (1/4/V) (denoted 
by ag) and of log J vs (1/s/V) (denoted by a) can 
give information on the nature of the processes respon- 
sible for the excitation of EL. According to Zalm’s as- 
sumptions,’ one could expect that agr> ay; in all cases. 
Actually, we found this to be true for direct voltages. 
For ac the above inequality often does not hold. Table 
I serves as an illustration of this point. 

It is seen that, for crystal No. 3, agn<ay for alter- 
nating voltages. These results seem to indicate that 
Zalm’s assumption on tunnelling and subsequent impact 
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ionization does not hold. For more definite conclusions 
it is necessary to determine the number of centers ionized 
per cycle and compare this number with the current. 
Application of rectangular voltage pulses seemed to 
be a promising method for this purpose. 


B. Rectangular Pulses 


Figure 2 represents typical oscillograms on the cur- 
rent and the EL brightness of a ZnS single crystal to 
which a single rectangular pulse was applied. The same 
pattern was observed with repeated pulses, provided 
the repetition rate was low enough. It is seen that while 
the field is acting, the emission gradually reaches an 
equilibrium level. When the field is switched off, there 
appears a burst of emission which decays to zero during 
a time somewhat longer than the time of rise to the 
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Fic. 1. EL brightness and conduction current under alternating 
and direct voltages. Crystal No. 2. Frequency of alternating 
voltage: 38 cps. 
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equilibrium level. The risetime of the “burst” is of the 
order of 0.5 millisecond. (The rise is distorted in Fig. 2 
as the input impedance of the oscilloscope was normally 
shunted by a capacitor in order to diminish photo- 
multiplier noise.) This EL brightness waveform is much 
simpler than that reported for powder phosphors, but it 
is similar to that reported by Frankl'* and to some of 
Narita’s oscillograms.'® Both these authors investigated 
single crystals of zinc sulfide. 

In Fig. 2 the in-phase component of the current is 
also represented. This component has the same rise 
and decay times as the voltage pulse (about 50 micro- 
seconds). Another component of the current was ob- 
served during the “off” periods. This component was 
smaller by a factor of several hundred than the ‘‘in- 
phase” current; therefore it could not be represented 
on the scale of Fig. 2. The sense of this component is 
opposite to the sense of the in-phase current. It decays 
very slowly (time constants of the order of a second) 
during the “off” periods. 

The time dependence of the EL brightness, as shown 
in Fig. 2, makes it unlikely that polarization phenomena 
affect the EL waveform in our case. In fact, the emission 
during the “‘on”’ period reaches a stationary state with 
no indication of decay. The current does not decay 
either. No decays were observed even when the field 
was applied for several minutes. This means that during 
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the ‘‘on” period the effective field-strength stays con- 
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Fic. 2. Current and EL brightness versus time. Crystal No. 
3 under rectangular pulse excitation. Pulse amplitude: 150 volts 
on crystal 0.15 mm thick. 
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Fic. 3. Light sum § during ‘‘off” period and brightness B at 
the end of “‘on” period as a function of the length of the pulse 
duration. Crystal No. 3, 150 volts. 


stant and there is no perceptible buildup of a polariza- 
tion field. Thus in this case the burst observed during 
the ‘‘off” period cannot be attributed to a new excita- 
tion due to a residual polarization field. 

We assumed, therefore, that during the ‘‘on” period 
the field sweeps out the liberated electrons from the 
vicinity of the centers.*:?!§ Only when the field is 
switched off can these electrons return to the region 
of ionized centers. In other words, the recombination 
of the electrons with the centers was delayed. This 
model has to be valid for the green and the blue bands. 
There exist, however, quantitative differences between 
the two bands, as is apparent from Fig. 2. 

In some cases the oscillograms representing the bright- 
ness vs time behaved differently. Some of the samples 
investigated showed a behavior similar to that of pow- 
ders, i.e., both the “‘on” and the “off”? pulse decayed 
with time. Significantly, the resistance of these crystals 
was much higher. Moreover, investigation under the 
microscope revealed that these crystals were much less 
perfect than the others; in fact they looked like a con- 
glomeration of small crystals. It seems therefore that 
in the case of these samples conditions were very favor- 
able to the buildup of polarization fields. Probably some 
of Narita’s results’ could also be similarly explained. 
In the following we shall deal mainly with results on 
“good” crystals where polarization phenomena were 
not discernible. 

In such crystals, the area S beneath the light pulse 
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Fic. 4. EL brightness vs time, 
with various on and off periods. 
Crystal No. 3, 150 volts. 
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observed during the ‘‘off” period is proportional to the 
number of electron-center recombinations. According 
to our model, during the “off” period no ionization of 
centers occurs. The area S is therefore proportional to 
the number of centers m which were left ionized at 
the end of the ‘“‘on” period. The brightness B, measured 
at the end of the “on” period, is also proportional to 
this number. (Actually B is proportional to Xm, where 
n is the number of free carriers in the vicinity of the 
centers. From the constancy of the current—Fig. 2 

it follows that m can be assumed to be constant during 
the ‘‘on” period.) The dependence of S on the length of 
the ‘‘on” period should therefore be the same as the 
dependence of the final brightness B on the length of this 
period. Figure 3 shows that this is actually the case. 
The area S tends to a saturation value S,, with the in- 
crease of the length of the “on” period in the same way 
as B tends to B,,. The results for both emission bands 
are similar. For short “on” periods, the graphs for B 
and for S are somewhat different. 

It was indicated above that the level B, is equal to 
the level of the dc EL at the same voltage. If the field is 
reapplied during the decay period this level will eventu- 
ally be reached again. Figure 4 shows oscillograms repre- 
senting such cases. It is apparent that if the field is 
reapplied after a long “off” period, the brightness 
increases to B,,. If the “off” period was short, there is a 


decay to the same level. The change is always monotonic. 


These results give additional information on the 
kinetics of the recombination and light emission. When 


the voltage is switched off, the electrons which had been 
swept out return to the luminescence centers and recom- 
bine with them. The number m of the ionized centers 
thus begins to decrease immediately after the end of the 
“on” period. Therefore at the reapplication of the field 
the number of ionized centers is always less than the 
equilibrium concentration. If the “sweeping out” at the 
reapplication were fast enough, the emission ought to 
decrease momentarily beneath the equilibrium level 
B,,. Figure 4 shows that this is not the case. From this 
it follows that the “sweeping out” sets in gradually 
on the reapplication of the field. Very probably trapping 
processes are involved. 

In this connection it should be noted that there exists 
a qualitative difference between the behavior of the 
two emission bands. If the voltage is reapplied a short 
time after switching it off, the green emission decays 
faster to B,, than the normal decay rate of the brightness. 
Under similar conditions the blue emission decays at a 
slower rate than before the reapplication of the field. 

Figure 5 represents the dependence of S,, B,, and 
the current J on the amplitude of the pulses applied. In 
all cases the repetition rate was kept low enough to 
allow a complete decay of the pulse in the “off” period. 
It is seen that the representation of the logarithms of 
S,. and of B, vs 1/\/V yields straight lines. J vs V 
can be represented as a sum of two curves of the same 
type. The values of A in the expression exp (—A//V) 
appear in Table II. 

As indicated, S,, is proportional to the number of 
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centers which were left ionized at the end of the “on” 
period. According to the assumption? about impact 
ionization generated by tunnelling electrons, S,, ought 
to increase with the voltage faster than the current. 
Table II shows that this condition is fulfilled for crystals 
Nos. 4 and 5. For crystal No. 3, however, S,, increases 
more slowly than the current. It does not seem probable 
to assume different excitation mechanisms for different 
crystals. The results thus indicate that one has to reject 
either the assumption on impact-ionization, or the as- 
sumption that the impact ionization is initiated by 
electrons which tunnelled into the region of ionized 
centers. 

For the interpretation of our results it seems neces- 
sary to assume the existence of three field-dependent 
effects: (a) ionization of the luminescence centers; (b) 
sweeping out of the liberated electrons from the vicinity 
of the ionized centers; (c) tunnelling of electrons from 
the cathode side into the region of excitation. During 
the ‘‘on” period only the tunnelling electrons recombine 
with the luminescence centers. 

Table II shows that for each crystal investigated 
there exists a voltage region where As,+A ;=Az, 
within the experimental error (about 5%). This result 
is in complete agreement with the model suggested by 
the first experiments described in this paper, since ac- 
cording to this model S« m, J«n, and B« mn. The fact 
that the equality As,+A;=As, holds, serves as a 
quantitative proof for the applicability of this model. 

Alfrey and his co-workers” reported that in single 
crystals of ZnS the product of the current by the ac EL 
is proportional to the de EL. A similar result was ob- 
served in some of our crystals, as can be seen from Table 
I. In view of our results reported above (in connection 
with Table II) this relationship indicates that ac EL 
in these cases is proportional to the number of centers 
ionized per cycle. 

As seen in Table II, the relationship As,+A,= As. 
holds only in certain ranges of the applied voltage. The 
experimental results are not sufficient for interpreting 
the deviations from this relationship in the other ranges. 


IV. DISCUSSION 
The experiments described in this paper show that 
under suitable conditions the waveforms of EL are 


Paste II. Values of A in (volt)# for various crystals. 
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— {Green band 132 66 le 

See Table I {Blue band 115 55 J 70 

From the same batch as 230 160 
Sample 2. Blue band. 

From the same batch as 310 190 
Sample 2. Blue band. 


21G. F. Alfrey, I. Cooke, and K. N. R. Taylor, in Solid-State 
Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
New York, 1960), Vol. 2, p. 816. 
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Fic. 5. Current J, brightness B,, and light sum S, versus 
pulse amplitude. Crystal No. 3. 


simple enough for consistent interpretation. Elimination 
of the internal polarization is the most important con- 
dition. This was achieved by using good single crystals 
equipped with nonblocking electrodes. The other cir- 
cumstances which facilitated interpretation were: (a) 
the use of rectangular voltage pulses; (b) the separation 
of the two emission bands. 

The results demonstrate the existence and importance 
of two effects on EL, namely: (a) sweeping out of the 
liberated electrons from the vicinity of the centers; 
(b) tunnelling of electrons from the cathode side into 
the region of the ionized centers. In polycrystalline 
specimens and in powders polarization phenomena may 
distort or mask these processes. 

According to the model proposed, the sequence of 
events generated by a rectangular voltage pulse is the 
following. On the application of the voltage pulse, lumi- 
nescence centers become ionized in regions of high local 
fields (“barrier regions”). At the same time electrons 
tunnel into the barrier region from the cathode side. 
The current flowing to the anode consists of electrons 
which tunnelled into the barrier region and of electrons 
which were liberated from the centers. There exists a 
small probability for the recombination of the electrons 
of this flow with empty luminescence centers; this 
probability determines B,, i.e., the dc EL. Most elec- 
trons, however, are swept away from the vicinity of the 
ionized centers to the anode side of the crystal. A frac- 
tion of these electrons became trapped. At the removal 
of the voltage these electrons return to the region of 
ionized centers and recombine with them. Thus a burst 
of emission is observed at the switching off of the field. 
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The nature of the barrier regions mentioned is un- 
known; the only assumption used here is that it is 
penetrable from the cathode side by electrons. The 
microscopic studies seem to indicate that instead of a 
single barrier region near the cathode, there are many 
such regions dispersed in the crystal. 

For simplicity, we identified throughout the free car- 
riers with electrons. Actually these experiments do not 
contradict the assumption that the conduction process 
are dependent partly on free holes. Recently more ex- 
perimental evidence has been published® which seems 
to indicate that for the blue center of ZnS the Klick- 
Lambe model holds.”* The different dependence on time 
of the blue and of the green emissions can be easily 
explained this way. More experiments are, however, 
necessary in order to decide on this point. 

As it was pointed out above, it is unlikely that the 
luminescence centers are impact-ionized by electrons 
which tunnelled into the barrier region. Thornton’s 
recent experiments seem to suggest that the impact 
ionization mechanism has to be discarded altogether. 
However, our experiments by themselves do not contra- 
dict the possibility of the impact ionization mechanism, 
provided that the accelerated electrons had been liber- 
ated from donors or traps (thermally or by the field.) 

In view of these conclusions the ‘‘direct” proofs on 
impact ionization during EL deserve further scrutiny. 
The results previously reported by one of the present 
authors” can be interpreted in two ways: either by 
assuming that electrons tunnel into the crystal without 
causing impact ionization, or by assuming that electrons 
liberated from traps cause impact ionization. As the 
increases of the conductance observed were very large, 
the first explanation seems to be more likely. 

As mentioned in the Introduction, Neumark found 
that the thermoluminescence of an electroluminescent 
crystal is enhanced considerably if during the thermal 
glow an electric field is applied. In fact, the emission 
is much stronger than the sum of the thermal glow and 
the EL emission at the same temperature. Neumark 
interpreted the results by assuming that thermally 
liberated electrons were accelerated by the field and 
ionized cehters by impact. 

This model given by Neumark does not account for 
the fact that the enhancement was observed mainly 
in direct fields. No effect or only a very small one ap- 


* H. Arbell and A. Halperin, Phys. Rev. 117, 45 (1960). 
3 J. Lambe and C. C. Klick, J. phys. radium 17, 663 (1956). 
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peared if alternating fields were applied to the crystal. 
Even under rectified (“half-wave’’) sinusoidal voltage 
practically no such enhancement was observed. Our 
model, however, can account for this difference both in 
the framework of Neumark’s assumption on impact 
ionization and also according to another explanation 
which will be presented later. 

According to our model, in direct fields the free elec- 
tron concentration in the vicinity of the centers is low 
because of the “sweeping out’”’ of the electrons by the 
field. The same is true on the region which lies between 
the region of the ionized centers and the cathode. With 
unidirectional pulses or alternating voltages this con- 
centration should be much larger since “swept out” 
electrons can reach again the vicinity of ionized centers. 
The free electron concentration determines the number 
of electrons which can be accelerated and cause ioniza- 
tion of the centers. In direct fields the additional con- 
centration of thermally liberated electrons will be large 
compared to the “normal” concentration of electrons in 
the vicinity of the centers; thus the number of ionized 
centers also increases considerably. In alternating fields 
the additional concentration will be comparatively small 
and the number of ionized centers will practically not 
change. 

The other possible explanation of the Neumark-effect 
does not involve the assumption in impact ionization. 

We use again the result that in a direct field the con- 
centration of free electrons near the centers is com- 
paratively low. This implies a low rate of electron-center 
recombination, i.e., a low EL brightness. The thermal 
release of electrons from traps during the glow raises 
the electron concentration cosiderably and thereby also 
the rate of recombination. In an alternating field, how- 
ever, the “sweeping out” is not effective and therefore 
the additional electrons released are unimportant. 

This alternative explanation, which does not imply 
impact ionization, explains without any difficulty the 
large enhancement ratios observed, while on the basis 
of Neumark’s original model these large ratios are 
somewhat difficult to understand. 
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Measurements of the nuclear magnetic resonance of the F" 
nucleus in single crystals of NiF; have been made at temperatures 
between 4.2°K and 298°K. In the paramagnetic state at 298°K, 
for arbitrary directions of H 9 two resonances were observed, while 
for Ho in a (100) plane only one resonance was observed as ex- 
pected from the crystal symmetry. The shift of the resonances 
from the normal resonance field w/yy allows one to calculate three 
independent parameters of the hyperfine interaction between the 
F® nuclei and the magnetic electrons. In conjunction with meas- 
urements made in the antiferromagnetic state, it was possible to 
determine the individual components of the hyperfine interaction 
in units of 10 cm™ as A,!=36.4+1.8, A,!!=42.142.1, A,!=9.1 
+0.9, and A,!!=9.9+0.9. Superscripts refer to the two different 
bonds with Ni** and subscripts s and o refer to isotropic and 
anisotropic contributions. From these we calculate that the frac 
tions of unpaired spin in the corresponding fluoride ion s and p, 
orbitals are f,!= (0.46+0.02)%, /,!=(0.54+0.03)%, f,t= (4.1 
+0.4)%, and f,!!= (4.5+0.4)%. Since geometrical considerations 


INTRODUCTION 


REVIOUS'* nuclear magnetic resonance studies of 

the fluorine nuclei in iron group fluorides have re- 
vealed the existence of strong hyperfine interactions 
between the fluorine nuclei and the magnetic electrons. 
These resonance experiments have been interpreted so 
as to provide information about the distribution of mag- 
netic electrons in fluoride orbitals and these interpreta- 
tions have yielded particularly detailed information 
when the magnetic ion has been Mnt** in the two 
crystals MnF, and* KMnF;. It was clear that similar 
experiments on NiF, would contribute to our knowledge 
of the electron-nuclear interactions but these experi- 
ments had to await single crystals of NiF:. Recently 
Guggenheim‘ has succeeded in growing large single 
crystals and has kindly placed them at our disposal. In 
addition to exhibiting the anisotropic nature of the 
hyperfine interactions, the single crystals have also 
made it possible to study the anisotropy of the magnetic 
properties. Since NiF, is antiferromagnetic® below 
73.2°K and has a small ferromagnetic® component, the 
magnetic properties are really quite anisotropic. 

Our results can be described in the following general 
fashion. In the paramagnetic region, well above the 
transition temperature, the nuclear resonances observed 
are similar to those obtained in other’* paramagnetic 
fluorides. In this region the resonances were shifted 
from the normal field value of w/yw by several percent 


1 R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1218 (1957). 
2 J. W. Stout and R. G. Shulman, Phys. Rev. 118, 1136 (1960). 
3R. G. Shulman and K. Knox, Phys. Rev. 119, 94 (1960). 
4H. Guggenheim, J. Phys. Chem. 64, 938 (1960). 

’ E. Catalano and J. W. Stout, J. Chem. Phys. 23, 1284 (1955). 
®L. M. Matarrese and J. W. Stout, Phys. Rev. 94, 1792 (1954). 


almost completely forbid magnetic p, interactions in NiF2, there 
is a negligible cancellation of p, interactions by the p- so that, 
unlike the case for MnF, and FeF:, the admixture of magnetic 
electrons into fluoride ion orbitals is almost completely determined. 

At temperatures just above the antiferromagnetic transition 
Ty=73.2°K, the resonance shifts with Ho in the (001) plane 
change rapidly with temperature. Between 75.7°K and Ty the 
susceptibility of one sublattice becomes negative while the other 
remains positive. This has been correlated with the sublattice 
susceptibility derived by Moriya from the spin Hamiltonian 


K=g8H+DS?7+E(S2—S,?). By fitting the theoretical suscepti- 


bility we have determined the sign of £ in this Hamiltonian. 
Below 73.2° the nuclear resonances are consistent with Moriya’s 
model in which the spins are antiparallel along [100] and tipped 
~1.3° towards [010]. Ericson’s description of the magnetic 
ordering is shown to be incorrect. In the antiferromagnetic state 
the F" resonance broadens as /7y is lowered below 5000 gauss. 


to lower fields. From these shifts we have obtained 
quantitative values of the hyperfine interactions using 
the analysis previously! presented. These parameters 
are discussed in terms of the same parameters of the 
ionic bond measured in other crystals, particularly 
MnF», FeF.2, and KMnF;3. 

As the temperature is lowered to within a few degrees 
of the antiferromagnetic transition very unusual effects 
are observed and are described below. 

Finally, the F' resonance is observed in the anti- 
ferromagnetic region and the antiferromagnetic ordering 
is determined to be quite different from the previously 
published results of neutron diffraction’ studies. The 
ordering is shown to consist of spins aligned in the (001) 
plane almost exactly along the [100] or [010] directions 
in accordance with the analysis of magnetic ordering in 
NiF: by Moriya.* During the course of our experimental 
study of NiF»s, a theoretical investigation of the mag- 
netic properties has been made by Moriya.* At the same 
time that our nuclear resonance studies were indicating 
that the magnetic ordering could not be as previously 
described, Moriya showed by considering the conse- 
quences of the spin Hamiltonian for NiF» in light of the 
susceptibility measurements already available*® that 
[100] rather than [001] would be the direction of 
antiferromagnetic alignment. This has explained our 
measurements and has been confirmed by them. 


CRYSTAL PREPARATION AND STRUCTURES 
As mentioned above, the single crystal of NiF: was 
prepared by Guggenheim. Previously, small crystals had 


7R. A. Ericson, Phys. Rev. 90, 779 (1953). 

8 T. Moriya, Phys. Rev. 117, 635 (1960). 

9 W. J. de Haas, B. H. Schultz, and J. Koolhaas, Physica 7, 57 
(1940). 
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Fic. 1. Schematic diagram of unit cell of NiF 2. Black circles are 
Ni*+ ions and white circles F~ ions. The origin of the crystal 
coordinate system (a,b,c) is chosen at the lower left corner, at Ni+* 
ion on site A. The positive x direction of the right-handed coordi- 
nate system (x,y,z) based on the Ni** ions shown in Fig. 1(b) is 
indicated for A and B sites by a plus sign, while the positive z 
direction always coincides with the positive c axis. The [110] 
direction in our convention coincides with the positive x direction 
on the A site. The f 10] has been chosen along the negative x axis 
of the B site. The [001 ] coincides with both z and c. Dimensions 
are taken from references 11 and 12. The two Ni** ion sites A 
and B differ from each other only by a 90° rotation about the z 
axis. 


been obtained by Matarrese and Stout® who used them 
to measure the magnetic anisotropy. Stout” had pointed 
out that the difficulty in growing large single crystals of 
NiF; from the melt undoubtedly arose from the high 
vapor pressure of NiF; at its melting point. The vapor 
pressure was probably greater than one atmosphere and 
a closed system was, in his opinion, desirable. Guggen- 
heim‘ achieved this condition with a platinum crucible 
8 in. long, 1-in. diameter, tapered to a point over 1 in. 
The walls were 0.030-in. thick platinum and the entire 
assembly, once loaded with NiF 2, was closed by welding 
the platinum. 

NiF; is isomorphic with MnF2, FeF:, CoF:, and 
ZnF >». These crystals have the rutile structure which is 
tetragonal belonging to space group D,,''— P4/mnm as 
shown in Fig. 1(a). The crystal structure has been de- 
termined by the x-ray studies of Stout and Reed" and 
more recently refined by Baur.” As can be seen from 
Fig. 1(a) the metal ions at (0,0,0) and (4,3,3) are each 
surrounded by six fluoride ion neighbors at + (u,u,0) 
and + (3+, }—w, $). Unit cell dimensions are given in 
Fig. 1(a) while the value of w~=0.304+0.002 has been 
given by Stout.? Each Ni** ion has four neighboring 
fluorides in the yz plane of the octahedron at 2.010 
+0.015 A shown in Fig. 1(b) and two differently placed 
fluorides at 1.999+0.02 A along the x axis. Following 
Tinkham," who first studied electron spin resonance of 
iron group elements in ZnF», we shall designate the four 
fluorides in the yz plane as type I and the two along the 
x axis as type II. Furthermore, it can be seen that the 
fluoride ion environment of a body-centered Ni** ion 

0 J. W. Stout (private communication). 

uJ. W. Stout and S. A. Reed, J. Am. Chem. Soc. 76, 5279 
(1954). 

2 W. H. Baur, Naturwiss. 44, 349 (1957). 


1%M. Tinkham, Proc. Roy. Soc. (London) A236, 535, 549 
(1956). 
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differs from that of a corner Ni** ion by a 90° rotation 
about the z axis, which in both cases coincides with the 
[001] crystallographic direction. Each fluoride ion is 
surrounded by three Ni** ion near neighbors. One-half 
of the fluorides have their three neighbors in a (110) 
plane and the other half have their neighbors in a (110) 
plane, which of course is perpendicular to the first. It 
has been shown! that anisotropic interactions between 
fluoride ions and nickel ions will result in two different 
fluorine nuclear resonances for arbitrary directions of 
the external magnetic field Ho. However, for Hy in the 
(100) or (010) planes only one resonance will be ob- 
served. When Hp is along [110] and [110] it will 
coincide with the principal axes of the fluoride ions 
interactions with the nickel. The two different fluoride 
sites, however, will provide two different interactions, 
and it will be necessary to use additional information to 
decide which site is responsible for a particular inter- 
action with the neighbors. This is discussed in more 
detail below, where the experimental results in the 
paramagnetic state, antiferromagnetic state, and transi- 
tion region are presented separately. 


RESONANCE SPECTROMETER 


Two different nuclear magnetic resonance spectrome- 
ters were used during the experiments on NiF». One was 
a conventional Varian V-4311  fixed-fre- 
quency induction spectrometer operating at 60.000 
Mc/sec. Although this equipment was designed for use 
as a high-resolution spectrometer, it has several at- 
tractive features when used to observe the F resonance 
in paramagnetic salts. The high frequency affords high 
resolution of the F* resonances in the paramagnetic 
state because the fluorine resonance shifts are pro- 
portional to Ho. In our experiments the shifts are 
megacycles rather than cycles but the resolution is still 
necessary because the lines are correspondingly broad. 
A second advantage of this spectrometer is the large 
value of rf field, which can be obtained at the sample 
without introducing additional noise. In our spectrome- 
ter the maximum value of rf field was H,;=0.17 gauss, 
where H, is one of the two rotating circularly polarized 
components of the rf field. This means that the linearly 
polarized component was 0.34 gauss maximum. This is 
about a factor of eight larger than the value of H, we 
obtain with marginal oscillators operating at their point 
of optimum signal-to-noise. Since the fluorine resonances 
are not saturated, the signal is proportional to H, and 
the large value was most helpful. A third attractive 
feature of this spectrometer is that the receiver coil is a 
plug-in unit so that for a given single crystal one can 
select a receiver coil to give the maximum filling factor. 
This spectrometer was used for all the 298°K measure- 
ments of the fluorine resonance. 

The second spectrometer was a marginal oscillator 
whose frequency could be varied continuously from 20 


4 N. Bloembergen and N. J 


Associates 


Poulis, Physica 16, 915 (1950). 
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Mc/sec to 200 Mc/sec. This spectrometer was designed 
and built by H. R. Moore and H. Hopper at these 
Laboratories. In designing a spectrometer to cover this 
frequency range, our first approach was to try raising the 
upper frequency limit of a Pound-Knight-Watkins'*-"” 
type marginal oscillator. During the course of our 
efforts, Benedek informed us of the good performance 
of a push-pull marginal oscillator designed and built by 
Kushida which they were using to observe'’ the pressure 
dependence of the F nuclear resonance in antiferro- 
magnetic’ MnF, in the vicinity of 160 Mc/sec. The final 
form of the spectrometer used in our experiments 
follows the Kushida-Benedek model. The balanced line 
reduced shunt and stray capacity, and the circuit shown 
in Fig. 2 has been operating from 20-200 Mc/sec in a 
very sensitive fashion. The oscillator tube, a double 
triode Western Electric 396A, has the tuned circuit 
containing the sample connected to both grids. Away 
from the resonance frequency of the parallel tuned 
circuit the two grids are effectively shorted together so 
that push-pull oscillation only occurs at the parallel 
resonance frequency. The level of oscillation is regulated 
by the cathode bias level control. One important feature 
is the external rf amplifier, a Spencer-Kennedy chain 
amplifier model 202D, which gives 20-db gain from 100 
ke/sec to 200 Mc/sec. This amplifier provides auto- 
matic level control by feedback to the oscillator grids, 
provides amplification of the rf signal for continuous 
frequency monitoring with a Hewlitt-Packard type 
524B electronic counter and also after demodulation 
provides the audio envelope of the nuclear resonance. 
The demodulated output is also supplied to a micro- 
ammeter through a dc cathode follower to monitor the 
rf level. The spectrometer sits directly on top of the 
double glass helium Dewar. Plug-in line stretchers allow 
one to keep the line approximately an odd integral 
multiple of \/2. Plug-in shunt coils at the tube end of 
the line also help in the tuning, allowing selection of 
different frequency ranges. Different combinations of 
line and coil break up the range of 20-200 Mc/sec into 
seven separate regions. Continuous tuning within these 
overlapping regions is obtained by clock motor drive of 
either of two variable air condensers. A calibrator cir- 
cuit, installed primarily to check sensitivity and allow 
proper adjustment of the audio lock-in phase, has also 
proved useful in cancelling amplitude modulation arising 
from frequency modulation. The best way of supplying 
frequency modulation was a back-biased silicon diode 
acting as a voltage sensitive capacitor. Mechanical 
shaking introduced by a mechanically varied condenser 
is eliminated by the junction diode. Magnetic field 


R. V. Pound and W. D. 
(1950). 

6G. D. Watkins, thesis, Harvard University, 1952 (unpub- 
lished) 

17 J. M. Mays, H. R. Moore, and R. G. Shulman, Rev. Sci. Instr. 
29, 300 (1958). 

18 G. B. Benedek and T. Kushida, Phys. Rev. 118, 46 (1960). 

19 V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957) 
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modulation has also been used with this spectrometer. 
One particularly valuable kind of magnetic field modu- 
lation for resonances observed in zero magnetic field is 
obtained by putting a germanium junction diode in 
series with a sine-wave modulation generator and the 
modulation coils. This automatically gives a half-wave 
rectified signal based on zero. 


PARAMAGNETIC STATE MEASUREMENTS 


Two single crystals were cut into approximately 
spherical shapes and mounted on sapphire rods. Both 
spheres were about 7 mm diameter. One crystal was 
mounted with its [001] axis parallel to the rod axis, so 
that the crystal could be rotated around [001 ] with Hy 
in the (001) plane. The other crystal was mounted with 
its [110] axis parallel to the rod. Upon rotating this rod 
H, could be set parallel to [001] and [110]. In Fig. 3 
we have presented the results of rotating the crystal 
about the [001 | direction while observing the resonance 
at a frequency of 60.0000 Mc/sec and T=298°K. At 
this frequency the normal F" resonance field, w/yn, is 
14 979.4 gauss. The experiments show the resonances to 
be displaced to lower fields by several percent, the dis- 
placements being functions of the angle between Hy and 
the crystalline axes and also of the temperature and 
frequency. The two different F' resonances observed 
with Ho||[110] correspond to the two different fluorine 
positions in the unit cell. As discussed previously! for 
Mnf, where the pattern of experimental results at 
298°K is the same (the only difference being the 
numerical values measured for the resonance shifts) for 
Hy in the {100} planes only one F" resonance is ex- 
pected in the paramagnetic state. For Ho in any other 
direction two fluorine resonances are expected. All our 
observations at 7=77°K and T= 298°K are in accord 
with these symmetry considerations. One of the main 
purposes of measuring these resonances in the paramag- 
netic state is to measure the hyperfine interaction be- 
tween the fluorine nuclei and the magnetic electrons. 
The three principal axes for this interaction are labeled 
x, y, and z in Fig. 1(b). As can be seen from this illus- 
tration of the crystal structure, these axes coincide with 
the [001 ], [110], and [110] crystalline directions. The 
two Nit+* ion sites differ from one another by a 90° 
rotation about the z or [001 | axis. Because of this for a 
particular (110) plane one-half of the F~ have their 
three nearest Nit* ions in the plane while the other half 
of the F~ ions have their three nearest Ni** ions perpen- 
dicular to this plane. However, the three crystal direc- 
tions [001 ], [110], and [110] do coincide with three 
principal axes of the fluorine hyperfine interaction. 
Measurements of the nuclear resonance shifts with Ho 
along these three directions allow us to determine the 
three independent hyperfine interaction parameters 
which can be obtained from nuclear resonance studies in 
the paramagnetic state. For the purposes of analysis, the 
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Fic. 2. Circuit diagram of variable frequency NMR spectrometer built by H. R. Moore and H. Hopper 
All condensers are in units of 10~° farad. 


experimental results are conveniently represented by the different temperatures at which measurements have 
been made. This table contains the same information 
v= (gnBn h)(1+a)Hpo, (1) ne — ‘ . 
presented in Fig. 3, i.e., no corrections have been applied 
where the different values of a are given in Table I for to the values of a calculated from Eq. (1). 
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ANALYSIS OF PARAMAGNETIC STATE 
RESONANCE SHIFTS 


The Hamiltonian for the nuclear interactions in NiF» 


1S 


K= —gyByl-(Ho+H”)+2S!-A!-14+-S"-A"-T, 


(2) 


where I is the nuclear spin with g factor gy, and By is the 
nuclear magneton. Hp is the external magnetic field, S! 
and S! the spins of Ni** ions which are type I and type 
IT neighbors of the fluoride ion in question and A! and 
A'' the hyperfine interaction tensors with the two types 
of Nit* ions. The dipole field of all 7 Nit* atoms at the 
fluorine site is 


1.5 3(r;°%;H)r; x,;-H 


Vr,5 Nr? 

where r; is the vector from the fluorine atom to the 7th 
nickel ion, X; is the second-order tensor representing the 
molar susceptibility of a Ni** ion, V 
number, and H is the field at the Ni*+* 


is Avogadro’s 
ion sites. In the 


paramagnetic region for our special samples, the error 
introduced by setting H= Hy is negligible. 

Writing this equation in terms of the nuclear reso- 
nance transitions observed for Ho along the principal 
axes, we have 


Hoy? 
gvBy (cw on 
H, 


(2A J+A"), 


1 
) 8 
Hy 


A410? 1 
Evy (an ) [= (2S ,1)A I +(S A" ’ (5) 
Hy H 


Hijo? 1 
gv (ann ) - 
H 


Hy 
where the a’s represent the fractional resonance shift 
along the principal axes designated by their subscripts 
and listed in Table I and (S.) is the expectation value of 
the zth component of spin with similar nomenclature for 
the « and y components. In these dense paramagnetic 


(20S ,1)A F+(5,™)A,"), (6) 
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Fic. 3. Magnetic field required for resonance of the F* nuclei 
as function of the angle between H and [100] at a frequency of 
60.0000 Mc/sec and at T=298°K. 
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Pas_e I, Experimental values of a= (w/yv —Ho)/Ho at different 
temperatures and orientations. The ratio of a to the temperature- 
dependent part of the susceptibility in the last column is seen to 
depend upon temperature for Ho in (001). 


| | 
A 


2.247+0.02 298 iS 
4.187+0.01 00 

+.292+0.01 a7. 

1.429+0.02 
2.676+0.02 
2.36 +0.03 
4.95 +0.03 
1.450+0.03 
5.560+0.02 


Direction Temper- 
of Ho a in percent ature °K 


001) 


110) 298 


90. 


salts with large exchange interactions between the spins 
we cannot calculate (S) from energy considerations as 
we could if the spins were independent. However, it can 
be related to the measured value of the susceptibility. 
The molar susceptibility is defined as 


(ui) 


; (7) 
Ho 


Xm= 2 


where (u,) is the expectation value of the moment of the 
ith site. The general expression for (S,) including the 
high-frequency or temperature-independent contribu- 
tions to the susceptibility has been shown to be? 


[x,—NB(2—g.)/d] 


(S,=- (8) 
Ng 

where J is the spin-orbit coupling whose value for Ni** 
is —300 cm™', 6 is the Bohr magneton, and g, is the 
electronic g factor in the z direction. Since Nf?(2—g,)/A 
is the temperature-independent contribution to the 
susceptibility, it can be seen that one obtains (S) by 
subtracting the temperature-independent contributions 
from the measured susceptibility and including the tem- 
perature-dependent orbital contributions in the meas- 
ured value of the g factor. 

In order to determine the components of the tensor A 
in Eqs. (4)-(6), it is first necessary to measure the 
fractional shifts a of the resonances, with Ho along the 
principal axes. As we will show in the next section, near 
the antiferromagnetic transition, which has been shown 
by specific heat measurements to be T7y=73.2°K, the 
susceptibility exhibits some unusual properties. To 
avoid these complications, we have decided to base our 
determinations of the A’s upon the nuclear resonance 
shifts measured at 298°K. In addition to the measured 
values of a, it is necessary to have numerical values for 
the dipole sums of Eq. (3). Since off-diagonal contribu- 
tions will be important in the antiferromagnetic state, 
we shall present the dipole sum in a general fashion and 
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subsequently select the proper values for the particular 
directions used in Eqs. (4-6). The coordinates chosen 
are illustrated in Fig. 1(a). The dipole sum is performed 
over the coordinates of the tetragonal unit cell a, 6, and 
c or [100], [010 ], and [001 ]. Consider the origin of this 
coordinate system at the lower left-hand corner nickel 
ion. We shall calculate the dipole sum at the fluorine 
located at u, u, 0. For generality we present this sum in 
terms of the separate contributions from the Ni** ions 
at the corner position which we designate sublattice A 
and from the Nit** ions at the body-centered position 
designated sublattice B. The sum is calculated on an 
IBM 704 to be 


0.0624 0.1582 0 (pta*) 
0.1582 0.0624 0 (uo4 
0 0 —0.1248 7 \(u.4 


H?= 


— (0.0876 0.1334 0) (ta?) 
0.1334 —0.0876 0 (ur?) 
0 0 0.17527 \(u.2 
where (u_“) is the component of the expectation value 
of the magnetic moment of the Nit* ion on the A 
sublattice along the a or [100] direction, etc. The 
numbers are in units of 10% cm~*. In the paramagnetic 
state the directions of interest are [110], [110], and 
[001] which are principal axes of the hyperfine inter- 
action. These axes coincide with the right-handed 2, y, 
and z axes of the individual Ni** ions shown in Fig. 1(b) 
but not with the crystal axis of Fig. 1(a) and our dipole 
sum. We arbitrarily have set the [110] direction to 
coincide with the radius from Nit* ion A to the F~ ion 
at (u,u,0). For these directions we have the following 
components of uw in terms of the components at the 
individual sites: 


(Ha”)=—((ue*)+(uy*)), 


v2 
1 


(uv4)=—((u 24) +(uy4)), 
v2 


2 
(s,” )\+(uy? 


The magnetic moments at the Nit** ion sites are 
written in components along the x, y, and z axes of these 
sites. In the paramagnetic state these individual com- 
ponents can be related to the corresponding component 
of the molar susceptibility through Eq. (7). For the 
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particular cases of Hy along the three principal axes, we 
have the yey components of u: 


(Hy 
(p27) a= (Ho 
a py*)= (Ho 
‘| (uz®)= — (Ho/A 
[001] (u.*)=(u,®)= (Ho/N)X., 


N)X.-, 


cio) 


N)X, 


[110] 


while all other components are zero. In the antiferro- 
magnetic state, where sublattice mag- 
netizations exist, the nonvanishing components of 
magnetic moment are quite different and to a first ap- 
proximation are independent of the external magnetic 
field. Substituting the values of Eqs. (11-13) into Eq. 
(9), we obtain the following values for the components 
of the dipole fields along Hy in the paramagnetic state: 


H\\0” 
Hyj0” 
Hoo? = 


spontaneous 


(14) 


=[—0.159x ,—0.367X, |Ho, (15) 


= [0.366X,+0.076X, |Ho, 


0).0837X.H o. (16) 


The differences between X, can be calculated 
as follows. Using Moriya’s® 


bilities, we have 


and X, 
expression for the suscepti- 


2\Vg78° 
(17) 
3k(T+0 


and z. Of 
X,, while © is the paramagnetic 


with similar expressions for y 
= (X,+X,)/2 and X;, 
Curie point. 

During the course of this investigation, it became 
evident that more accurate values of the susceptibility 
were required than previously available. Cooke and 
Lazenby”™ have measured X, in the paramagnetic region 
on one of our single crystals. Their measurements extend 
from 73.4°K to 287.4° and can be extrapolated accu- 
rately to 298°K where X,= 3.53 10- cm‘ mole. This 
value has been corrected for diamagnetism by the addi- 
tion of 32 10~* per mole. We shall use this value of X, 
in preference to the value of X,=3.36X 10 cm* mole! 
obtained from the measurements of de Haas ef al. on 
powdered NiF» by use of the magnetic anisotropy values 
of Matarese and Stout® of X,—X,,=0.110210™ cm* 
mole at 301.5°K and X,—X,,;=0.1890X 10-* cm’ mole! 
at 90.07°K. The extrapolated value at 298°K is 0.110 
X10 cm’ mole™, so that at this temperature X,,= 3.42 
X< 10-* cm* mole. Now it can be shown* by a perturba- 
tion treatment that 


8:= Sav t $D/A=2.32= 8, 


course, X, 


(18) 


Sy= Bav— (3D— E)/A=2.33= 41, (19) 


£2=av— (D+ E)/A=2 (20) 


” A. H. Cooke and R. Lazenby (private communication). 
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in which gi, go, and g; are the g factors as defined by 
Moriya and where we have taken g,,=2.33; D=4.18 
cm and E=2.67 cm from Peter’s*' paramagnetic 
resonance data on Nit* in ZnF>. The various terms are 
defined by the spin Hamiltonian 
KR=D(S2—3S(S+1) ]+L(S2—S/7)+6H-g-S. (21) 
The variations in the temperature-independent con- 
tribution to x can be determined to be small. We can 
evaluate N6?(2—g,)/A=0.29X10-, and the corre- 
sponding expressions for y and z are 0.2810~* and 
0.27 10-%, all in units of cm* mole~!. Since the first term 
of Eq. (17) predominates, X,/Xy~ (g2/gy)?=1.01, or 
X,= 1.005X, and X,=0.995xX,. Substituting these values 
in Eq. (8), we get 


[3.42 10-*— 0.27 K10-* ] 
Hy 
6.03 XK 1077 «0.927 & 10-9 2.32 


— 0.24310" *Ho, 


[3.51 10-—0.28 K 10-* } 
= = Hy 
6.03 X 107° 0.927 K 10-° XK 2.33 


= — (0.248 10~°Ho, 
[3.55 10-°— 0.29 10-7] 


S.)= 0 


6.03 X 10° K 0.927 & 107°" & 2.34 


= —().249XK10~°Ho, = (24) 


where the values of X,=3.55X10-* cm* mole and 
X,=3.51X 10 cm* mole have been used for 298°K. 
The experimental uncertainties in the value of Xo9s° are 
greater than the differences of (S) for the different 
directions. The purpose in calculating these individual 
components so carefully was to keep the anisotropic 
part of the calculations as accurate as possible. How- 
ever, since the uncertainty in the susceptibility is larger 
than the difference between (8S) and (S,) and since this 
makes the dipole correction uncertain, we shall ignore 
the differences and use (S,)=(S,)=0.2485 X 10-°H ». 
Substituting these values along with those listed in 
Table I and Eqs. (14)—(16) into Eqs. (4)—(6) we obtain 
the following two alternative sets of values for the 
hyperfine interactions. 


2A 1+A"'=121.7XK 10 cm, 
2A ,'+A 2! =135.3XK 10 cm, 
2A +A ,!!=86.8X 10 cm, 


2A J+A ™=121.7K10— cm, 
24 ,}+4 ,=68.3X10- cem—, 
2A y+ A y= 153.710 cm“. 


"1M. Peter and J. B. Mock, Phys. Rev. 118, 137 (1960). 
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The alternative sets of values for the « and y combi- 
nations result from the impossibility of deciding @ priori 
which resonance line is caused by a particular hyperfine 
interaction. The dipole contributions to a fluorine posi- 
tion only depend upon the position of Ho with respect to 
that site. However, there are two different fluorine posi- 
tions which differ from each other by a 90° rotation 
about the [001 ] axis. Once Hy is fixed with respect to a 
particular fluoride ion site, then the particular hyperfine 
interactions of that site are fixed. This means that if we 
tentatively identify one of the observed resonances as 
being due to a particular hyperfine interaction, i.e., 
2A ,'+2A yU, then the dipole correction to that shift a 
is fixed as Hijo)” using the conventions of Fig. 1. When 
we consider the possibility that the other resonance may 
be from the same combination of hyperfine interactions, 
then its dipole correction is the same. In Appendix A, 
Eq. (25) is shown to be the correct alternative by con- 
sidering the atomic origin of the hyperfine interaction. 
Tinkham* has written the hyperfine interaction for the 
rutile lattice in the form 


i=A,' 


eal) 
~’ —A,*)(3 cos’?8; -—1), (27) 


+(4,5—A,-*)(3 cos’, 

+ (A 
where i=x, y, or s; V=I or II for type I or type II 
bonds, and the isotropic interaction is A,*. The 
anisotropic hyperfine interactions measured represent 
the differences between spin density along two direc- 
tions and the third. Isotropic interactions are associated 
with unpaired spins with s electron character and 
anisotropic interactions with p electrons. The direc- 
tional properties depend upon the angle between the 
spin density and the external magnetic field. This angle 
is designated 0;,, and 6;,, for Hy along the ith axis and 
the unpaired spins along the o or z bond direction. In 
the notation of Eq. (27) the m axis is chosen perpen- 
dicular to the plane containing a fluoride ion and its 
three nearest neighbor nickel ions. Both the o and 7’ 
directions lie in this plane, and in Tinkham’s con- 
siderations the o direction coincides with the fluorine- 
nickel internuclear radius. This, of course, is the usual 
definition of o bonding, i.e., no angular momentum 
about the internuclear radius. However, it has been 
mentioned” that the d orbitals as split by the cubic 
crystal field into a doublet and triplet are not arranged 
so as to have the directions of greatest electron density 
coincide with the directions of the fluoride ligands in the 
yz plane. Rather, the d electrons make right angles with 
each other in this plane (being 2?— y? in their directional 
dependence) while the F—Ni*++—F angle bisected by 
the z axis is 79.8° in NiF,. Of course, by hybridization it 
is possible to create linear combinations of 2?— y* and yz 
with the same orthorhombic symmetry as the ligands. 
However, the energy required for promotion and 
hybridization will only be available when the bonds 


2 A. M. Clogston, J. P. Gordon, V. Jaccarino, M. Peter, and 
L. R. Walker, Phys. Rev. 117, 1222 (1960). 
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formed are strong and comparable with the crystal field 
splitting so that they provide enough energy to stabilize 
the hybridized configuration. Since our measurements 
indicate a small degree of covalent character, the 
hybridized configuration should be negligible. This same 
conclusion was reached by Keffer eé a/.” for the fluorine 
orbitals, where they showed that hybridization of the 
fluorine orbitals would give results inconsistent with the 
measurements made of separate bond interactions by 
paramagnetic resonance studies of Mn** in ZnF2. We 
shall disregard the small departure from octahedral 
symmetry required of the orbitals for the moment and 
calculate the atomic origin of the hyperfine interactions 
as if the o bonds pointing along the internuclear radius 
include only the e, orbitals of the metal ion, and the x 
interactions only the ¢:, orbitals. Both of these classi- 
fications refer to the levels found after splitting by a 
cubic field. Under this assumption, Eq. (27) is con- 
siderably simplified. The 3d* configuration of Nit 
means that in a cubic field only the e, orbitals have 
unpaired electrons and only the o bonds will have non- 
vanishing values of hyperfine interaction. Therefore, we 
put A,¥=A,%=0 for V=I and II and Eq. (27) be- 
comes in component form 


' 


A,}—1.000A,', 
A }'+-2,000A ,"', 
= A,'+ (3 cos, .—1)A-', 
A, —1.000A ,!!, 
A ,'+ (3 sin’, .—1)A,/, 
=A,''—1.000A,"!, 


where 6, is the angle between the y axis and the 
unpaired spin in the fluorine p, orbital. Departures 
from octahedral symmetry are included in the calcula- 
tions in Appendix A by allowing this angle to be an 
experimental parameter. The four components of A plus 
the angle require five experimental determinations. As 
discussed in Appendix A, we have included two meas- 
urements from the antiferromagnetic state. From these 
data the best fit is obtained for the following values of 
the hyperfine interaction in units of 10~ cm~': 


A ,'}=36.44+1.8, 


AM=42.1+2.1, 
6, »=54.0° 


y 


A,'=91+0.9, 


A,'=9.9+0.9, (29) 


The angle 6,,,=54.0° differs slightly from the structural 
angle between the y axis and the a bond which is 50.1°. 
We shall include all departures from the O;, symmetry 
in this parameter, so that it is only necessary to discuss 
the « bonds formed by the dy electrons and it is possible 
to neglect any unpaired spins in a bonds. 


*%F. Keffer, T. Oguchi, W. O'Sullivan, and J. Yamashita, Phys. 
Rev. 115, 1553 (1959) 
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THE IONIC BOND 


The hyperfine interactions measured can be converted 
into unpaired spin density in fluoride ion orbitals. The 
method followed has been to compare the measured 
hyperfine interactions with those expected when an 
unpaired spin is in a 2s or 2p state of the fluoride ion. 
The ratio of the hyperfine interactions (corrected to the 
same value of spin) then gives the fractional occupancy 
of fluoride ion orbitals. These relations are 


J.§ = 2SA */Ase= ISA, 


fo%=2SA, 


1.57, 


Asp= 2SA,*/0.04, 


(30) 


in which f,* and f,* are, respectively, the fraction 
unpaired 2s and 2 electrons on the fluoride from one 
bond of type V=1 or 2. The hyperfine interactions of 
2s and 29 electrons are represented by Ao, and A», and 
the numerical values (in units of cm™') have been 
derived from calculations by Hartree™ and by Barnes 
and Smith.***6 

As mentioned previously,"’ these measurements can 
only determine the difference in occupancy of two of the 
fluorine orbitals as compared with the third. In MnF, 
the °S, state of the Mn** ion described for the 3d° con- 
figuration a half-filled shell of d electrons equally capable 
of forming bonds with the fluoride ion p orbitals 
pointing towards the manganese (the p, bonds), and 
with p orbitals not directed along the internuclear 
radius (the p, bonds). In Ni, the 3d* configuration of 
the nickel ion in the approximately octahedral field 
means that the two unpaired spins are essentially con- 
fined to the dy orbitals which can only form o bonds 
with the fluoride ions. In Appendix A the small de- 
partures from this approximation because the nickel 
site has orthohombic symmetry are included in the 
variable 6,,,. These effects are included in the possible 
errors listed in Eq. (29). In MnF,» we were only able to 
determine that the difference in occupancy of the p, and 
p~ orbitals was a small number as shown in Table IT. In 
NiF the values shown in Table II come from the best- 
fit values of Eq. (29). The large amount of p, bonding 
is outstanding, particularly when compared with the 


TaBLe II. Comparison of the percent unpaired 2s and 2p 
character between MnF, and NiF». All values are in percent 
unpaired electron arising from each bond. The large amount of p, 
character in Ni; indicates that the small value of /,— f,in Mnk» 
arose from the cancellation of p, by px. 


Mnk, 
0.49+0.02 
0.52+0.02 
0.2 +0.3 
0.4 +0.3 


KNiF; 


Nik’. 
0.4640.02 j 
0.53-40.03 0.50+0.04 
fai—f;! 
fit ft 


Ie 


* D. R. Hartree, Proc. Roy. Soc. (London) 151, 96 (1935). 
25 R. G. Barnes and W. V. Smith, Phys. Rev. 93, 95 (1954) 
*6 T. Moriya, Progr. Theoret. Phys. (Kyoto) 16, 23, 641 (1956) 
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small amount of p,—p, bonding in MnF). The ines- 
capable conclusion is that p, bonding, when allowed, is 
much larger than previously considered, and is, in fact, 
almost as important as the p, bonding. This has been 
discussed more completely in our report?’ on the bonding 
in KNiF’; and K,NaCrI's where the O, symmetry of the 
metal ions simplified the discussion. 


PARAMAGNETIC STATE LINEWIDTHS 


In the paramagnetic region the linewidths were meas- 
ured with Ho along the three principal directions of the 
hyperfine interaction at 298°K and 77.3°K. The lines 
were Lorentzian in shape while the intervals between 
extrema of absorption derivatives, 6H, which depended 
somewhat upon temperature, are listed in Table III. 
Converting these widths into 7, by the relation 1/7, 
= (v3/2)yéH, we have the values listed in column three 
of Table III. Moriya*®® has calculated the widths ex- 
pected for exchange narrowed nuclear resonance lines 
and this mechanism has been shown?* to be responsible 
for linewidths in other paramagnetic salts. The equation 
for the spin-spin relaxation time 7» is 


1 r\? S(S+1) 
= ( ) > (cos*é;+ 3 sin’?@)B?, (31) 
T: 2 Sh*w, i 


where S is the electron spin, 6; is the angle between the 
ith principal axis of the hyperfine interactions and the 
direction of the external magnetic field, and B; is the 
ith component of the magnetic interaction between 
electrons and the fluorine nuclei. The electronic ex- 
change frequency is w,. Since the nuclei react the same 
regardless of whether the origin of the interaction is 
hyperfine or dipolar, it is necessary to include both 
contributions in B;. The most straightforward way of 
calculating these values of B; is to ignore the dipole 
corrections in Eqs. (4)—(6). Doing this and substituting 
the values in Eq. (31), we obtain theoretical relative 
widths without knowing w,. These relative widths are 
1 1 1 
=().91 =1.19 
T9\ 24,144," T2|24y'+A 2" T» 


2A z!+A,!! 
while the experimental results at 298°K are 


1 | 1 | 1 | 
= =().85- = 1,09—| 


T2| 24,'+Az"! T2|24y!+4 2" To\242'+4y"! 


(33) 


TABLE III. Linewidth of the F™ resonance in the 
paramagnetic state. 


Hyperfine Temperature 7; (seconds 
interaction °K) x 10-*) 
1.88 
2.54 
1.61 
2.68 
2.05 
3.16 


6H (gauss) 


24.2+1 
17.9+1 
28.3+1 
17.0+1 
22.2+1 
14.4+1 


NN NN N& hb 


27 R. G. Shulman and K. Knox, Phys. Rev. Letters 4, 603 (1960) 
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TABLE IV. Comparison between the exchange frequency, w., 
calculated from nuclear resonance linewidths and from the Néel 
temperature in transition element fluorides. Units are 10" radi- 
ans/sec. 


KMnF; 


w, (Linewidth) 16 0 6.2 
we (Néel temperature 9.3 3 6.6 
Antiferromagnetic 0 
resonance) 


NiF2 MnF, 


These experimental ratios at 298°K agree with theory 
when the experimental accuracy of +1.5 gauss is in- 
cluded, introducing a ten percent error in the ratios. 
However, calculating w, from the 2A ,!+-A,!! line we find 
w.= 1.6 10" sec while calculating it from** 


—4 6 ) 
h \oS(S+1)] ’ 


where z is the number of neighboring nickel ions on the 
opposite sublattice and © is defined by x=C/(T+90). 
We find w,=9.3X10" sec—!, which is too small by a 
factor of 1.7. In MnF», calculations of the anisotropy 
field?® and antiferromagnetic resonance measurements” 
could be combined to give a value of w, which was in 
perfect agreement! with experiment, namely, w.=7.0 
X10" sec. If we calculate w, from Eq. (34) for MnF», 
we find it to be 4.310" which is again too small by a 
factor of 1.6. In Table IV we have listed the values of 
w, calculated from the exchange narrowing formula and 
from the molecular field approximation for the nickel 
and manganese compounds which we have reported. It 
can be seen that the exchange narrowing gives a larger 
value of w, than does the molecular field. A possible 
cause of this difference is that exchange interactions 
contributing to the magnetic ordering are responsive to 
the sign of the interaction so that the near neighbors 
along [001 ] tend to cancel the other sublattice, whereas 
all exchange interactions narrow the nuclear resonance 
line. If this is the only explanation of the discrepancy, 
the rather large factors of 1.6 between the two values of 
w, would indicate very large contributions from the 
nearest neighbors. 


(34) 


ANTIFERROMAGNETIC REGION 


When we started this study, it was known from 
susceptibility® and specific heat® measurements, coupled 
with a neutron diffraction’ investigation, that NiF, 
became antiferromagnetic at 73.2°K. A chronological 
description of our first experiments on NiF, in the 
antiferromagnetic state might clarify some of the un- 
usual features of this state. Our original plan for at- 


2° T. Nagamiya, K. Yosida, and R. Kubo, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1955), 
Vol. 4, p. 1. 

* I’. Keffer, Phys. Rev. 87, 608 (1952). 

® I’. M. Johnson and A. H. Nethercot, Jr., Phys. Rev. 104, 847 
(1956) 
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tacking the antiferromagnetic state of Nil, was similar 
to the approach previously taken in MnF>2,"® FeF 2," and 
CoF>.* From the measurements in the paramagnetic 
region the hyperfine interaction constants could be de- 
termined as has been done for NiF> in the last section. 
With the values of the hyperfine interaction, it had been 
shown.” that it was possible to predict the nuclear 
resonance frequency in the antiferromagnetic state by 
the expression 


1(T) yn 
+—[Ho+H”], (35) 
)) Qn 


1 A 
y=-[2A!'-S'—A".S" [8] 
h M (( 


where the degree of alignment in the antiferromagnetic 
state at T=0 is® 

25 

B=1- " (36) 

(225—1)? 


where z is the number of near neighbors. For NiF2, 
8=0.964. The sublattice magnetization at any tempera- 
ture J is M(T) while the dipole field H? given by Eq. 
(9) is also a function of sublattice magnetization. In our 
discussion we shall ignore any dependence of the 
hyperfine interaction A upon the temperature (one obvi- 
ous origin of this would be the thermal expansion of the 
lattice). Compared to the paramagnetic state where, as 
shown in Eqs. (22)—(24), (S)=0.247X10-*H»=0.35 
x 10-* for Hp=14X10*, in the antiferromagnetic state 
S| (8) is close to unity. This shows that in the antiferro- 
magnetic state, where the expectation value of the 
individual spin is essentially the absolute magnitude of 
the spin, the time-averaged fields at the nuclei approach 
the instantaneous fields which are very large. The 
nuclear resonance frequency predicted depends mark- 
edly upon the direction of the spin alignment because of 
the anisotropic nature of the hyperfine interactions and 
dipole fields. The neutron diffraction’ data available at 
the beginning of this investigation indicated that the c 
axis was the direction of spin alignment for the two 
sublattices with a tipping of a few degrees towards the 
ab plane. If we ignore the tipping and consider the spins 
along the c axis, then substituting the best values of the 
A’s obtained from the paramagnetic state measure- 
ments into Eq. (35), we find that for Hp=0, v=200 
Mc/sec with the internal field along the [001 ] direction. 
However, the fluorine resonance was found in a com- 
pletely different frequency region. It was first observed 
with the 60.000-Mc/sec fixed-frequency Varian induc- 
tion spectrometer at 20.3°K with Ho||[001], where the 
external magnetic field was ~ 11 000 gauss. Obviously 
these conditions were not created until a number of 
more likely experiments had been tried. Since the 11 000 
gauss corresponded to ~44 Mc/sec, then upon the as- 


31 VY. Jaccarino, R. G. Shulman, J. Davis, and J. W. Stout, Bull. 
Am. Phys. Soc. 4, 41 (1958). 

#2 B. Bleaney, Phys. Rev. 104, 1190 (1956). 

3% J. C. Fisher, Bull. Am. Phys. Soc. 4, 53 (1959). 
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sumption that the internal field was also parallel to 
[001], we searched at zero field with the variable-fre- 
quency spectrometer in the region of 104 Mc/sec and 16 
Mc/sec but without success. Although we were not able 
to observe the F" resonance in zero external field with 
the variable-frequency spectrometer, we were able at 
T=4.2°K to observe the resonance at 48 Mc/sec and 
H = 7000 gauss. As will be shown below, by measuring 
the magnetic field strength required for resonance at 
two different frequencies, it is possible by the law of 
cosines to calculate the strength of the internal field and 
the angle it makes with the external field. When this 
was done with Ho||[001], it was found that the angle 
between [001] and the internal field was 90°. At the 
same time, Moriya® had concluded from his analysis of 
the torque measurements that the direction of antiferro- 
magnetic ordering was essentially [100], not [001]. At 
this point we shall discontinue the chronological de- 
scription of the experiments and go to a discussion based 
upon the separate measurements made and _ their 
interpretation. 

The direction and magnitude of the internal magnetic 
field at the fluorine nucleus were determined by a series 
of measurements made of resonance frequency vs ex- 
ternal magnetic field. To the extent that the internal 
magnetic field, H;, is independent of the external mag- 
netic field Ho, the magnitude of H; and its angle relative 
to Ho can be calculated by the law of cosines. For the 
sake of simplicity we have kept Hpo||[100] in these 
measurements so that only one line was observed. (It 
will be shown that for other orientations two resonances 
were observed.) Then if we picture the vectorial addi- 


49 





F'? in NUFZ 
Ho]| [100] 


FREQUENCY IN MEGACYCLES PER SECOND 


|_| 





oa See 
' 
| 
| 7 
l 
#23 4 § 6 7 
Ho IN GAUSS 

















8 9 110x103 


_ Fic. 4. Measurements of Ho vs frequency with Ho||[100] at 
T'=20.3°K and T=4.2°K. The solid lines are best fits of the law of 
cosines. 
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tion of Hy and H;, we have 
(w/yv)?= He?+H 2+ 2H oH; cosy, 


where ¢; is the angle between Hy and H,. The measure- 
ments made at 4.2°K and 20.3°K are shown in Fig. 4. 
We shall consider the data of 4.2°K. By taking these 
points in pairs it is possible to solve for yg; and H;. As a 
result of choosing seven pairs, we determined that 
H;=10075 gauss and ¢;=101.3°. We shall not attach 
limits of error at this time but only say that the average 
deviations were 27 gauss and 0.2°, respectively. The 
angle of 101.3° indicates that for H» along a [100 | axis 
H; has a component which points in the opposite direc- 
tion from Ho. 

In another series of experiments a single crystal was 
mounted with Ho||[001 ] and at 4.2°K similar measure- 
ments were made of Ho vs resonance frequency. Both 
sets of data are shown in Table V. If we take several 
pairs of these measurements with Ho||[001], we de- 
termine that for this orientation of Ho, g;=90° and 
H;=10070 gauss, where the average deviation in the 
angle is 0.5° and in the field is 25 gauss. Both sets of 
data will be analyzed more carefully below but the 
consequences at this point are inescapable. The internal 
field H; lies in the (001) or ad plane and is about 101.3° 
away from the [100] or [010] direction along which Ho 
is directed. These results are in good qualitative agree- 
ment with the model® of spin alignment in which the 
spins lie in the ad plane as shown in Fig. 5. They clearly 
show that Ericson’s model is wrong since there is no 
component of H; perpendicular to the (001) plane as his 
model requires. In Moriya’s model, two different sub- 
lattices of Ni** ions exist of which the B sublattice is at 
the body-centered position and the A sublattice at the 
corners. The spins are approximately antiparallel along 
the a or 6 directions. They are not perfectly antiparallel, 
however, being rotated from this axis by a small angle so 
as to create a small ferromagnetic component perpen- 
dicular to the direction of antiferromagnetic alignment. 
In order to compare the proposed spin alignment with 
the experimental observed fields at the fluorine nuclei, 


(36) 


TABLE V. Measurements of frequency vs Hy at T=4.2°K 
or 20.3°K for the two cases of Ho||[100] and Ho||[001). 





H||(001]; T=20.3°K 
Ho (gauss) v (Mc/sec) Ho (gauss) 


Hyl|[100]; T=4.2°K 


v (Mc/sec) 


49.900 
48.126 
46.040 
44.355 
43.810 
43.012 
42.520 
42.060 
41.966 
41.514 
41.000 
40.748 
40.452 


9539 
8808 
7852 
6985 
6676 
6182 
5848 
5511 
5428 
5063 
4584 
4203 
3928 


56.375 
56.209 
55.864 
55.611 
55.061 


9826 
9767 
9643 
9559 
9371 
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Fic. 5. Model of spin ordering in Ni’, proposed by Moriya and 
confirmed by these measurements. 


it is necessary to have a quantitative expression for the 
spin alignment as a function of Ho. In Fig. 5 the direc- 
tion of the spins is shown for Hy and the ferromagnetic 
moment along a [100] direction is designated as the b 


axis. The angles between the 6 axis and wa and wp are 


labeled 64 and 6g, respectively, and we define 


g= 6p—64= Tf, 
(37) 


&= (0p+6,4)/2, 


where 7 is the total departure of the spins from being 
perfectly antiparallel and é is one half of the angle be- 
tween the ferromagnetic component and the [100] 
direction. Both y and é are very small angles. The ex- 
ternal magnetic field is considered to be in the (001) 
plane, making an angle 6 with the d axis. From the spin 
Hamiltonian approach, Moriya*® has shown that 


£= (B/8a) sind+-:-- 


(38) 
n=2a+8 cos8, 


where by using the numerical values discussed above we 
have 
E 26/cn" 
a=—=————_ = 0.028, 
JZ 95cm" 


gusH 2.16 10-*°H 
= = -=1.14K10-*H. 


ISZ~ 


1.89 10-" 


We shall compare the internal fields computed from this 
model with those calculated from the data of Table V 
for Ho\\b, or 6=0. Under these conditions &=0 and 


+ (@2—04)=32— (a +38) =[42— (0.028 


+0.57X 10-*H») ](180°/r). (39) 


For the antiferromagnetic ordering along the a axis of 
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TaBLe VI. Values of @g as a function of Ho for Ho along the } 
axis, and the calculated values of the dipole fields along a 
and 6. 


Ho On 


0 
4000 
5000 
6000 
7000 
8000 
9000 

10 000 


Fig. 5, the values of the magnetic moments at the sites 
are 


(ua4)=—sinOg\u4|, (uo®)=sinbg|p* |, 


(uv4)=cosOg\u*|,  (us®)=cosOz|u®|, (40) 


(ue4)=0,  (u-®)=0, 


in which we have set 6g= —@.4. Table VI gives the values 
of 6 for different values of Ho. The value of sin@, is 
0.9995 and changes negligibly over this range of Ho. The 
dipole fields have been calculated by substituting the 
values of Eq. (40) into Eq. (9), from which we obtain 
the following components of H? along a, 6, and ¢ from 
sublattices A and B, respectively: 


0.0624 0.1582 0 
0.1582 0.0624 0 
0 0 


—0.9995 
+coséz 
—0.1248 0 


H>= 


— 0.0876 0.1334 0 
+ 0.1334 —0.0876 0 
0) 0 


0.9995 
+coséz 
+0.1752 0 


K10"*{u), (41) 


or 
—0.1500 
—0.0248 


+0.2915 cos@z 
—0.0252 cos@p | (u)X 104 gauss. 
0 


H?= (42) 


Now the total moment of Ni** in this crystal, including 
orbital contributions, is g8S=2.16X10-* erg/gauss, 
plus a small temperature-independent contribution 
which can be neglected in the antiferromagnetic region. 
It is necessary to assume a degree of alignment of each 
sublattice and, as mentioned above, we shall follow 
Fischer’s® calculation of @=0.964. This gives (u’)= 2.08 
x 10-” erg/gauss. The components of the dipole fields 
along a and 6 calculated from Eq. (42) are presented in 
the last two columns of Table VI. It is noteworthy that 
by aligning the ferromagnetic components along the 
positive 6 axis there is a net dipole field at the fluorine 
sites which is negative or opposed to the ferromagnetic 
moment and to H». Another interesting point is that, 
although decreasing the angle ¢ by increasing Ho 
changes yw» more than ya, still the off-diagonal terms in 
the dipole sum change the field component along a more 
than along 0. 
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Using the same model of spin alignments we shall 
calculate the contributions of the hyperfine interactions 
to the internal magnetic field at the fluorine nuclei. For 
the fluorine site which we have considered at (u,u,0), the 
type I hyperfine interactions are with the B sublattice of 
Nit ions at the body-centered position in Fig. 1(a) and 
the type II interaction with the A sublattice of Ni** 
ions at the origin. Referring to Eq. (10), we now trans- 
form the spins into their components along the x, y, and 
z directions and have, using .= —g@S and setting B=I 
and A=II, 


1 
SU _ —(§ U+S »l ). 
v2? 


(S,'—S;,'), 


1 (43) 
§ H=—(-—S."4+5,"), 
v2 


(S,'+5S,!), 
2 


SHaS2 S=SJ. 


Writing the hyperfine interactions out in terms of the 


tensor A, we have 


Aes 0 
> wv A-S=2 0 y ae 
0 +A,,! 


Aaa 0) 


+f 0 Ag,” 
0 0 A,," 


S II 
“=z 
> EE 
Sy 


gu 
Vz 


(44) 


We shall substitute the values of (S) into this equation 
which are consistent with the values of (u) used for the 
dipole sum calculation, remembering that both orbit 
and spin contribute in some way to the dipole sum while 
in our approximation only the spin contributes to the 
hyperfine interaction. The + signs in front of the off- 
diagonal yz terms in the first tensor reflect the fact that 
the two type I interactions are with two Nit** ions above 
and below the xy plane whose off-diagonal interactions 
will cancel” at the fluorine site. Also, by symmetry 
considerations, all the other off-diagonal terms vanish as 
can be seen by inspecting Fig. 1(a). We can show from 
Eq. (44) that the hyperfine interactions expressed in 
terms of the moments and equivalent fields are 


[A z' (sin@g—cos@z) 
A ,'(sin@g+cos4s) | , 

0 J 

A ,|!(—sin6g+cos@g) 
A,!"(sin@g+cos6z) |, 
0 


(45) 


Ht 2m(u)c 
i ———— 
V2 g8y n | 





J 


where now, having shown that the off-diagonal terms of 
the hyperfine interaction vanish, we have returned to 
the single subscript. By taking the components along 
a and 8, introducing the numerical values of (x) 
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= —0.964¢8, yv=2.52X10* sec! gauss“, and rear- 
ranging, the hyperfine interactions can be expressed as 
effective fields: 


H,=3.60X10?[sind,(2A +24 ,!—A —A,!) 
+cos8e(—24 +24 J—A +A MY], 
H,=3.60X 10°[sinég(—2A4 +24 I-A 244 0) 
+cos6p(2A J+24 J+A 4+A4,0)], - 


In these equations the A’s are in units of 10~* cm. The 
experimental values of H;= 10 075 gauss and y= 101.3°, 
in which ¢ is the angle between H; and the [100] 
direction, can be reduced to H;gz=9870 gauss and 
H;»= —1974 gauss. Since the dipole fields are given in 
Table VI, it is possible to calculate two parameters of 
the hyperfine interaction from the two relations in Eq. 
(46). By inspecting these relations it is obvious that the 
main contribution to H, comes from the coefficient of 
sin6g. Furthermore, the most important term in this 
coefficient is 2A ,'—A,"!, so that the experimental value 
of H, is used to derive the values of A,! and A,! in 
Appendix A. The value of /7,, on the other hand, is very 
sensitive to small changes in A,! and A,!!. When these 
parameters are determined, as described in Appendix A, 
we obtain the perfectly reasonable values for the hyper- 
fine interaction listed in Eq. (29) and compared with 
KNiF; in Table II. The values determined for KNiF; 
are unambiguous because of its cubic symmetry. It has 
been shown* that KMnF; agrees within experimental 
error with the values measured in MnF». Therefore we 
conclude that the values of the hyperfine interaction in 
NiF2, which are determined from the spin ordering of 
Fig. 5, are the correct values. Consequently, we show 
that the limit of error of the spin ordering is +1°. 
Another confirmation of the magnetic ordering is 
obtained when Hp is rotated away from the [100] direc- 
tion in the (001) plane. The resonance splits into two, 
one going to higher field and the other to lower, as 


(46) 
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Fic. 6. Splitting of 
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Fic. 7. (a) and (b) The calculated variation of the spin angles 
64 and 6, defined in Fig. 5 as Hy is rotated in the (001) plotted asa 
function of angle @ between Hy and [100] under the same experi- 
mental conditions as Fig. 6. In all four parts of this figure, the 
solid curve corresponds to the smaller value of Hy and the dashed 
curve to the larger. (c) Calculated variation in the angle ¢ be- 
tween H; and the [100] direction as a function of the angle 6 be- 
tween H; and the [100]. (d) Calculation variation in the magni- 
tude of H,; with 6. 


illustrated in Fig. 6 for y=44.110 Mc/sec at T=4.2°K. 
Two different curves have been calculated with different 
assumptions. The solid line assumes that the spins do 
not move as Hy is rotated—it assumes that H;=10 070 
gauss and that the angle ¢ between H; and the b axis 
remains constant during the experiment at 100.8° which 
is the angle calculated for @=0 in Eq. (38). The dashed 
line represents the Hy expected for resonance if the spins 
move as the angle @ between Hy and the 6 direction 
changes. By substituting the experimental values of Ho 
and @ into Eq. (37) and Eq. (38), it was possible to 
calculate the changes in @4 and 0g. The new values of 
spin orientation were then substituted into Eq. (42) and 
Eq. (46) in order to evaluate the new value of H; and 
the angle ¢. In order to show the dependence of H; upon 
6, we have plotted in Fig. 7 the calculated values of the 
magnitude and angle of H; as Hy is rotated with respect 
to [100]. These values were computed for the experi- 
mental values of 1» displayed in Fig. 6 under the condi- 
tions T=4.2°K and v=44.110 Mc/sec. Included in 
Fig. 7 are the dependences of 64 and @, upon H, and its 
angle @. It can be seen that 64 and @z each varies by one 
half of a degree in this range. The concomitant variation 
of the angle ¢ is about twice as great. In Fig. 6 we see 
that the lack of agreement between the calculated 
curves and the experimental points is on the average 
equal to the differences between the two calculated 
curves. For H)~10° from the [100] direction, this 
difference reflects a little less than 1° difference in the 
angle ¢. This is an independent confirmation that the 
internal field is as calculated from the data of Table V. 
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Fic. 8. The observed intervals between derivative extrema, 5H, 
at T=4.2°K with H,||[100] are plotted as circles. The angle 
between Hp» and the resultant field at the nucleus varies, as shown 
in the text, as Ho is changed so that the corrected widths are 
plotted as crosses. 


LINEWIDTHS IN ANTIFERROMAGNETIC STATE 


In the paramagnetic region the observed linewidths 
have been explained by the exchange narrowing mech- 
anism previously observed to be responsible for line- 
widths in other paramagnetic iron group fluorides. In 
the antiferromagnetic region the observed linewidths 
shown as circles are functions of Ho as shown in Fig. 8 
and Fig. 9. Figure 8 shows the separation between 
extrema of the derivative of the single absorption line 
observed for Ho||[100] at 4.2°K at different values of 
H,. The same measurements for the two separate lines 
observed at the same temperature, but with H just far 
enough away from [100] in the (001) plane so that the 
two lines are well resolved, are shown in Fig. 9. Both sets 
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of measurements were made with magnetic field modu- 
lation. It is evident from these plots that, as Hp is de- 
creased from ~5000 gauss, the individual resonances 
broaden rapidly. By extrapolating to zero field the 
resonances would be more than a thousand gauss wide. 

This measured increase of the linewidths, in gauss, as 
H, is decreased is caused by the resultant field at the 
nuclei being far from parallel to Ho. In fact, by differ- 
entiating Eq. (36) we can show that 


0H, Ho—1974 


——a ' (47) 

OH, W/YN 
in which Hf, is the resultant field at the nuclei. If we 
correct the data for these geometrical considerations, we 
obtain the true values of 6H shown as crosses and hollow 
squares in Fig. 8 and Fig. 9. The crosses and squares in 
the latter distinguish between the resonances observed 
at higher and lower fields, respectively, for the same 
orientation. As zero field is approached, the resonance 
decreases in strength because magnetic field modulation 
was used. The modulation field is parallel to Ho and is 
attenuated in the same way as Ho. The resonance was 
not seen at zero field with magnetic field modulation 
consisting of a clipped sine wave based on zero. This led 
to the conclusion that either most of the ferromagnetic 
moments were aligned by the modulation field which, 
during the half cycle it 
second, it was possible that the broadening noticed in 
the corrected data of Fig. 8 indicates a trend and the 
resonance is really very broad at low fields. 

From Fig. 9 the average width of the individual 
resonances is seen to be ~25 gauss. Nakamura* and 
Suhl*® have explained nuclear resonance linewidths in 
ordered magnetic substances by indirect exchange inter- 
actions. Nakamura™ has shown that the width of the 


was on, averaged ten gauss; or 
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direction in the (001) plane. Open 
circles refer to measurements of 
the lower field line, solid circles to 
the line which is displaced to higher 
fields. The corresponding corrected 
values are shown as crosses and 





squares, respectively. 
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F'® resonance observed" in MnF; can be explained by an 
indirect coupling of nuclear spins via the excited spin- 
wave states. This is analogous to the Ruderman- 
Kittel,°® Bloembergen-Rowland*’ indirect 
mechanism. The main difference in the results obtained 
is that in antiferromagnetic materials the broadening 
only occurs as a result of interactions between identical 
nuclei. For MnF»s, Nakamura has calculated the second 
moment, AH”, of the F® resonance to be 


A? \?2 
2hw 


in which A is the hyperfine interaction per bond, w, is 
the exchange frequency, and J and yy refer to fluorine. 
The factor f’ for the case of small anisotropy is given by 


exchange 


nw} 
ao X27 (1+1) 


2r 


AH? 


) 


f'=40/7A, (49) 


in which A= (2H4/Hzx)!, where H« is the anisotropy 
field and Hx is the exchange field. We have reduced /[’ 
by a factor of two because only one of the two spin- 
wave branches in NiFs is contributing. Notice that if 
the anisotropy is small then f’ is large and the line is 
broadened. We can evaluate A by using Moriya’s® ex- 
pression for the antiferromagnetic resonance frequency 
as follows: 


0.06yH e=y(2H aH z)!. (50) 


Wes 2A wwe - 


Since from the torque®:* measurements A2=0.03, then 


A=0.06. (51) 


Calculating the exchange energy from the Néel temper- 
ature in the same way as was done* for MnF>2, and 
substituting in Eq. (48), with the relation for Gaussian 
lines that 


we calculate that 
6H = 33 gauss. (53) 


This is a good fit to the experimental value of ~ 25 
gauss, considering the simplifications of both theory and 
experiment. The indirect coupling predicts larger widths 
in NiF, than in MnF, because in the former the 
anisotropy is smaller and the hyperfine coupling to the 
fluorides is larger. The anisotropy is small because the 
90° symmetry of the sites in the (001) plane would give 
zero anisotropy for a 180° spin alignment in that plane, 
while the ordering observed differs from 180° by 
only ~3°. 


TRANSITION REGION 


In this section, the nuclear resonance results obtained 
as the temperature is lowered from 298°K through 
T y=73.2° will be discussed. The experimental values of 
the fractional resonance shifts a=AH/Hp» at 298°K, 

36M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (1954). 


37 N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1679 
(1955). 
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Fic. 10. Measurements of //o vs temperature for three different 
orientations. The dashed line represents the calculated values of 
the shift as described in text 


90.3°K, and 77.3°K are listed in Table I. In the last 
column of the table are listed the values of a divided by 
the spin-dependent portion of the susceptibility as de- 
fined in Eq. (8). This number should be a constant since 
it is proportional to the spin-independent factors of the 
hyperfine interaction and dipole sum. It can be seen 
from Table I that it is constant, to within experimental 
accuracy, for H»|\[001 }. However, it is not constant for 
H||[110 ] as can be seen from those data. In fact, as the 
temperature is lowered close to Ty, some of the nuclear 
resonance shifts begin to vary very rapidly with temper- 
ature as shown in Fig. 10. In this figure the magnetic 
field required for resonance at the constant frequency of 
44.874 Mc/sec is plotted vs temperature. 

Let us first consider the results obtained with 
H,||[001] since these are the least anomalous. In the 
region from 77.3°K to 73.2°K, the single resonance 
stays constant at H)=10742 gauss. The resonance is 
17.9 gauss wide in this region and the width was con- 
stant between 77.3°K and 73.2°K. The measurements 
shown in Fig. 10 taken with H||[001 ] show less than 
one gauss variation of AH with temperature. Actually 
a change in AH of about nine gauss is expected over this 
temperature range because of the change of suscepti- 
bility with temperature. However, the displacement is 
very sensitive to the error made in aligning the crystal. 
When small errors in alignment were made, the reso- 
nance was observed to shift to higher fields as T— Ty, 
indicating some admixture of the perpendicular com- 
ponents which does shift to higher fields. Disregarding 
these small orientation effects, the results with H||[001 ] 
were very similar to our previously' reported measure- 
ments in MnF» where a followed the susceptibility right 





Rn. G. 











| 
i 


T 
= 
im 
t 


nal 


“+ + 


| ! 
“~MOLECULAR 
FIELD 


—EE 











sil 
































0.5 1,0 2 5 10 20 
(Ty-T) IN DEGREES KELVIN 
Fic. 11. Calculated values of H; vs temperature as a result of 


measurements made near 7 and at 20.3°K and 4.2°K. The fit 
was made to a Brillouin function. 


down to Ty and in which the susceptibility was a well- 
behaved gently varying function of temperature. At 
73.2°, corresponding to Ty, the resonance field begins to 
change rapidly with temperature. The reason for this is 
that the internal field H;, following the sublattice 
magnetization, is growing rapidly as the temperature is 
lowered in this region. The first interesting point, as 
shown in Fig. 10, is that the resonance field is continuous 
across Ty. The resonance did not disappear as the 
temperature was cycled through Ty. This is to be ex- 
pected as X,, should be continuous across Ty. Just 
below Ty the resonance became a little narrower and 
more intense, but several degrees below Ty it broadened 
and disappeared. Since the internal field H; is known 
from our measurements at 7<Tvy to lie in the (001) 
plane, it can be measured in this temperature region in 
the following way. With H.;1 Ho, Eq. (36) reduces to 


H?+H?= (w/yn)?= (11 203.1), (54) 


at the conditions of the experiment. The values of H; 
calculated are plotted in Fig. 11 along with the values 
measured at 20.3°K and 4.2°K. An attempt has been 
made to fit these points with the Brillouin?* function 
which is plotted as a solid line in Fig. 11. It can be seen 
that the agreement is not bad but that a more detailed 
comparison would be afforded by measurements of H; 
at intermediate temperatures. Unfortunately, below 
71.5°K the lines broaden and disappear. First we shall 
consider the possibility that they disappear because of 
temperature inhomogeneities across the sample broaden- 
ing the resonance. Differentiating Eq. (54), we have 


0H, Ay oH; 
—=-—_ —. (55) 

‘ H; oT 
Substituting measured values of H;, Ho and setting 
AH;/AT~0H,/dT gives a maximum value of 0H,)/dT 
500 gauss/degree at T~72,8°K, At T~71.5°K, where 
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the resonance disappears, the value is 0H)/d@T160 
gauss/degree. These effects will not explain the decrease 
in fluorine resonance intensity unless one assumes that 
the temperature gradients across the sample increase 
enough as tae temperature is lowered to overcompensate 
the decreasing value of 0H)/dT with decreasing tem- 
perature. Since there is no reason to expect this, we 
must look for another reason. 

The line disappears at 71.5° with H\|[001] in a way 
that is consistent with the disappearance of the reso- 
nance in the antiferromagnetic region for H9||[100]. As 
is shown in Fig. 8, as the magnetic field parallel to [100 ] 
is reduced and magnetic field modulation is used, the 
resonance begins to broaden until it becomes too broad 
to observe. With 7,||[001] it is perpendicular to H, 
which is in the (001) plane. As 7; increases, the effect of 
the modulation field upon the resultant decreases and 
the resonance becomes apparently broader and steadily 
weaker as described in Eq. (47). 

It can be seen from the last column of Table I that 
although a/x is well behaved for Ho/|[001 ], it is not well 
behaved for H) in the (001) plane. These results for the 
temperature region just above Ty are shown in Fig. 10. 
The rapidly varying shifts of the fluorine resonance 
could be explained by a rapidly varying susceptibility in 
this region, which would be similar to the variations in a 
ferromagnetic substance just above its Curie tempera- 
ture. Stimulated by these results, we gave a single 
crystal of NiF, to Cooke and Lazenby to measure the 
susceptibility in this temperature region. Their measure- 
ments” of X, show a rapid increase as the temperature is 
lowered towards Ty. Measuring the molar susceptibility 
along the direction of maximum susceptibility in the 
(001) plane, they find that X,=6.17X 10~* cm*/mole at 
90.0°K and 6.37X10-° cm*/mole at 77.05°K, after 
which it rises rapidly to 8.23xX10-* at 73.4°K. The 
susceptibility of NiF, has been calculated by Moriya‘ 
from the spin Hamiltonian. Moriya has extended his 
calculations so as to include enough separate contribu- 
tions to the susceptibility to explain these results. With 
his encouragement we present the salient features of the 
derivation. 

In place of his Eq. (3.1) for X, we can write the 
temperature-dependent part of X, for the two different 
sublattices labeled A and B in Fig. 1. Along the [110] 
direction these are 


1 2g:°6%, 


X(110)4— X24 “> D x 


1 2g2°86. 
X 110) 8 — X93 = — —— 
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in which we have defined the quantities X,° and X,° to 
be the temperature-dependent parts of the suscepti- 
bilities along the x and y directions of Fig. 1(b). 

The total susceptibility in the (001) plane is 


6, bs 
=—| 2+ 529 + (g.- 2)" J+J") 
Fl’ p-E DLE (ir 


6:62 | 


— (gP+g2)(J-J’)} 4 
DF] 


(58) 
in which 


61 be 6162 
F= 1+2s'(—_+. — ) ntl Pp, 
D-E D+E DF 


and 
J= 8/1, 


J'=2J2+4Js, 


where J, is the exchange coupling between a nickel ion 
on one sublattice and its eight near neighbor nickel ions 
from the other sublattice. This is the predominant 
antiferromagnetic coupling while the couplings with 
other nickel ions on the same sublattice are described by 
J; and J;. In this expression, 

. sake a] (59) 


+ +} (60) 


D+3E BP+3E 


eu 
D—E 3kT 6kT 2(3RT)? 


D—3E 


- 6RT 


5 1 [: D+3E 
D+E 3kT 2(3kT)? 


Now upon defining Ty as the temperature at which 
F=0, we find that 


2g28 D 
xX °=— 1+—+---) 
3k 3kT 
T-—T, 
x——_—____—_—___—_, 
(T—Ty)(T+0+n/T+---) 
2g2°8? D 
X Pas (i+—+--) 
3k 3kT 
a 2 
— ween, i 
(T—Ty)(T+6+n/T+---) 


in which 


2 ig: 3E 
§1— 82 
ri=Tv+—| ~( J+—) 


3DE °F 
+= ———|, 63) 
8(J-—J') 327 
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and 
gi-g2)=Ss SE 
ae 1+—) 
§2 4 


3DE 9F* 


- -—| (64) 
8(J-—J') 32 


6=Tyt+4J'/3k, 
n= (2/3k)?(D/2)(J+-J')+---. 


(65) 


In addition to these relations for the individual sub- 
lattices, we also have for the perpendicular susceptibility 


(g2+g2)e D 
X,—Xi2=—————-( 14+ --- 
3k 3kT 
T-To 
x ———., 
(T—Ty)(T+0+n/T+: +) 
2EYJ 


7 er 
ga) ° 21K ? 


(67) 
in which 


2°99 3 
Te=Ty-—| + 
3k 


Hence, we see that there are four temperatures neces- 
sary to describe the susceptibility in this region. 
Furthermore, g; and gs are the g factors defined 
aS £1=gin0j}4=gutj?=gz and g2= gi)? =gpig4=gy- 
There is an ambiguity left because from the electron 
spin resonance results”! we do not know the sign of E in 
the spin Hamiltonian; we only know its magnitude. 
This ambiguity is removed by the present measurements 
by which it has been determined, as shown below, that 
the sign of E is negative using the coordinate system of 
Fig. 1(b). 

With these expressions it is possible to calculate that | 


T= Tyt2.52°=75.74°K, (69) 
T2= Ty—2.56°=70.66°K, (70) 
To=Ty—0.07°=73.15°K, (71) 


where we have used the value 7y=73.22°K and in 
which it has been assumed that J’=35 cm~. The value 
of (T+0+n/T+---) is slowly converging in this tem- 
perature region, and when evaluated from Eqs. (65) and 
(66) gives 73.2+67+6.7+---=147°K. By fitting 
Cooke and Lazenby’s measured” values of X,, a better 
value for Ty+0+n/T+ --- is 158°K. Our plan is to see 
how well the observed fluorine resonance positions 
shown in Fig. 10 can be fit by these expressions for the 
susceptibilities. Substituting numerical values in Eq. 
(61) and Eq. (62), we have 


T—75.74 
(T—73.22)(T+158)’ 
T—70.66 


1 Pas | MOS ire, 
(T—73.22)(T+158) 


X == 1.395 





(72) 


(73) 
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For 75.74>7> 73.22, X,° is actually negative. Further- 
more, these two equations are derived on the assump- 
tion that E<0. If we assume that E>0, then X,° and 
X,° would be interchanged because changing the sign of 
E interchanges the values of g; and gy as shown in Eqs. 
(19) and (20). In order to distinguish between these 
alternatives and to ascertain the agreement between 
theory and experiment, we shall try to fit the experi- 
mental results for Ho||[110 ]. Two lines are observed, as 
discussed in the previous section, corresponding to the 
two different fluorine sites. The more displaced reso- 
nance corresponds toa hyperfine interaction of 2A ,'(S,') 
+A ,"(S,"), the less displaced to an interaction 
2A S,')+A ,"(S,"). Using the relations of Eqs. (4) 
and (5), we can write the fractional shifts of all three 
resonance lines in the (001) planes in terms of the 
susceptibilities of the two sublattices. Doing this so as 
to include both hyperfine interactions and the dipole 
sums, we have 
(0.11524 ,}+-0.076)x,° 
+ (0.0567A ,!+-0.366)X ,”, 


afi io) = (0.11524 ,!—0.367)X 
+ (0.0576A ,4—0.159)x,°, 


e100) = (0.1152A ,1+0.0576A ,!!+0.0837)X,,°, 


@[110) 


(74) 


(75) 
(76) 


in which we have set X,°=X,,°. It can be seen from Fig. 
10 that the most rapid variation of a with temperature 
in the transition region occurs for the lines with Ho 
parallel to [110] and [110]. The numerical values of 
X,° and X,° are determined by Eqs. (72) and (73), while 
the dipole sums and hyperfine interactions are de- 
termined by Eq. (9) and Eq. (29), respectively. In 
Fig. 10 we have presented the measured shifts and the 
values calculated for Ho in the (001) plane from Eq. (74) 
and Eq. (75). It can be seen that, as a first approxima- 
tion, the two-sublattice model of the susceptibility 
explains the nuclear resonance shifts observed in this 
temperature region. Furthermore, although the ex- 
perimental results show that @ changes a bit more 
gradually than the calculated, still it must be remembered 
that there are no adjustable parameters in the calculated 
values. All the terms have either been measured inde- 
pendently or else have been deduced from measured 
quantities. 

This rapid variation of susceptibility was first ob- 
served in powdered NiF» in collaboration with Jaccarino 
several years ago by noticing the rapid increase in the 
width of the F'* resonance in the powder. There is reason 
to believe that this rapid change of susceptibility is a 
general property of weak ferromagnets because anhy- 
drous CrF; powder also has shown*® the same broadening 
while neutron diffraction measurements*®® coupled with 
susceptibility studies” show CrF; to be a weak 
ferromagnet. 


38K. Knox, R. G. Shulman, and T. R. Waite (to be published). 

® FE. O. Wollan, H. R. Child, W. C. Koehler, and M. K. Wilkin- 
son, Phys. Rev. 112, 1132 (1958). 

© W. N. Hansen and M. Griffel, J. Chem. Phys. 30, 913 (1959). 
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Between the preliminary announcement" of our de- 
termination of the magnetic ordering in NiF. and this 
final report, an independent neutron diffraction rein- 
vestigation of the magnetic ordering has been reported 
by Alikhanov,® who has reached the same conclusion 
about the direction of spin alignment as we have. 
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APPENDIX A 


In this Appendix we calculate the components of the 
hyperfine interaction tensor, using three measurements 
from the paramagnetic state and two from the antiferro- 
magnetic state. For the antiferromagnetic 
assume the spin ordering calculated by Moriya and 
shown in Fig. 5. The values of the hyperfine interactions 
obtained are shown to agree with those measured in 
KNiF; where their interpretation was unambiguous be- 
cause of the cubic symmetry. Finally, in this section, we 
investigate the effect of departures from Moriya’s model 
upon the values of the hyperfine interaction and con- 
clude that his model of spin ordering is correct with an 
error limit of + one degree. 

Seven independent measurements of the magnetic 
field at the fluorine nuclei are reported in this paper. In 
the paramagnetic state three independent measurements 
are made; in the transition region two different combi- 
nations; in the antiferromagnetic region two different 
combinations of the A’s are measured, i.e., the direction 
and magnitude of the internal field at the fluorine sites 
in the domains. As discussed in the section on the 
paramagnetic state, it is a good first approximation to 
describe the fluorine hyperfine interaction in terms of 


State we 


41 R. G. Shulman, Proceedings of Radio-Frequency Spectroscopy 
Conference, Oxford, September, 1959 (unpublished). 

R.A. Alikhanov, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 1145 
(1959) [translation: Soviet Phys.-JETP 10, 814 (1960) ]. 
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four coupling constants, A,', A,!!, A,!, and A,"!. In 
order to determine these A’s it is necessary to know (5). 
As shown in the text, (S) in the paramagnetic state is 
known quite accurately, while in this state three inde- 
pendent measurements of the A’s can be made. By 
adding another variable, i.e., the angle @ which the 
unpaired p, electrons really make with the z axis, and by 
allowing this to differ from the angle between the z axis 
and the internuclear radius, we introduce one more 
degree of freedom. In our opinion the spin alignment is 
known more accurately in the antiferromagnetic state 
than it is in the transition region. Therefore, our pro- 
cedure will be to use the two parameters measured in the 
antiferromagnetic state in conjunction with the three 
from the paramagnetic state to determine the A’s. When 
this is done, we find that the five parameters so de- 
termined are (in units of 10-4 cm) 


A,'=36.4+1.8, 
A,1=42.13-2.1, 
6, 4-540". 


A,'=9.1+0.9, 


A,N=9,9+40.9, (A-1) 


The angle of 54.0° differs slightly but significantly 
from the angle of 50.1°. A reasonable upper limit on the 
unpaired spin introduced into the fluorine w bonds, 
which we have assumed to be zero, would be the o 
contribution multiplied by the sin4° or ~0.7X10~ 
cm~'. In order to obtain the positive values of A,! and 
A,'! in Eq. (A-1), it was necessary to use the values of 
Eq. (25). The alternative values of Eq. (26) lead to 
unrealistic negative values of these quantities. 

To obtain values of the individual components of the 
hyperfine interaction tensor, we substitute Eq. (A-1) 
into Eq. (28) with the results, in units of 10~* cm, 


A Jf =27.342.0. 
A,}=36.7+1.8, 


A "=61.92255, 
A = 32.242.3, 
A 4 =32.242.3. 


(A-2) 


These values are our best fit of the data and are used 


throughout this paper unless otherwise specified. There 


are three important sources of error in these determi- 
nations, whose contributions to the errors in A we 
estimate as follows. First, there is the neglect of r bond 
formation which might contribute as much as +0.7 
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X10-* cm=! to the p, interactions. Second, there are 
uncertainties in the spin alignments in both paramag- 
netic and antiferromagnetic states. In the paramagnetic 
state the possible errors in the susceptibility might be as 
large as +3%. Since the dipole sum is only about one 
quarter of the observed anisotropy, the uncertainty in 
the susceptibility is no more important to the p, 
contribution than to the isotropic part. To all parts it 
contributes a 3% uncertainty. Below Ty we consider 
the effect of a spin deviation of one half of a degree from 
the values in Table VI. This would make a negligible 
contribution to the uncertainties of A,! and A,!. The 
and A," is seen 
most directly by considering the expressions for the a 
and 6 components of H; in the antiferromagnetic state 
given in Eq. (46). 

Considering H,, it can be seen that if 0g changes by 
+ one half of a degree from the value of 88.20 at 
H,=6000 gauss, then cos@g=0.0314++0.009. Now from 
Eq. (25) the coefficient of cos@g is 222.1K10- cm, 
which allows a possible error of +210-* cm™ in this 
term. This allows an error of +0.4X 10~ cm™ to appear 
in the individual values of A,! and A,!!. The third 
source of errors are experimental inaccuracies. In the 
paramagnetic state these are estimated to +2% in the 
value of the shifts..In the antiferromagnetic state they 
are negligible. These last considerations of spin align- 
ment and experimental errors, considered together, 
introduce a possible error of +0.6X 10-4 cm™ into the 
values of A,! and A,". 

We have neglected possible changes in the values of 
A with temperature which would be associated with 
thermal expansion. If the thermal expansion is the same 
as in MnFs, we can estimate that the errors introduced 
are negligible. 

From these considerations we see that although the 
values of A,' and A,'! would be negligibly affected by an 
error of + one half of a degree in the spin order, still an 
error of + one degree would change the values by an 
amount equal to the possible errors. Taking the reduc- 
tion of the NiF, p, values by w bonding into account, 
we see from Table II that within experimental errors the 
bonding is the same in NiF. and KNiF3. Since the 
cumulative errors correspond to an uncertainty of + one 
degree in the spin order, we can take that to be the 
accuracy with which we have confirmed the spin order. 


effects of these variations upon A,! 
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Electronic Structure of the Centers in ZnS 


JoserpH L. Brrman* 
University of Pennsylvania, Philadelphia, Pennsylvania, and General Telephone and Electronics Research Laboratories, Bayside, New York 
(Received August 30, 1960) 


A model of the common sulfide luminescent centers is proposed. The mutual perturbation of crystal eigen- 
states and transition-metal (activator) d eigenstates is assumed to give rise to the excited and unexcited 
eigenstates of the center. For substitutional Cu*(d") in zincblende, zeroth order crystal field theory predicts 
that two sets of occupied center ground-state levels (J: and £) originating from d'° will exist. Additional 
level splittings result from (a) the spin-orbit effect, and (b) axial crystal field splittings in wurtzite. Experi- 
ments on visible and infrared, excitation and emission, are used to make tentative assignments of magnitude 


of level splittings. 


HE chemical constitution and electronic structure 
of the centers (luminescent and “killer’’) in ZnS 
have been discussed for some time.' The models which 
have been proposed for these centers describe the origin 
of the eigenstates of the center; the relationship of 
center states and band structure; the absorption, excita- 
tion, emission, quenching, and stimulation effects in 
diverse fashion. The polarization of luminescence,” the 
relationship of luminescence and photoconductivity,* 
the mechanisms of energy transfer‘ (e.g., between ‘“‘blue”’ 
and “‘green” centers), and the electron and hole capture 
cross sections of excited and unexcited centers® involve 
elaborations of the basic model. 

“Band” models! identify the eigenstates of the center 
as perturbed states of the valence band, or conduction 
band. Owing to failure of the effective-mass theory for 
such deep states,® it has not proven possible to put these 
models on a quantitative basis. Hydrogen-like,’ and 
associated donor-acceptor’ models place emphasis on 
screened Coulomb effects arising from (effectively 
structureless) point charges embedded in the lattice. 
These models ignore the activator atom/ion except inso- 
far as it perturbs the lattice. 

Here, we propose a model considering the eigenstates 


* Mary Amanda Wood Visiting Lecturer, Physics Department, 
Spring, 1960. 

1H. A. Klasens, J. Electrochem. Soc. 100, 72 (1953); C. C. 
Klick and J. H. Schulman, in Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, Inc., New York, 1958), 
Vol. 5. Both articles review the literature and ‘“‘band’’ models. 

2 A. Lempicki, Phys. Rev. Letters 2, 155 (1959) ; J. Electrochem. 
Soc. 107, 404 (1960); J. L. Birman, Phys. Rev. Letters 2, 157 
(1959); J. Electrochem. Soc. 107, 409 (1960). 

31. Broser and R. Broser-Warminsky, Z. Elektrochem. 61, 209 
(1957). 

4N. T. Melamed, J. Phys. Chem. Solids 7, 146 (1958). 

5 W. Hoogenstraaten, Philips Research Repts. 13, 515 (1958), 
especially p. 529, line below Eq. (2.11), and pp. 624-628. 

6 W. Kohn, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 5, reviews 
the conditions under which effective-mass theory may apply 
quantitatively. For deep states, the center eigenfunctions must 
involve admixture of states from valence and conduction bands, 
for many k in the zone, in order to create a localized function. 

7 The experimental evidence favoring association for the com- 
mon, halide coactivated green, blue, and ‘‘orange-red”’ centers in 
ZnS seems questionable. The theory proposed by F. Williams, J. 
Phys. Chem. Solids 12, 265 (1960) is essentially in the effective- 
mass framework (see footnote 6 above) but does not include 
enough states to be quantitatively accurate. 


of the center (which arise from the mutual perturbation 
of host and transition metal activator states) within the 
framework of crystal field theory* modified by relevant 
aspects of band theory. Consider the green center in 
cubic ZnS:Cu, which we take as arising when Cut is 
substituted’ for Zn**. The Cut(d") is at a site of sym- 
metry 7. In the resultant crystal field, the d electrons 
are split into two groups: d(T.) and d(£), with the six 
T: levels higher* in energy than the four E£ levels by 
10Dq. The assumed order of states is shown in Fig. 1(a). 
(Note that we place the £ levels slightly above the 
upper valence edge: It is possible that the £ levels are 
~0.2 ev below valence edge, in which case the change in 
Dq postulated below after excitation will not be needed. 
Only a detailed calculation, or additional experimental 
results, can settle this question.) Excitation” by 0.339-y 
or 0.420-u light raises a T, or F, electron, respectively, 
to one of the center’s excited states, close to the conduc- 
tion band edge. After excitation and ionization the Cu**+ 
center (d® with the hole in the 7» levels) suffers a rear- 
rangement: (a) Increased Coulomb attraction between 
Cu** and S™ decreases the four Cu-S distances sym- 
metrically (A, distortion); (b) Jann-Teller effect may 
produce an asymmetrical (7, or £) distortion. The A, 
distortion will raise the Madelung potential (Vy,), and 
the potential energy (eV s;) of the average d electron. We 
have estimated the increase in potential energy as ~ 0.60 
ev. The total change in environment (a) and (b) of the 
Cut also may manifest itself in an increased E—T, 
splitting : (10D’q’). Green (0.52-u) emission occurs when 
an electron falls from one of the excited states of the 
center to the T; level; and the center then returns to its 
initial configuration. [See Fig. 1(b)._] From infrared ab- 
sorption, emission, quenching, and stimulation experi- 


§ Crystal field theory is reviewed by D. W. McClure, in Solid- 
State Physics, edited by F. Seitz and D. Turnbull (Academic Press, 
Inc., New York, 1959), Vol. 9. We use here McClure’s notation for 
the irreducible representations of Tz, and crystal field parameters. 

®R. Bowers and N. T. Melamed, Phys. Rev. 99, 1781 (1955) 
discuss the evidence that the green center is due to substitutional 
Cut sites; and that at least one blue center is due to Zn*+ 
vacancies. 

10S. P. Keller and G. D. Pettit, Phys. Rev. 115, 526 (1959); A. 
Halperin and H. Arbell, Phys. Rev. 113, 1216 (1959). 
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ELECTRONIC 


ments," we provisionally assign’? Dg(=0.073 ev) = 590 
cm and D’q'(=0.091 ev) =740 cm“. 

We take the excited states of the center as arising 
from 4s-like conduction states of the 12 second neighbor 
Zn** ions. This twelvefold degeneracy is split by the 
Ta field, giving for the excited states: 

Y= S7n(A1)+San(E)+San(T1) +28 an(T2). (1) 


where, e.g., Szn(A1) is a linear combination of the twelve 
Zn** 4s states possessing the indicated symmetry. To 
include covalency effects in the center eigenfunction, 
we consider the 12-dimensional representation gener- 
ated by the three 3p-like valence states on each of the 
four first neighbor S~. We find, on reducing this 
representation, 


Y°'= Ps(A1) + Ps(LE)4+Ps(T1)+2P s(T2), (2) 


and the P are linear combinations with the indicated 
symmetry. Hence, for the eigenfunctions of the 
states of the center we take 


¥(T2)=d(T2)+aPs(T2), (3) 
¥(E)=d(E£)+8Ps(E . (4) 


two 


where a and f are mixing (covalency) coefficients, which 
are probably small, but need to be determined. 

To the extent possible, a theory of the centers based 
on this model, must concern itself with the calculation 
of: the local crystal field at the center (particularly, 
Var, and V4, respectively, the Madelung and “‘octo- 
hedral”’ potentials) ; they (7.)—W(£),W(T2)—y,™ energy 
separations and optical transition probabilities. 

We propose that the blue, green and “red” lumines- 
cent centers in ZnS all arise from a common source: the 
perturbed d" configuration of either Cut or Zn**. These 
ions may be located at different sites in the lattice or, 
in the case of the “‘self-activated”’ blue center (believed 
caused by Zn** vacancies)* perturbed by the absence of 
a second neighbor cation. The green and blue lumines- 
cence [separation in energy of the ¥(72) and y® states | 
reflects largely the Vy, at the center; the infrared effects 
[energy separation of ¥(T2) and y(£) states] reflect 
largely the value of V,.'* Analogous arguments hold 
for the corresponding centers in hexagonal ZnS and CdS, 
when lower center site symmetry is considered. The 
eigenstates of “killer” centers Fe, Co, Ni can be treated 
in the same framework of perturbed ad” electron states 
with admixture of covalency [Eqs. (3) and (4) ] and 
excited transfer states! [Eq. (1) ]. In the sense that the 

4 Reviewed by E. F. Apple and J. S. Prener, J. Phys. Chem. 
Solids 13, 81 (1960). 

2 The spin-orbit effect, which may be large in Cu**, has been 
neglected here. 

18 For the red center, believed due to interstitial Cu* in ZnS 
(see reference 9), it is most reasonable to place the Cu* at an 
interstitial site whose symmetry is approximately O, (sixfold 
coordination). The order of 7: and F£ levels is then inverted from 
that shown in Fig. 1, and the separations may be greater. 

14 W. Low and M. Weger, Phys. Rev. 118, 1119 (1960), have 
studied optical and PMR absorption in ZnS: Fe. In their analysis, 
covalency and transfer effects are ignored. Since the transfer- 
excited states [our Eq. (1)], e.g., conduction band, of ZnS are 
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Fic. 1. Electronic structure of the green center in cubic ZnS: Cu; 
Cut substituting for Zn**. (a): The center (Cu*) before excitation 
T2 levels contain 6 electrons, E levels contain 4. (b): The 
center (Cu**) after excitation and ionization—7-~ levels contain 5 
electrons, E levels contain 4. We assume that after ionization the 
T,.—F separation has increased, and both levels have moved 
away from the valence band. Processes indicated are (1) band- 
band absorption, ~0.331 4=3.75 ev; (2) green center exci- 
tation,!® ~0.339 u = 3.66 ev; (3) green center excitation,’° ~0.420 u 
=2.95 ev; (4) green emission peak, ~0.522 4=2.38 ev; (5) 
infrared absorption,'! ~1.30 4. =0.95 ev; (6) infrared absorption," 
~0.95 4 =1.3 ev; (7) infrared emission," ~1.55 u.=0.80 ev; (8) 
infrared emission,'! ~1.67 1.=0.74 ev. The initial electron state 
in (1)—(8) is indicated by a dot. Data are numerically inconsistent 
as (7) and (8) are taken at 90°K, while (1)—(6) are for room 
temperature. Also, data on hexagonal ZnS:Cu have been used as 
there are no comparable data on cubic ZnS:Cu. Thus, axial 
splittings and polarization of absorption and emission in hexagonal 
structure, as well as spin-orbit effect are neglected. As indicated 
in the text, it is possible that the E— 7» separation does not change 
after excitation, in which case the F levels in (a) are below the 
valence band, and processes (7) and (8) are from valence bands 
to the 7. levels. 


center levels are close to the valence band, that valence 
band states (3p-like functions of S™) are admixed into 
the center eigenfunctions, and that a “free” electron 
recombines with a bound hole to produce luminescence, 
this model resembles the familiar Schoen-Klasens 
model.':!® Our model of the origin of the center levels is, 
however, quite different, and, we believe, offers more 
possibility of quantitative elaboration. 
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some 5-8 ev lower than the lowest excited state (Fe*+*+4p) which 
they consider, their analysis and conclusions require re- 
examination. 

‘8 Recent work on the polarization of luminescence and band 
structure in CdS and ZnS single crystals: A Lempicki, J. Birman, 
H. Samelson, G. Neumark (to be presented at the International 
Conference on Semiconductors, Prague 1960, and published in the 
Proceedings) seems to indicate the failure of the Lambe-Klick 
model for long wavelength emission. 
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Valence Band Emission Spectra of Iron, Cobalt, and Nickel* 


D. H. ToMBOULIAN AND D. E. Bepo 
Cornell University, Ithaca, New York 
(Received August 25, 1960) 


The paper presents results on the shapes of the M23 emission bands (valence — 3p) of Fe, Co, and Ni. 
The relative intensity distributions were arrived at by removing the underlying background contribution 
in accordance with the predictions made available from recent investigations dealing with the behavior 
of the soft x-ray bremsstrahlung intensity. In the spectrum of Fe the peak of the composite M»2,; band falls 
at 51.3 ev. The peaks in the Co and Ni spectra are located at 57.8 ev and 64.8 ev, respectively. The high 
energy limits are estimated to fall at 56.5 ev, 61.4 ev, and 68.9 ev for Fe, Co, and Ni, respectively. The 
over-all composite bandwidths in ev in the order of metals just cited are found to be: 14.5, 10.8, and 9.3 
These estimates include the low-energy tail belonging to the individual M; spectral bands. An attempt 
was made to resolve the Fe M2; complex band into individual M2 and M, bands. In this process the inner 
levels were regarded as sharp, but the influence of Auger reorganization upon the relative band intensities 
was taken into account. For Fe, this process gives an individual bandwidth of 8.0 ev. The results of the 
present observations are compared with other determinations of band contours. The various measurements 
are in agreement as to the location of the peak energy but there are differences in the intensity profiles and 


bandwidths. 


INTRODUCTION 


N an earlier investigation! dealing with the copper 

M>,; emission band, it was pointed out that the 
experimental determination of the characteristic emis- 
sion band shape was dependent sensitively on the pro- 
cedure followed in removing the background radiation. 
In the case of copper, information concerning the back- 
ground was derived from an examination of exposures 
taken with other neighboring elements (Cr and Mn) 
as target materials. In sorting out the background, it 
was assumed that the continuous spectrum emitted by 
these metals under standardized values of the target 
current and potential had nearly the same shape, the 
absolute intensity in each case being governed by the 
exposure time and the atomic number. In practice, the 
observed background may be distorted by impurity 
bands and is modified by absorption in the surface of 
the grating, so that in treating the record it is not al- 
ways possible to differentiate between the unwanted 
features and those that are characteristic of the valence 
band. 

Recent investigations? of the soft x-ray continuum 
over the 80 A to 180 A region indicate that the relative 
power radiated per unit wavelength band varies as 1/A*. 
The value of a is found to depend upon the atomic 
number of the metallic target and upon the target 
voltage. For target voltages lying in the 1-3 kv range 
and for a wide range in the atomic number of the target 
materials, the values of a are observed to lie between 
1.9 and 3.0. For the three metals (Fe, Co, Ni) of the 
iron group, a careful study of the intensity distribution 
of the bremsstrahlung produced by 3-kev electrons 
shows that a good fit is obtained for values of a which 
fall between 2.3 and 2.4. 


* This research was supported by the Office of Ordnance 
Research, U. S. Army. 

1D. E. Bedo and D. H. Tomboulian, Phys. Rev. 113, 464 (1959). 

2T. J. Peterson and D. H. Tomboulian, Bull. Am. Phys. Soc. 
4, 419 (1959). 


Since the wavelength dependence of the bremsstrahl- 
ung intensity may now be considered as known, it is 
no longer necessary to rely on information deduced from 
exposures obtained with neighboring elements. Instead 
it becomes possible to predict the expected shape of the 
continuous spectrum underlying the characteristic emis- 
sion band of the metal in question. It is the purpose of 
this paper to present results on the shapes of the M2,; 
valence bands of Fe, Co, and Ni as derived from hereto- 
fore unpublished measurements which have now been 
reduced by removing the background contribution in 
accordance with the scheme just mentioned. 


EXPERIMENTAL 


For a discussion of the experimental arrangement and 
general procedures, the reader should consult the article 
on copper! and references contained therein. Comments 
relevant to the present work are confined primarily to 
the technique used in depositing the target layer. The 
evaporation of Fe, Co, and Ni involves the problem of 
alloying with the tungsten filament used as a heater. 
Because these metals are soluble in tungsten, it is desir- 
able to distribute the charge to be evaporated so that 
only a limited amount of the molten metal is in contact 
with a given length of the filament. Thus the concen- 
tration of the metal in the metal-tungsten alloy is kept 
to a low level. Otherwise, the evaporator disintegrates 
before adequate evaporation rates are reached, since 
the melting point of the metal-tungsten alloy is reduced 
with an increase in the amount of metal dissolved. In 
practice, the evaporator was made by twisting together 
two 20-mil tungsten wires with a thinner (5-10 mil) 
wire of the metal and subsequently supporting the three 
stranded unit in a manner which prevented the collapse 
of the alloyed tungsten filament. 

In obtaining records, freshly deposited target layers 
were bombarded for about fifteen minutes before re- 
coating. Filaments of the type described were used for 
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VALENCE BAND EMISSION 
a dozen or more evaporations. The dispersed radiation 
was detected photographically. The source was operated 
at a pressure of about 1X10-® mm of Hg, while the 
power input to the target was 300 watts (100 ma at 
3000 v). Three-hour exposures yielded a satisfactory 
recording of the spectrum. 


TREATMENT OF OBSERVATIONS 


The total relative intensity (continuum plus charac- 
teristic) was obtained by photometric reduction of the 
spectrograms. Figure 1 shows a typical plot of the over- 
all intensity distribution as a function of wavelength X. 
The graph displays the characteristic M2,3 band of iron 
superimposed on the continuum. The expected behavior 
of the underlying continuum over the relevant spectral 
domain was determined by the application of the 1/d** 
relation. In doing so the order response of the grating 
was taken into account. The predetermined shape was 
observed to agree with that of the observed total in- 
tensity (solid curve) at wavelengths in excess of 295 A. 
At shorter wavelengths the contribution arising from 
the bremsstrahlung is indicated by the dotted curve. 
A similar method of sorting out of the continuum was 
carried out in the case of Co and Ni. In all instances 
the intensity of the characteristic band was comparable 
to that of the continuum. 

Besides the background there are other factors which 
may give rise to a modification of the shape of the emis- 
sion band. For instance, the intensity of the radiation 
is modified by absorption in the surface layers of the 
grating. Such an absorption appears over the wavelength 
interval extending from 115 A to 118 A. Depending on 
the exposure time, it is occasionally observed in the 
second order. The spectrogram may also be contami- 
nated by the Kq band (Ajeak=44.5 A) of carbon. This 
band can appear in higher orders with gradually dimin- 
ishing intensities. In the second order (at \=89 A) the 
peak intensity is 35% of that found in the first order; 
the corresponding percentages at the third (A= 133.5 A) 
and fourth (A=178 A) order bands are 9% and 3%. 
For the Fe, Co, Ni bands studied here, contamination 
of the spectrum by C K, bands is not significant. If 
present at all, the sixth and fifth orders would modify 
the Fe and Co bands in the region of the tail. The fourth 
order falls on the short-wavelength side of the emission 
edge and is not expected to alter the shape of the band 
studied. 

The effect of the grating absorption needs to be con- 
sidered only in connection with the Fe spectrum, since 
the second order of this feature falls on the short-wave- 
length side of the peak in the Fe emission band. Observa- 
tion indicates that the distortion produced in this case 
is not significant. 

For a discussion of modifications brought about by 
the spectral window and by self-absorption in the target 
layer, the reader is referred to the paper listed in 
reference 1. 
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Fic. 1. A microphotometer record for the iron Me,3 emission 
band. The ordinate represents the total relative intensity of 
characteristic band and continuum. The contribution coming 
from the latter is indicated by the dashed line. 


RESULTS 


After removal of the contribution from the con- 
tinuum, the measurements on the composite bands 
were converted so as to obtain the quantity J(£)/v*. 
The latter represents® the relative intensity distribution 
divided by the square of the radiated frequency v. The 
spectral distribution /(£) is derived from the initial 
measurement J(«) which describes the intensity distri- 
bution as a function of position « along the Rowland 
circle. The conversion takes into account the instru- 
mental dispersion and the connection between the 
spectral position x and £ the energy of the emitted 
photon. The quantity /(£)/v’ is proportional to the 
product of the density of states function N(E) and 
average value of |M,\*, the square of the matrix ele- 
ment between a bound state 7 and a valence state k. 
The calculated results for each metal are presented in 
Table I. In each case the results are normalized at the 
peak of the characteristic M»,; band. 

The measurements represent a superposition of the 
individual M» (valence — 3p) and M; (valence — 3p;) 
emission bands. In the spectrum of iron the peak of 
the composite spectrum falls at E=51.3 ev. The peaks 
in the cobalt and nickel spectra are located at E=57.8 
ev and at E=64.8 ev, respectively. The high-energy 
limits are estimated to fall at 56.5 ev, 61.4 ev, and 
68.9 ev for iron, cobalt, and nickel, respectively. In all 
three cases the intensity drops slowly at the high-energy 
region of the band, and it is quite certain that the limits 
specified above do not correspond to the M2 emission 
edge, since satellite structure seems to be present. 

At the low-energy end the band intensities drop to 
zero at 42.0 ev, 50.6 ev, and at 59.6 for the three metals 
in question. Thus the over-all widths in ev of the M23 
composite bands, respectively, for iron, cobalt, and 
nickel are 14.5, 10.8, and 9.3. These estimates include 
the contribution of the low-energy tail belonging to 


3D. H. Tomboulian, Handbuch der Physik (Springer-Verlag, 
Berlin, 1957), Vol. 30, p. 246. 
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Taste I. Data on the M2; valence band emission spectra of 
iron, cobalt, and nickel. Values of the relative intensity distribu- 
tion divided by the square of the radiated frequency are listed as 
a function of the photon energy E expressed in ev. The latter 
was obtained from the radiated wavelength with the help of 
E=12397.43/d, where J is expressed in angstroms. 

Nickel 
E (ev) I(E)/? 


68.9 0.0 
68.5 1.03 
68.1 3.16 
67.7 6.43 
67.4 15.3 
67.0 18.5 
66.7 27.5 
66.3 35.7 
65.3 45. 
65.8 

65.6 

65.4 

65.3 

65.1 

64.8 

64.6 

64.2 

63.9 

63.6 

63.3 

62.9 

62.6 

62.3 

62.0 

61.7 

61.4 


Iron Cobalt 
E (ev) I(E)/¥ E (ev) I(E£)/# 


61.4 0.0 
61.1 3.13 
60.8 5.74 
60.5 5.86 
60.2 7.25 
59.9 9.37 
59.6 13.6 
59.3 22.1 
59.0 26.7 
58.8 42.8 
58.5 68.6 
58.2 88.9 
57.8 100.0 
57.7 98.4 
82.7 
64.4 
54.6 
48.9 
43.2 
35.4 
31.9 
25.8 
20.5 
14.8 
8.73 
6.71 
4.60 61.1 
2.38 60.8 
0.0 60.5 
60.2 
59.9 
59.6 
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the individual M; band. Plots of the M2; emission bands 
are shown in Figs. 2-4. 

A diffuseness over the region of high energies beyond 
the peak arises from the superposition of the individual 
M, and M; bands. Even the individual M2 or M; spectra 
would be subject to a widening of the edge owing to 
the widths of the 3; or 3p; state. By a roundabout 
manner one may make a crude estimate of the width 
of these states. Considering measurements involving 
L; levels‘ and also the width of the L; > M,,5 radiative 
transition in germanium’ an upper limit to the width of 
the p states may be set at 0.2 ev. In addition, it is quite 


4 W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 
5 E. Gwinner, Z. Physik 108, 523 (1938). 


TOMBOULIAN AND D. 


BEDO 


likely that satellite structure modifies the shape of the 
individual emission bands at the high-energy limit. 

Some insight regarding the shape of the component 
M, and M; bands might be gained if the observed emis- 
sion intensity contour could be decomposed. In attempt- 
ing such a resolution, it is necessary to consider the 
level density distribution of the individual M2 and M; 
bands, the (M.—M;) energy interval, and the actual 
intensity relation between the component bands. In the 
present attempt, we shall regard the inner levels to be 
sharp but will take into account the influence of the 
Auger reorganization upon the relative intensities of 
the two bands. 

In the emission process of interest here, photons are 
emitted when a vacancy in an M subshell of an atom 
is destroyed by an electron transition from the valence 
band. The ionization in the inner state is initially 
brought about by electron impact. To formulate an 
expression for the desired intensity ratio, let ~, denote 
the time rate at which atoms become ionized in an inner 
state a by some excitation process such as electron 
impact, photon irradiation, Auger process, K capture, 
or y-ray conversion. Under equilibrium conditions, 
will also represent the number of atoms/sec in which 
the vacancy is destroyed by all possible transitions 
with or without radiation from the state a into states 
i of lower energy. 

The number of photons emitted per second corre- 
sponding to transitions from an initial level a to a final 
level & can be written as 

Cosi el Post” / Pa); 
where P,.,x“ is the transition rate for the radiative pro- 
cess in which the atom jumps from a high-energy state 
a to a lower energy state & and where P, is the total 
transition probability per second for all processes which 
give rise to the decay of the initial state a, i.e., 


Po=)0 i Posi. 


(6) /.6 
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Fic. 2. The M2; emission band of iron. The ordinate represents 
the relative intensity J(E), divided by the square of the radiated 
frequency » as a function of the energy £ of the emitted photon. 
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The power radiated is given by 
Fost = hVo+kNa+k = hva+iNa? aok®, re 


in which vq, is the radiated frequency. The de-ioniza- 
tion of the excited state is brought about by a radiative 
process as well as an Auger reorganization of the atom. 
If P.® and P,4 are, respectively, the total transition 
probabilities per sec for the radiative and Auger pro- 
cesses, then P,= P,”+P,“ provided the two processes 
are independent. Then, the expression 


| ee = hvatNoP o® ( P,F+ PS ) _ NV a+ Na ak 


indicates, in a formal way, the influence of the Auger 
de-ionization upon the intensity of the emission line. 
The quantity wa, appearing in the last equation is 
the fluorescent yield of the emitted line. 

To simulate the case of the M; and M, levels we need 
to compare the relative intensities of lines which origi- 
nate from different excited states M; and My, (here 
denoted by a and bd) and have a common final state 
k corresponding to a hole in the conduction band. For 
this purpose we first write an expression for 7», and 
then obtain the intensity ratio 


T asi/ LT bok= (Vask/Vo—+k) (Ma/ Nd) (Wa+k/Wr-+k)- 


For the case of the M; and Mz, the ratio of the 
radiated frequencies is nearly equal to unity and the 
ratio of the rates of creation of vacancies may be taken 
equal to the ratio of (2/+1)m3/(2J+1)M,2 which is 
equal to 2. There is practically no information® on the 
fluorescent yields for M spectra but the yield is expected 
to be small. However, because of the relatively greater 
de-ionization of the M, state by a radiationless transi- 
tion, the (w_a—x)/(w_s—x) ratio will be greater than 
unity. Hence, the M;/M, intensity ratio must be greater 
than 2. 


E)p. 
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Fic. 3. The M2; emission band of cobalt. The ordinate rep- 
resents the relative intensity /(£), divided by the square of the 
radiated frequency » as a function of the energy EF of the emitted 
photon. 


®E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952). 


SPEC’ 


AND Ni 





58 60 62 64 66 68 70 
PHOTON ENERGY IN EV 





Fic. 4. The M2 emission band of nickel. The ordinate rep- 
resents the relative intensity 7(£), divided by the square of the 
radiated frequency » as a function of the energy EF of the emitted 
photon. 


An attempt to obtain the individual M2, and M; 
emission bands was undertaken in the case of the iron 
spectrum first by fixing the inner level separation at 
1.5 ev and then by assigning reasonable values to the 
M;/Mz intensity ratio. The adopted value of the 
(M.-M;3) separation receives support from earlier ob- 
servations’ of M2,; emission spectra and is not in con- 
flict with a resolution of the observed M2,; absorption 
curve of iron.® 

In decomposing the observed curve for iron, M;/M2 
intensity ratios of 2, 3, and 4 were tried in succession. 
Most realistic results were attained when the value of 
3 was chosen for this ratio. A resolution of this type 
is not very sensitive to small changes in the adopted 
value of (M2/M;) separation. However, when the in- 
tensity ratio was taken as 2 (this is the value predicted 
solely on the basis of the statistical weights) and again 
when the value was set equal to 4, the individual curves 
did show definite inconsistencies. In the actual carrying 
out of the separation, the general scheme described in 
reference 1 was followed. 
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lic. 5. A resolution of the observed M23 emission and absorp- 
tion spectra of iron into individual M2 (dashed line) and M, 
(solid line) emission and absorption curves. 


7H. W. B. Skinner, T. 
Mag. 45, 1070 (1954). 

§ D. H. Tomboulian, D. E. Bedo, and W. M. Neupert, J. Phys. 
Chem. Solids 3, 282 (1957). 
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The individual M, and M; emission curves for iron 
resulting from this process of decomposition are shown 
in the plot of Fig. 5. A satellite structure is clearly 
observable at the high-energy band edge. The individual 
bands may be isolated approximately from the influence 
of the low-energy tail and the satellite structure by 
extrapolating the more rapidly decaying portion of the 
profile until it intersects the energy axis. Following this 
procedure, the M; and Mp» edges are located at 53.0 
and 54.5 ev and the bandwidth is estimated to be 8.0 ev. 

The results of absorption measurements® carried out 
earlier with the same energy calibration are also in- 
cluded in Fig. 5. The individual absorption curves were 
deduced by a procedure resembling the one used in 
decomposing the emission band. However, for the reason 
given below, the M@;/Mz ratio of absorption coefficients 
was taken equal to two. 

In the initial state of the absorption process the atom 
is in its ground state. Upon the absorption of a photon 
of appropriate energy, the atom is ionized in one of 
the inner shells. Thus, the absorption transitions start 
from a common level of low energy and end on different 
excited states, for instance the M; or Mz states. The 
absorption coefficient u... corresponding to a transition 
from state k to a state a of higher energy, is equal to 
the power absorbed from the incident beam by the 
number of atoms per unit volume divided by the beam 
intensity.* Accordingly 


Mka foes VP, sca bbe 


where .V, is the total number of atoms per unit volume 
which may be excited by the ejection of a photoelectron 
from a state a, Py, is the absorption probability per 
unit time, and hy;,, is the energy of the absorbed 
photon. Upon comparing the absorption coefficients 
Mesa aNd uy» Corresponding to two transitions originat- 
ing from a common state k, we obtain 


Mka/ Mind = OP ice P43) ( Vi-va/ Vi-wd) 


XL (2I+1)0/(2J+1).], 


where the statistical weights have been introduced to 
take into account the degeneracy of states a and b. 
Since the energies of the absorbed photons and the 
transition probabilities are nearly the same, the ratio 
Lk-+a/Mkesb=2 if the states a and 6 are identified with 
the M; and M; levels for which J=$ and J =}, respect- 
ively. In a more complete consideration of the absorption 
process, one must include the lifetime of the states a 
and 6. A treatment of this sort will influence the shape 
of the absorption curve in the vicinity of the edge and 
thereby alter the numerical value of the ratio of absorp- 
tion coefficients as deduced for the case of sharp levels. 

The decomposed absorption curves are also plotted 
in Fig. 5. A comparison of the absorption and emission 
curves indicates that the onset of M; absorption at 
53.0 ev coincides with the high-energy limit of the M; 
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emission band. A similar agreement is found in the case 
of the M» emission and absorption edges. 

Because of the somewhat artificial nature of the 
procedure, no attempt was made to resolve the M2,; 
bands of cobalt and nickel. A comparison of the location 
of the emission edges of the composite spectra is con- 
sistent with the corresponding data* on absorption 
edges. When more reliable information becomes avail- 
able with regard to the (M.—Ms3) interval and with 
regard to M;/ Mz; intensity ratios perhaps a unique reso- 
lution will be possible. 


DISCUSSION 


The iron and nickel valence — 3 bands have been 
examined by Gyorgy and Harvey® who used electronic 
detection schemes and recorded rates of photon emis- 
sion from targets with a low power input (700 volts 
and 3 ma). The metal under study was deposited on 
the target continuously. Photometric determination of 
the M2. bands of the 3d transition metals was carried 
out by Skinner e/ al.’ under experimental conditions 
which simulated those prevailing in the present measure- 
ments. For the purpose of comparison, appropriate 
conversions were applied to these earlier observations. 
Unfortunately the previous information was available 
only in graphical form so that small inaccuracies are 
introduced in the process of transcription. The existing 
data on the M2. emission bands of the ferromagnetic 
metals appear in the graphs of Figs. 6, 7, and 8. 

As indicated these results were obtained under dif- 
ferent experimental conditions, and different techniques 
were utilized for measuring relative intensities. Varia- 
tions in the observed shapes may originate from the 
presence of contaminants, differing physical states of 
aggregation of the photon emitting layer, self-absorp- 
tion in the target, the procedure followed in removing 
the background, and a variety of instrumental effects 
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Fic. 6. A comparison of the existing data on the M23 emission 
band of iron. ————Present measurements; data from 
reference 7; ---- data from reference 9. 


® E. M. Gyorgy and G. G. Harvey, Phys. Rev. 93, 365 (1954). 
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such as resolving power and the establishment of the 
energy scale. 

The three sets of measurements agree rather well 
as to the position of the peak. However, there are 
differences in the profiles. The photometric measure- 
ments seem to show greater repeatability, the main dif- 
ference in the results deduced by this scheme of detec- 
tion, arises from the procedure followed in removing 
the continuum intensity. The decision made with regard 
to the background contribution determines sensitively 
what the bandwidth shall be. It is believed that the 


procedure followed in the present measurements is 
considerably more reliable. The spectral distributions 
obtained by the photon-counting technique give rise to 
bands which are narrower and show abrupt intensity 
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Fic. 7. A comparison of the existing data on the M2; emission 
band of cobalt. Present measurements; - data from 
reference 7. 


variations. It is conceivable that these observations 
arise from the nature of the target deposit and the 
shallower penetration of bombarding electrons. When 
low-voltage electrons are used, the photons are produced 
at depths which are likely to be a quasi-crystalline con- 
glomerate of atoms and the sampling is from a region 
which is not characteristic of the normal periodicity. 

There are really no sharp emission edges. Part of the 
observed edge diffuseness arises from the blending 
brought about by satellite structure. The bands show 
evidence of “‘tailing’” towards long wavelengths. 

Since a common energy scale was used in obtaining 
the present emission and absorption curves, the relative 
positions of such curves can be established quite ac- 
curately, to within 0.1 ev. There is some overlap between 
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Fic. 8. A comparison of the existing data on the M23 emission 
band of nickel. —— Present measurements, —---—-— data from 
reference 7; ---- data from reference 9. 


the two sets of curves, since the M levels are expected 
to have widths of several tenths of ev. 

It is a common assumption that the transition proba- 
bilities are independent of the energy over the width of 
the band. Thus the intensity measurements should re- 
flect a combined effect of V(£)|4, and N(E)| 3a, the 
4s and 3d contributions to the \V(£) density of states 
curve. For the iron group of metals .V(£) | 4, is expected 
to be a wide distribution with low density of states, 
whereas V(E)|\34 may presumed to be narrower and 
higher. 

A density of states curve for nickel obtained recently 
by Koster’ shows again a pronounced dip in the 3d 
band level density. This feature has been predicted by 
many previous calculations of the band structure. The 
experimental observations reported here show no evi- 
dence for a splitting of the 3d band. 

Wood" has recently examined the character of one- 
electron wave functions for the d band of body-centered 
iron. Although he has not obtained an accurate density 
of states curve for the 3d band structure, his analysis 
indicates that there are five 3d electron states per atom 
below an energy of 0.7 rydberg. Although the position 
of the Fermi level is not specified, the above description 
would perhaps imply that the filled (4s+3d) band in 
iron may be 6 ev-8 ev wide. 
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Ten microwave absorption frequencies of the oxygen molecule in the 60-kMc/sec region have been meas- 
ured with an accuracy of about 10 kc/sec. The result is interpreted by successfully refining the existing 
theory. Comparing the resultant value of the rotational constant Bo with the value obtained in ultraviolet 
spectra, the velocity of light is calculated to be 299 773412 km/sec. 


I. INTRODUCTION 


HE microwave absorption spectrum of the oxygen 
molecule was found by Beringer! in the early 
period of microwave spectroscopy and was interpreted 
by Van Vleck? as absorption due to the transitions 
among the members of the triplet given by the elec- 
tronic spin 1, the spin being coupled: to the end-over-end 
rotation in the manner of Hund’s case (b). Burkhalter, 
Anderson, Smith, and Gordy’ first succeeded in re- 
solving it into individual lines. Mizushima and Hill‘ 
increased the accuracy and gave a refined theory which 
explained the data with a suitable choice of parameters. 
Miller and Townes® pointed out that the result, if com- 
bined with the ultraviolet data, can give the velocity 
of light. Mizushima and Hill,‘ however, found that the 
data does not have sufficient accuracy to determine the 
velocity of light to better than 60 km/sec. 

The linewidth of each line has been measured by 
Gordy: and his group,® Artman and Gordon,’ and Gok- 
hale and Strandberg.* The argreement between their 
results was not bad except for the last by Gokhale 
and Strandberg. 


2. EXPERIMENT AND RESULTS 


The details of the experimental technique used here 
is given in a paper by one of us.® 

30-kMc/sec microwave power, generated by an EMI 
klystron, is multiplied by a diode to 60 kMc/sec. The 
klystron frequency is phase-locked to a harmonic of a 
quartz crystal oscillator at 2.5 Mc/sec. This transfers 

* This research has been supported by the Office of Naval 
Research, the National Bureau of Standards Boulder Laboratories, 
and in part by the U. S. Army Signal Research and Development 
Laboratory. 

¢ This work constitutes a portion of a thesis by Zimmerer for 
the Ph.D. degree at the University of Colorado, Boulder, Colorado. 

1 R. Beringer, Phys. Rev. 70, 53 (1946). 

2 J. H. Van Vleck, Phys. Rev. 71, 413 (1947). 

* J. H. Burkhalter, R. S. Anderson, W. V. Smith, and W. Gordy, 
Phys. Rev. 79, 651 (1950); 77, 152 (1950). 

4M. Mizushima and R. M. Hill, Phys. Rev. 93, 745 (1954). 

5S. L. Miller and C. H. Townes, Phys. Rev. 90, 537 (1953). 

®R. Anderson, W. V. Smith, and W. Gordy, Phys. Rev. 87, 
561 (1952); R. M. Hill and W. Gordy, Phys. Rev. 93, 1019 (1954), 
and reference 3. 

7J. O. Artman and J. P. Gordon, Phys. Rev. 96, 1237 (1954). 

8 B. V. Gokhale and M. W. P. Strandberg, Phys. Rev. 84, 844 
(1951). 

*R. W. Zimmerer, Rev. Sci. Instr. 31, 106 (1960). 


the frequency stability of the quartz crystal oscillator 
to the 30-kMc/sec klystron in the manner as described 
in the earlier paper.’ Zeeman modulation of 70 cps is 
used with 25-foot absorption cell. A special waveform 
is used to eliminate the distortion caused by the con- 
ducting walls of the absorption cell as well as a fixed 
bias to eliminate the residual stray magnetic field. 
Careful testing was done to establish the independence 
of the center frequency from the magnitude of the Zee- 
man field and its modulation frequency. Detection of 
the signal is done by a bolometer and a recorder. A 
typical recorder trace is given in Fig. 1. The result of 
this experiment is given in Table I. 

The measurement of the linewidth parameter was 
done to resolve the discrepancy between old data which 
are mentioned in Sec. 1 of this paper. The results are 
shown in Table II. It is found that our result is not far 
from previous data, but somewhat smaller than them 
in most cases. All measurements were done at room 
temperature. 


TABLE I. Observed and calculated frequencies (Mc/sec). 


Obs (this 
paper) 


Obs (Mizushima 
and Hill)* 
118 750.5 

62 487.2 
60 308.0 
59 163.4 
58 323.2 
57 611.4 
56 970.8 
56 364.0 


Calc 


62 486.255 
60 306.044 
59 164.215 
58 323.885 


62 486.256 
60 306.055 
59 164.205 
58 323.885 
57 612.505 
56 968.245 
56 363.448 
55 783.884 
55 221.449 


53 595.951 


56 264.752 
58 446.577 
59 590.979 
60 434.779 
61 150.567 
61 800.163 
62 411.224 
62 997.980 
63 568.535 


38 446.580 
59 590.978 
60 434.776 
61 150.570 
61 800.155 
62 411.223 


59 591.4 
60 433.4 
61 149.6 
61 799.8 
62 413.8 
62 996.6 
63 567.2 
64 128.0 
64 678.2 
65 224.2 


63 568.520 


65 224.120 65 223.961 





® See reference 4. 
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TABLE II. Linewidth parameter (Mc/mm Hg). 





Gokhale 
and 
Strand- 
berg@ 


1.46 


Burk- = Ander- 
halter son 
et al.° et al.® 


2.09 1.92 
1.99 1.86 
1.82 1.11 
2.00 1.97 0.83 


Hill Artman 
and and 
Gordy* Gordon? 


This 


ines paper 





CoN w 
ii 


2.23 1.71 1.11 
1.96 
1.92 
1.93 


+ 


0.99 


“Iw On w 
++ ++ + + 


— a 


* See reference 6. 
» See reference 7. 
'e See reference 3. 
4 See reference 8. 


3. THEORY 
The same theory as given in Mizushima and Hill’s 
paper* is used to interpret the present result. The 
parameters B and w are refined here by including higher 
order terms, as 
B(N)= Bot BN (N+1)+Bo.N?(N+1)?, 
u(N)=poturV(.V+1), (2) 


where N is the quantum number for the end-over-end 
rotation. 

The frequency of V4, and .V_ lines, which corre- 
spond to transitions (V, /=N+1)— (.V, J=.V) and 
(V, J=N-—1)— (N, J=N), respectively, can be cal- 
culated in the same way as in Mizushima and Hill’s 
case‘ and we obtain the following expression: 


v( Nx) =)otpmo/2—6u1/2+ (Ay+5y1/2) (n?-+-n+ 2) 
+ [(2n+1){ Bo+2Bi(n?+n+1) 
+ Bz(3n'+6n'+ 13n?+10n+4)}—f(n)], (3) 


where 


[f(n) P= | (n+ 1)((Be— so 2)+(2B,—1/2)(n?+n+1) 


+ Bo(3n*+6n'+ 13n?+ 10n+4)} 
My en] 
3-- 
2 2n+1 








— 
2n+1) 


| m+), 


and 
n=N+¥1. 


In addition to B, terms and yu; terms, this expression 
differs from Mizushima and Hill’s formula‘ due to a 
misprint in the latter. 


ABSORPTION 


FREQUENCIES OF O; 153 
Babcock and Herzberg” analyzed ultraviolet spectra 
of the atmospheric oxygen and obtained 


Bo= 1.43777+0.000015 cm“, 
B,= (—4.91;40.020) x 10-6 cm, (4) 
| Bs| <0.3%10-° cm—, 

Our parameters B, and By, are thus determined to be 


B,= —0.1472+0.0006 Mc/sec, ‘ 

| Bz| <10-* Mc/sec. () 
From our formula (3) we can see that a value for B; 
of 10-5 Mc/sec can change the theoretical frequency by 
0.01 Mc/sec even at V~20 and the effect is much 
smaller for lower V lines. Since our experimental in- 
accuracy is about 0.01 Mc/sec for lines of N smaller 
than 20, the requirement (5) means we should neglect 
By in this analysis. We found the set of parameters 
given in Table III gives a very close fit to our data as 
shown in Table I, except for the 23, line. This line 23,, 
however, is a very weak one and the experimental error 
can be as large as 0.2 Mc/sec. The same set of param- 
eters can reproduce previous less accurate data by 
Mizushima and Hill‘ within 1 Mc/sec in most cases. 
Although the inaccuracy of that previous measurement 
was claimed to be less than 0.8 Mc/sec the present 
measurement showed larger discrepancies from them in 
some cases. The deviation of more than 1 Mc/sec be- 
tween the old data and the present theory can thus be 
acceptable. 


4. VELOCITY OF LIGHT 


If our value of By is combined with Babcock and 
Herzberg’s value, we obtain the velocity of light ¢ as 


c= 299 773412 km/sec, (6) 
which deviates very much from the accepted value" 


c= 299 793.0+0.3 km/sec. (7) 
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Fic. 1. Recorder trace of 3_ line at 80 1 Hg pressure and room 
temperature. Line 1 is without Zeeman field; line 2 is with a 
1.2-gauss Zeeman field. The vertical straight lines at the top are 
the theoretical Zeeman pattern. 


10 H. D. Babcock and L. Herzberg, Astrophys. J. 108, 167 (1948). 
1 E, R. Cohen, J. W. M. DuMond, T. W. Layton, and J. S. 
Rollett, Revs. Modern Phys. 27, 363 (1955). 
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Fic. 2. Energy levels of the O2 molecule with predicted transitions. 


As a matter of fact, if we use values (7) and (4), we 
expect By to be 


By=43 103.3 Mc/sec, (8) 


which is different from our value by 2.8 Mc/sec. 

The deviation must be, to some extent, due to the 
fact that frequencies of the transitions we are dealing 
with here are insensitive to the value of Bo. We see 
from our formula (3) that change of 1 Mc/sec in the 
value of By produces, for example, change of theo- 
retical frequencies of 0.2, 0.05, and 0.03 Mc/sec for 
n=2, 10, and 18 lines, respectively. If the other pa- 
rameters are suitably adjusted the frequency change 
can be even smaller. Although the present measurement 
is very accurate, we have not measured all lines, un- 
fortunately. This means that we cannot utilize the 
accuracy of the present measurement completely to 
determine all the parameters. 

Assuming that our choice of parameters is right and 
that our measured frequencies are accurate to 0.01 
Mc/sec, the inaccuracy for each parameter is estimated 
as shown in Table III. 

The inaccuracy of Bo is thus estimated to be 1 Mc/sec 
here, and the inaccuracy of the ultraviolet spectra data 
given in (4) will give the additional inaccuracy of 0.5 
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TABLE IIT. Values of parameters (Mc/sec). 


This work 


43 100.5+1.0 
—0.1470+0.001 
0+10-° 
59 501.332+0.005 
0.05858+0.0001 
— 126.2930+0.001 
—0.000 11742 10-* 


Mizushima and Hill*® 


43 100.9 
0.141 


59 501.0 
0.05996 
—126.15 


* See reference 4. 


Mc/sec for the Bo value. The total inaccuracy 1.5 
Mc/sec, however, is still much larger than the above- 
mentioned deviation 2.8 Mc/sec between our value of 
By and the expected value given by (8). This means 
our value for the velocity of light given in (6) has an 
inaccuracy of 12 km/sec as indicated there, but the dis- 
crepancy from the accepted value given in (7) of 8 km/ 
sec remains unexplained. 


5. PREDICTION ON N=1<>3 TRANSITIONS 


In order to resolve the discrepancy about the value 
of the velocity of light pointed out in the last section, 
a measurement on transitions whose frequencies are 
more sensitive to Bo is desirable. The V=1 <> 3 transi- 
tion is of such a type since it is an end-over-end rota- 
tional transition. The frequency for this transition is 
essentially given by 

10B)+140B,=430 984 Mc/sec. (9) 


The details of energy levels calculated by our theory 
and transitions allowed by the selection rule AJ=0, +1 
are shown in Fig. 2. 

The absorption intensity for a transition 7 
be expressed as 


>» f can 


I=A(t|S,| f)*v’, (10) 
where A is a constant, v is the frequency, and S, is the 
z component of the electron spin operator. 

The wave function for states we are interested in 
now can be obtained by solving our secular equation,‘ 
with the following results: 


N=1, J=1 state: 
N=1, J=2 state: 
N=3, J=3 state: |313M), 

N=3, J=2 state: 6|112M)—a 


where a=0.997, 5=0.139, and each term is 


111M), 
a}112M)+6/312M) 


’ 


(11) 


312M), 
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Fic. 3. Microwave absorption spectrum of the O2 molecule. 
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The matrix elements of S, can be calculated by using 
the above wave functions; and using formula (10) we 
obtain the theoretical absorption spectrum of the 
oxygen molecule as shown in Fig. 3. 
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The antishielding factors, 4 


» Ya, Of several contracted negative ions are calculated and compared to the 


apparent experimental values. Although the use of contracted wave functions results in considerably smaller 
"8, the agreement is still not encouraging for the negative ions. Interrelations are found among the wave 


functions contracted by different means. Also, 7 


12 


of several closed-shell positive ions and two °S state ions 


(Mn*? and Fe**) are calculated so that information from measured quadrupole coupling constants can be 
obtained. These positive-ion results with other published values should enable y,, of all closed-shell ions to be 


estimated. The results are used to determine the nuclear quadrupole moment of Fe®™™ 


from the published 


value of the quadrupole coupling constant in Fe2O3. This result is discussed. 


I. INTRODUCTION 


N calculations using atomic wave functions it is 

known that large differences can occur in the result 
if Hartree (H.) rather than Hartree-Fock (H.F.) 
functions are used. For example, calculations of the 
binding energies of alkali halide crystals' give better 
agreement with experiment when H.F. rather than 
more diffuse H. wave functions are used. Recently, 
various authors have calculated contracted wave 
functions.?~* These functions attempt to take into 
account the actual fields in which the ion is situated with 
the result that even better binding energies are obtained. 

In this paper contracted wave functions are used to 
calculate atomic polarizabilities and the Sternheimer 
antishielding factors’ for several ions. Comparison is 
made with the results obtained from the free ion H. and 
H.F. functions and with experimental results in order 
to obtain a more complete understanding of the 
applicability and interrelationship among the wave 


1 See P. O. Lowdin, Advances in Physics, edited by N. F. Mott 
(Taylor and Francis, Ltd., London, 1956), Sec. 7 for a convenient 
summary. 

2G. C. Benson and G. Wyllie, Proc. Soc. (London) A64, 276 
(1951). 

8 J. Yamashita and M. Kajima, J. Phys. Soc. (Japan) 7, 261 
(1952). 

4 J. Yamashita, J. Phys. Soc. (Japan) 7, 284 (1952). 

5 R. Gaspar and P. Csavinszky, Acta. Sci. Hung. 5, 65 (1955); 
see also 6, 125 (1956). 

6 R. E. Watson, Phys. Rev. 111, 1108 (1958). 

7H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev. 
93, 734 (1954); R. M. Sternheimer and H. M. Foley, Phys. Rev. 
102, 731 (1956); R. M. Sternheimer, Phys. Rev. 84, 244 (1951). 


functions. Antishielding factors are also calculated for 
several closed shell positive ions and for Fe+* and Mn*?, 
which are in a ®§ state. These values are required to 
interpret quadrupole coupling data. 


II. CONTRACTION OF WAVE FUNCTIONS 


To obtain the wave functions used in this paper, 
several methods were needed and will be briefly 
described. 

1. O-: Watson® has calculated analytic H.F. wave 
functions for O~ ions that are in a sphere of charge with 
the radius of the sphere equal to the ionic radius. The 
wave functions were calculated for a charge of +2 and 
+1, on the stabilizing sphere. These wave functions 
are called O-?(+2w) and O-*(+1w), respectively. The 
2p wave functions have five parameters and the 1s and 
2s wave functions have seven parameters. 

2. O-: Yamashita and Kajima* have calculated the 
wave functions for O-? in Mgt?O~ by assuming an 
analytic form for the 2p wave function with three 
parameters. The parameters are varied to minimize the 
energy of the entire crystal rather than the free ion 
alone. For the 1s and 2s wave function they took the 
H.F. O-' wave function and used the H.F. wave 
function of Mg*?. The calculation was done for the 
observed crystal spacing. The wave function is called 
O-(Mg0O). 

3. F-': Yamashita‘ has calculated the F- wave 
function in a manner similar to the O~ calculation. 
The 2p wave function of F~' has three parameters and 
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TasLe LI. Polarizabilities, antishielding factors, and enpeteten values of the outer p-wave functions for contracted negative ions. 








_0*(MgO)* O7(+2w) O7(+1w) F"(H.) 


FP (H. F.) F-'(free) 


_F°6.) cr.) cr) 





2.914 
3.495 
2.743 
- 28.22 
2.537 
1.157 
(r) 0.8729 
(r') 1.647 
(2 3.673 
(8 10.41 
(r' 35.54 
(r5 140.5 


3.432 
10.52 
11.24 

— 66.86 

5.676 

1.885 

1.087 

1.446 

3.194 
10.39 
46.94 

277.1 


2.741 3.668 
4.178 6.985 
3.560 6.242 
— 25.30 — 33.90 
3.320 3.169 
1.334 1.269 
0.9224 0.8900 
1.589 1.675 
3.468 3.906 
9.836 12.04 
34.98 47.31 
152.4 229.2 


ap(p—d),A 

ag(p— f), AS 

ag(p— p), A® 

Yop — p) 
(y~3)\b 
(r7?) 


— 23.22 


1.113 
0.9768 
0.8256 
—21.11 
4.728 
1.806 
1.106 
1.271 
2.200 
4.979 3 
13.98 15 
46.59 103 


2.982 
3.811 
2.728 
— 27.04 


1.237 
1.493 
1.384 


1 313 
1.277 
1.105 
— 25.71 
4.649 
1.776 
1.096 
1.306 
2.357 
5.597 
16.53 
57.93 


6.404 
2.082 
1.162 
1.257 
2.211 
5.248 
16.13 
61.68 


2 369 
7.388 
).05 
7.5 
7 





* For references to the original papers describing the wave function calculations see Sec. I or II. For references to F~ 
Seitz and D. Turnbull (Academic Press, New York, 


R. Knox, in Solid-State Physics, edited by F. 
Cambridge Phil. Soc. 3, 206 (1957). 
» The values for (r") are in atomic units. 


for the 1s and 2s wave functions he used the H. wave 
function for F~'. The H.F. wave function for Lit was 
used. The calculation was done for several lattice 
spacings and besides the Lit'—F~' interaction, the 
F-'—F- interaction was taken into account. The 
resulting wave function is labeled F~'(3.7). Agreement 
of cohesive energy and lattice constant with experiment 
is good. Further, the calculation for free F—', F—'(free), 
was done also. 

4. Cl-': No previously contracted wave functions 
for Cl~' are known. The diamagnetic susceptibility from 
the H.F. wave function for the free Cl~' ion® is —30.4 
X 10~* while the value measured? in solids is —25X 10-®. 
The 3p wave function in Cl-' contributes 80% of the 
calculated value. Thus, in lieu of a rigorous calculation 
of the contracted wave function of Cl-', the 3p wave 
function was contracted by a linear scale factor so that 
the experimental susceptibility would be obtained.” 
The 3p wave function should be kept orthogonal to the 
2p wave function; this requirement enters explicitly 
when y,, is calculated. Later, it is shown that the inner 
parts of the wave function are hardly affected by the 
contraction. Thus, it is considered a reasonable approxi- 
mation to contract only the outer parts of the Cl ion 
(i.e., the moments (r**) to (r*+*)) and leave the inner 
part the same so that the 3¢ is still orthogonal to the 2. 
This wave function is called Cl-'(x). 

The other wave functions that will be used for 
comparison are those calculated for the free ions by the 
H. and H.F. method. 


III. POLARIZABILITY AND ANTISHIELDING 
FACTOR 


The polarizabilities are calculated by a variation of 
parameters method." The form of the radial part of the 


8D. R. Hartree and W. Proc. Soc. (London) 
A156, 45 (1936). 

*G. W. Brindley and F. E. 
A152, 342 (1935). 

10 The scale factor was 1.132. Of course, the wave function must 
be kept normalized. 


1 T. P. Das and R. Bersohn, Phys. Rev. 102, 733 (1956). 


Hartree, Roy. 


Hoare, Proc. Roy. Soc. (London) 





H.), Cl-'(H.), 
1957) Vol. 4, p. 413. For F H.F.) 


and Cl~'(H.F.) see 
see C. Froese, Proc. 


excited state wave function used is BrH,(r)uy’, where 
H,(r) is the radial part of the perturbation, mo’ is the 
radial part of the unperturbed wave function, and @ isa 
coefficient determined by the minimization of energy 
procedure. This form of wave function has been pre- 
viously discussed and shown to a very good choice." 
For y.. of F-' and O~, a form (a+r)H,(r)uo’ was used. 
For the other wave functions that contain more than 
one shell of p electrons care must be taken because of 
orthogonalization requirements." 

As first shown by Foley, Sternheimer, and Tycko,’ 
the antishielding factor is needed in the interpretation 
of nuclear quadrupole coupling data, eQg/h, in ionic 
substances. Since then y,, has been calculated for 
various ions.’~'® In general, good agreement is 
obtained between theoretical calculations and experi- 
mental results for y. of positive ions. For example, 
Bersohn'* has shown this to be true for Na*! in NaNOs, 
and NaClO; although only fair agreement is obtained 
for Cut! in Cu.0 and for Al** in Al,O; and poor agree- 
ment for Nat! in NaBrQOs. In alkali halide gases agree- 
ment is good for the alkali ions."* Experimental evidence 
from the ultrasonic work'’'* on Na*! and the tempera- 
ture dependence of eQg/h for Al** in C(NH,);Al(SO4)2 
-6H,O" together with the comparison of the tempera- 
ture dependence of eQg/h of Al** and Gat* in 
morphous compounds” indicates agreement exists 
between theory and experiment. The evidence from 
relaxation time measurements is less Valiev”! 


iso- 


clear. 


12 G. Burns, Phys. Rev. 115, 357 (1959) 

13 E. G. Wikner and T. P. Das, Phys. Rev. 109, 360 (1958). 

4G. Burns, J. Chem. Phys. 31, 1253 (1959). 

16 R. M. Sternheimer, Phys. Rev. 115, 1198 (1959). 

16 R. Bersohn, J. Chem. Phys. 29, 326 (1958). See also R. A. 
Bernheim and H. S. Gutowsky, J. Chem. Phys. 32, 1072 (1960). 

17W. G. Proctor and W. A. Robinson, Phys. Rev. 104, 1344 
(1956). 

WE. F. 
(1959). 

19 G. Burns, Bull. Am. Phys. Soc. 3, 371 (1958). A full account 
of the results on C(NH2)3;Al(SO,4)2-6H2O(GASH) and its iso- 
morphous compounds is in preparation. 

2” G. Burns, Bull. Am. Phys. Soc. 5, 253 (1960). 

21K. A. Valiev, J. Exptl. Theoret. Phys. (U.S.S.R.) 37, 
(1959) [translation: Soviet Phys.-JETP 37, 77 (1960) ]. 


Taylor and N. Bloembergen, Phys. Rev. 113, 431 
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TABLE II. ere factors for ccsmnnadis ions. 





Cut ‘(H.)* Kr(.F ) 


—0. 58 
— 13.01 
- 16.7 


Ga**( H.F ) 


“is 
~3.09 


3p—p 

3d > d 

4p—p 

4d — d 

Angular 
contribution 

Total 


+1.19 
29.10 


+-0.79 
—6.94 





Ag*(H.F.) 


In*8(H.) Mn*?(H.F )- Fe*(H. F. )- 


~0.32 ~0.50 
— 1.06 —5.00 
5 ~2.39 


Ag*!(H.) 
—0.32 
— 1.06 
—0.55 

— 11.87 

— 22.86 


—0.30 

-0.97 
—0.51 
—10.91 
- 11.32 


+ 1.04 


9 + +1.08 
76 —6.17 


—6.81 


+1 
34. 





* The references for the wave functions can be found in the article by R. Knox quoted in Fig. 1. For Mn*? and Fe*? see reference 35. For Kr(H.F.) and 4 Ag* 


see B. H. Worsley, Roy. Soc. Proc. (London) A247, 390 (1958). For Ga**(H.F.) see W. W. 


for sending his wave functions prior to publication. 


obtains reasonable results for (1—y,,)? from considera- 
tions of the line width of Al** and Ga** in solutions. In 
alkali halide crystals Wikner ef al.” show that the ionic 
model is important and is in agreement with experiment 
in some crystals but for others, covalent considerations 
predict shorter spin lattice relaxation times so one can 
not check the predictions of the ionic model. 

For negative ions there is little agreement between 
theory and experiment. The halide ions in alkali gases 
have a great deal of scatter in their antishielding 
factors* and simple considerations of covalent effects" 
or induced moments in the alkali” ion do not help. 
The results form ultrasonic experiments,'*:*?> mixed 
crystal experiments,?*** and dislocation studies” for 
Cl, Br, and I" indicate there is no agreement be- 
tween theory and experiment. However, the experi- 
mental results do seem to center about y,,= 10, 35, and 
45, respectively. While the theoretical calculations are 
about four times larger. The higher symmetry and 
larger internuclear distances in the solids result in per- 
turbations of these easily deformable negative ions, that 
are smaller than in the alkali halide gases. Thus, it 
seems reasonable to investigate the effect of contraction 
on these negative ions to see if agreement is possible. 


IV. RESULTS AND CONCLUSIONS 


Table I contains the results for the polarizabilities 
and y.. calculations and the various moments of the 
distributions for the negative ions where (r”) has the 


usual definition, 
x 
n= f (uc?)r"dr. 
0 


2 E. G. Wikner, W. 
118, Me (1960). 

H. Townes, Handbuch der Physik, edited by S. 
tebiese Verlag, Berlin, 1958), Vol. 38, see Table 9. 

*4D—D. A. Jennings, W. H. Tanttila, and O. Kraus, 
109, 1059 (1958). 

25 TD). I. Bolef and M. Mernes, Phys. Rev. 114, 1441 (1959). 

26H. Kawamura, E. Otsuka, and K. Ishiwatari, J. Phys. Soc. 
(Japan) 11, 1064 (1956). 

27 E, Otsuka and H. Kawamura, J. Phys. Soc. (Japan) 12, 1071 
(1957). 

*°7T. P. Das (private communication) has shown that an 
important part, of the heretofore thought of squeezing effect, is in 
deed a charge effect. 

* FE. Otsuka, J. Phys. Soc. 


E. Blumberg, and E. L. Hahn, Phys. Rev. 
Fliigge 


Phys. Rev 


(Japan) 13, 1155 (1958). 


Piper (to be published). It is a pleasure to thank Dr. Piper 


Not all of the possible contributions to the polariza- 
bilities are listed. The dipole polarizability, ap, also has 
a contribution from s— p and p—s but these tend 
to cancel one another,®-® are small compared to the 
contribution listed, and here, the interest is on the 
effects of contraction. The total quadrupole polariza- 
bility also contains an s—d contribution, but it is 
much smaller than the listed contributions.“ The 
antishielding factor, y., contains, besides the p— p 
contribution, the s— d and p— f and ~¢— p from the 
inner shells, i.e., 2 shell for Cl-'. However, these are 
small and have opposite signs so they need not be 
considered for these negative ions since errors in the 
p— p contribution listed, due to lack of knowledge of 
the proper wave functions, far overshadow these 
small contributions. 

Certain conclusions are obvious from Table I. 

1. Contraction can have large effects on the polariza- 
bilities and antishielding factors. The dipole polariza- 
bilities are in better agreement with experiment.™ 

2. Contraction of a wave function has little effect on 
the electron distribution at small r. 

The inner parts of the wave functions are the most 
difficult to obtain accurately. Thus, the moments 
sampling the outer parts of O-?(+2w) and O-?(MgO) 
and of F~'(free) and F-'(H.F.) are very similar but the 
%)’s differ. 
4. The results from the somewhat arbitrary O~ 
(+2w) wave function are quite similar to those ob- 
tained from O"(Mg0). Also, the results of the three 
parameters F~'(free) are quite similar to those obtained 
from F-'(H.F.). 

In view of these observations iY ®) of F-(H.F.) was 
used when y,, for F~'(free) and F~'(3.7) was calculated ; 
similarly (r~*) of O-?(+2w) was ma in the calculation 
of y.. of O-?(Mg0O). 

As can be seen in Table I, y.. of F-'(3.7) is ~20% 
smaller than F~!(free). The reduction for the contracted 
C(x) is much larger. F~'(3.7) corresponds to a 


(7 


% R. M. Sternheimer, Phys. Rev. 96, 951 (1954). 

31 R. M. Sternheimer, Phys. Rev. 115, 1198 (1959). 

® S. Kaneko, J. Phys. Soc. (Japan) 14, 1600 (1959). 

33 R. M. Sternheimer, Phys. Rev. 107, 1565 (1957). 

4 J. R. Tessman, A. H. Kahn, and W. Shockley, Phys. Rev. 92, 
890 (1953). 
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contraction of F-'(free) with a scale factor of ~1.03, 
while 1.132 was used for Cl-'(x). Judging from the 
fluorine results, the contraction in Cl-'(x) is probably 
too large. Thus, y.. for the contracted chlorine wave 
function is still larger than the apparent experimental 
result. This would probably also be true for Br~ and 
I- where —100 and —180 are obtained for y,,.% The 
large changes that occur when contracted wave func- 
tions are used point out the importance of calculating 
wave functions for the negative ions in their actual 
environment. Table II contains the results of calcu- 
lations of y., for several positive ions and Kr. These 
results combined with previous calculated results?:~" 
enable y, of almost any shell ion to be 
interpolated. Calculations for ions with half-filled shells 
(*S§ states) are done in a manner similar to the closed- 
shell ion calculations. This is because the electrons of 
the ®§ state ion occupy all the orbital levels with 
parallel spins and the perturbations are spin in- 
dependent. The wave functions for Mn*? and Fe** have 
been calculated by Watson.* 

As pointed out previously” there are large differences 
between y,.’s calculated from H. and H.F. wave 
functions even for the positive ions. However, the 
difference becomes smaller as the ion becomes more 
positive. Thus, by comparing the result of —6.97 for 
Gat*(H.F.) with —8.75 for Gat*(H.), one would 
expect y.=—11 for In**(H.F.). The small result for 
Kr(H.F.) corroborates the statements in reference 12 
asserting that the experimental antishielding factors 
obtained from Rb halides and Cs halides would be in 
agreement with theoretical calculations if H.F. wave 
functions were used in the calculations. 

Some of these results have already been used. 
Perhaps the results for In** will be useful for under- 
standing the origin of g in the metal.** If eQg/h were 
measured for In in In.Q; and combined with the 
angular distribution measurements*’ of Cd!" in In.O; 
along with the antishielding factor of the two,** one 
could get an approximate value of Q of this excited 
state of Cd. 

eQq/h for the excited nuclear state of iron, Fe®™, 
in Fe,O; has been measured by Kistner and Sunyar® 


closed 


19,20 


3>R. E. Watson, Phys. Rev. 118, 1036 (1960); and Technical 
Report No. 12, Solid State and Molecular Theory Group, Massa- 
chusetts Institute of Technology, June 15, 1959 (unpublished). 

36R. R. Hewitt and W. D. Knight, Phys. Rev. Letters 3, 18 
(1959). 

37 For a review of angular distribution work see: E. Heer and 
T. B. Novey, in Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, New York, 1959). 

38 The extrapolated value for y.. of Cd** (H. F.) is —15. 

# QO. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 
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to be —5.6+1.4 Mc/sec. Within the framework of the 
ionic model, one obtains Q by knowing eQg/h and 
calculating g from Eq. (1): 


‘ 3 cos’6;— 1 
= (120) Ee ; ). 


where the sum is over all the ions in the lattice. Using 
a program developed by Bersohn,'* the lattice sum was 
found to be +7.48X10" esu/cm’*. 

To eliminate many of the effects of the higher 
induced moments” in the O-? ion, 0°’" was obtained 
from the ratio of eQg/h of Fe®*’™ to that measured for 
AP? in Al.O 3. Thus, 


(1) 


(eQg h) 57m (q)Fe20 (sim 


(gq) Al03(0?7 


(eQq/h) 27 


The values used for y.., g, and Q”’ are in footnote 40. It 
should be noted Hartree-Fock functions were 
used to calculate y,. The value obtained is Q5™ 
= —0.81«K 10-4 cm”. 

Independently, Bersohn*' has obtained a value for 
Q*’" and quotes for his most reliable determination 
Q"™= —0.19X10-* cm’. This is obtained from Eq. 
(2). To do this he assumes the lattice sum in Eq. (1) 
to be the same in Fe.O; as for Al»O; except for a small 
scaling factor (the ratio of the unit cell dimensions 
cubed). However, the internal coordinates of the ions 
in Fe,O3 are not the same as in Al.Q; and the lattice 
sum used to obtain this value is too large by a factor 
of 4.23.” 

It is interesting to note that the sum in Eq. (1) is 
quite sensitive to the internal coordinates and well 
within the error quoted for the x-ray results‘ 
through zero and one can obtain a positive value for 
Q57™ 48 A redetermination of the parameters in FeO; 
would be useful. 


wave 


( 


’g goes 


“R. V. Pound, Phys. Rev. 79, 685 (1950) measured eQg/h 
= 2.393 Mc/sec for Al?’ in AloO;. Burns in reference 14 calculated, 
from Hartree-Fock wave functions, a value of —2.31 for y. of 
Al**, Bersohn in reference 16 quotes a value for the lattice sum in 
Al,.O;+37.3X 102 esu/cm*? which has been checked and found 
correct by the authors. H. Lew and G. Wessel, Phys. Rev. 90, 1 
(1953) obtain a value for Q of +0.14910-* cm? for Al??, The 
structure data was taken from L. Pauling and S. B. Hendricks, 
J. Am. Chem. Soc. 47, 781 (1925). 

41 R. Bersohn, Phys. Rev. Letters 4, 609 (1960 

42 One can do the calculation by dividing eQg/h by the result 
obtained from Eq. (1). This is probably less accurate. However, 
if one does, Q°™=—1.4X10-* cm? is obtained (compared to 
—0.33X 10~* cm? in reference 41). 

*8The parameter describing the positions of the O~ ions is 
u=0.292+0.007 (see reference 40). As u decreases, 0°" gets to be 
a larger negative number until at «=0.289 it becomes infinite and 
then positive for smaller u. For w=0.285 0°" = +-0.56X 10™ cm?. 
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Interatomic Repulsive Potentials at Very Small and Intermediate Separations*t 
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Using a minimal and a maximal principle, respectively, two approximate expressions for the interaction 
potential between atoms are given such that their mean, U/(R), differs from the exact value, Uo, in the 
Thomas-Fermi-Dirac (TFD) approximation, by not more than 4% for the case of two-center system; and 
by not more than 14%, in the Thomas-Fermi (TF) approximation, for the case of a three-center system. 
The respective limits of applicability of these potentials are. discussed, and some of their applications are 


pointed out 


I. INTRODUCTION 
PR crncrscencacen interest attaches to interatomic 


repulsive potentials because of the important part 
they play in the study of gas scattering,' electrode 
sputtering,’* radiation effects in solids,*> and matter 
in the interior of stars.° Under these conditions, atoms 
approach each other much more closely than in solids 
under currently attainable pressures.’ Theoretically, 
most of the interaction potentials that have been 
proposed, are relevant mainly to the vicinity of the 
equilibrium separation, but relatively little is known 
about these potentials at the considerably smaller 
separations referred to above.* It is the purpose of the 
present paper to develop a theoretical expression for 
this interaction energy at very small and intermediate 
internuclear distances. 

The method for solving this problem is _ based, 
essentially, upon the application of a variational mini- 
mization-and-maximization principle, due to Firsov,® 
to the Thomas-Fermi statistical model of the atom." 
While the Thomas-Fermi model was originally em- 


* Work performed in part at Brookhaven National Laboratory 
and supported by the U. S. Atomic Energy Commission. 

+ Based on a thesis submitted by Adolf A. Abrahamson in the 
Department of Physics at New York University, in partial ful 
fillment of the requirements for the Ph.D. degree. 

t Present address: Department of Physics, The City College of 
New York, New York 31, New York. 

1N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Oxford University Press, London, 1949). 

2 E. Langberg, Phys. Rev. 111, 91 (1958). 

3G. K. Wehner, Phys. Rev. 112, 1120 (1958); 114, 1270 (1959). 

*G. J. Dienes and G. H. Vineyard, Radiation Effects in Solids 
(Interscience Publishers, Inc., New York, 1957). 

5 F. Seitz and J. S. Koehler, in Solid State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 2, p. 305. 

®P. Gombas, Die Statistische Theorie des 
Anwendungen (Springer-Verlag, Vienna, 1949). 

7 J. M. Walsh, M. H. Rice, R. G. McQueen, and F. L. Yarger, 
Phys. Rev. 108, 196 (1957). 

8 J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, Molecular 
Theory of Gases and Liquids (John Wiley & Sons, Inc., New York, 
1954). 

90. B. Firsov, J. Exptl. Theoret. Phys. U.S.S.R. 32, 1464 
(1957) [translation: Soviet Phys.—JETP 5, 1192 (1957) ]. 

10 |, H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1927). 

1 FE. Fermi, Z. Physik 48, 73 (1928). 


Atoms und Ihre 


ployed for calculating the central field of only one atom, 
the same model may also be used for calculating the 
interaction energy of two (or more) atoms, provided 
their separation is sufficiently small, and hence the 
overlap between their respective electron clouds 
sufficiently great, so that the statistical treatment is 
applicable.? The treatment to be given here, however, 
will be based on the more accurate Thomas-Fermi- 
Dirac statistical model of the atom.” 

Inasmuch as the atomic interaction energy will be 
found to depend in a somewhat complicated manner 
upon the electron energy of the atomic system under 
consideration, our attention in the next three sections 
will be focused chiefly on this electron energy. Thus, 
in Sec. II, a functional H of the electron density p, and 
another functional H, of a certain function f are 
established. Ho(po), the minimum of H, and Hy0(fo), 
the maximum of H,, are each equal to the exact electron 
energy in the TFD approximation. With the aid of these 
minimal and maximal principles, respectively, both 
upper and lower bounds can be determined for the 
relative error e=(H—Hp)/|Ho| in approximating Ho 
by H, when H is calculated with a function p approxi- 
mating the exact po. Similarly, upper and lower bounds 
can be determined for the mean relative error 
é=[4(H+H,)—Hy |/| Ho|, when H, is calculated with 
a function f approximating the exact /». 

In Sec. III, this formalism is applied to the TFD 
two-center problem. Here po is approximated by simple 
superposition of the undistorted, exact single-center 
densities po: and po2 of atoms 1 and 2, respectively; 
similarly, fo is approximated by superposition of the 
appropriate single-center functions fo; and fo2. The 
errors « and é are then found to have upper bounds of 
less than 8% and 4%, respectively. As a second appli- 
cation, the three-center problem is treated in Sec. IV. 
A configuration in which the atoms occupy the vertices 
of an equilateral triangle is assumed. Here, analogously 
to the procedure followed in the two-center case, po is 
approximated by the superposed exact single-center 


2 P. A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 376 (1930). 
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densities (po1+po2+ pos); and similarly, fo by (/oit+ foe 
+ fos). Evaluation of the upper bounds on ¢ and é gives 
less than 15% and 7.5%, respectively. In this case, 
however, the TF (rather than TFD) model was used 
in order to keep the work tractable. Essential formal 
and physical distinctions between the two models are 
indicated. 

In Sec. V, the complete expressions for the inter- 
action potentials U(R), U,(R), and their average, 
U(R), are formed by adding the internuclear Coulomb 
term Z,Z.e/R to [H—H(«)], [Hi—H,()], and 
{4(H+H, |—3(H(@)+H,()]}, respectively. The 
symbols H() and H;() represent the values of these 
functionals when the atoms comprising the system are 
infinitely far apart. Setting the exact TFD interaction 
potential [Z,Z2e?/R+H »— Hy() ]=Uo(R), it is shown 
that, for an arbitrary number of nuclei, the relative 
errors ey=(U—U>o)/Uo and ty=(U—U>)/Uo have 
respective upper bounds less than those on the corre- 
sponding errors ¢ and é defined above. Hence it follows 
that for a TFD two-center system, ey<8%, and 
év<4%; and: for a TF three-center system (with 
equilateral triangle configuration), ey<27%, and 
é#y<13.5%. Firsov’s® two-center TF potentials are 
shown to be obtainable from our three-center formulas 
as special cases, namely by letting the Z and p per- 
taining to one of the three atoms vanish. 

A discussion of the results, indicating the limits of 
their applicability and outlining some of their further 
applications, is contained in Sec. VI. 


II. TOTAL ELECTRON ENERGY IN THE 
TFD APPROXIMATION 


A. Minimization Principle 


The total electron energy of a system of interacting 
atoms, according to the Thomas-Fermi-Dirac (TFD) 
statistical model of the atom, is given by*® 


p(r)p(r’) 
H=ns { o* atte f f - -dv'dv 
r—r 


Zi 
—é|f > - pdv—ue fo 3dv, (1) 


vi 


where the first term on the right represents the kinetic 
energy of the electrons; the second, the electron inter- 
action energy ; the third the interaction energy between 
the electrons and the nuclei; and the fourth, the electron 
exchange energy. Also, 


3 2\2/3,2 \d . 
Ke= 76 (3a)? age~2.9e* ay; 
Ka= 3 (3/m)"30.74e ; 
em |e 


and do, p, Zie, ri, respectively, denote the radius of the 
smallest Bohr orbit in hydrogen; the number of 
electrons per unit volume; the nuclear charge of the 
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ith atom; the distance to the ith nucleus. Here and 
henceforth, the nuclei are assumed to be either held 
fixed, o1 else, moving so slowly that the adiabatic 
approximation is justified. 

Extremalizing H by variation with respect to p, 
subject to the normalization condition 


ef pdv= Ne, 


where JN is the total number of electrons in the volume 
Q, and introducing a Lagrangian multiplier Vo gives 


(5/3)Kxpo* +e f 


where, from TED theory,® 


po(r’) = Zi 
—d1 ‘—¢ > 
r—r’ 


V o= Ka?/4x,.e>0. 


Substitution for x,po?/? from (4) into (1) then gives for 
the extremum of H, 


p(t’) |p, 
Ho= — ae ff a ee -dv dv— ae f z. = podt 
r—r' r, 
a bea fos 3d¢ _ 3 Vee f put 5 (6a) 


or, eliminating also the double integral by means of 


(4), 


Li 
Hy= be f os 3dv— Lo 3dy— se f > —pod' 
rT, 
—} Vee f out (6b) 


As the right-hand side of Eq. (6a) shows clearly, 
Hy< Q. ( 7 ) 


To show that Ho is a minimum, let p=po+ép, with 
ép<po. Then, by Eq. (1) and expanding to first powers 
in dp, 


po(r’) 
Wort00)=Hot {| (s 3) KKpor +e f ——d)’ 


/ 


ieee 


Zi 
—¢é } peg 3 a + fcc 9)Kipo' 


r, 


: 5p: dp’ 
— (2/9)kapo? ‘Joyde+se f f ——dv'dv, (8) 
lr—r’ 
or, 


H(p0+8p)=Ho+>d I, (8’) 
j=l 
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where J; denotes the jth integral on the right in Eq. 
(8). Now, by (4), 


\=- Vee f bpd, 


I,=—6(Ne)=0. 


whence, by (3), 

(9a) 
Again, from TFD theory, 

(9b) 


2k.po 5— Kapp . 3=(), por Pb, 


where py is the electron density at the boundary of the 
TFD atom, so that 


(Skxpo l 3— 2xapo 3)>0, (9¢ } 


and hence also J2>0. To show that also 7;20, define 
the “potential” « by 


V-u= —4rép, 


dp 
u -f ———d), 
r—r’ 
1 
=— furnde; 
dor 


fr (uVu)dt = { Curent (u)¥ er, 


so that 


and therefore 


and, upon application of Gauss’ theorem to the integral 


on the left, 
fr (uVu)dt  f wvu-d8=0, 


x 


whence 


1 
I.=- J (vurarzo. (9d) 


4dr 


By results (9a, c, d), the quantity added to Hy in Eq. 
(8) is positive, and hence Hp is a minimum. 


B. Electric Potential and Charge Density 
The electric potential is given by 
Z; p(r’) 
ri r—r’ 
and the corresponding Poisson equation is 
V*o= —4re >> Z,5(r—r,) +4 rep, (11) 


where 6(r—r,;) denotes the three-dimensional 
delta function. Thus also 


Z; po(r’) 
dy =e) . -ef <a -dv’, 
r, 


ir—r’| 


Dirac 


(10’) 


Vbo= —4re >> Z8(r—r;) +4 repo. (11’) 
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With the aid of (4), (10’) can be written 


(5/3)kxpo?'*¥— $xapo'®— e(do— Vo) =0, (12) 


which, being a quadratic equation in po'/*, has the 
solution 
$xat[($xa)?+4(5xi/3) (Go— Vode}? 
pol? = —__________— ——. (13) 
2 (5K; 3) 
That the formal solution involving the negative square 
root in (13) is physically unacceptable can be seen from 
the following reasoning: Very near the nuclei, ¢o can 
become very large, far exceeding Vo, and thus making 
the radical far greater than $x; but in this case po'/*, 
and hence po, would be negative, which is clearly 
inadmissible. 


With the aid of (13), Eq. (11’) can also be written as 


V'bo= —4re > Z56(r—1;) +4e(2ko/5xx)? 


% {14+ [1+ (15K. /4.2)e(bo— Vo) }’2}%. (11) 


Equation (11) is the Thomas-Fermi-Dirac equation 
for an arbitrary number of interacting atoms.® Equation 
(13), therefore, describes the electron charge density in 
such a system of TFD atoms. 


C. Maximization Principle 


Consider the functional 


1 
H,=- JRO D + bY yp) +4 oc ler, (14) 
da 


where 
f=e>d (Z./r)—¢, (15) 


and is subject to the boundary condition that f—0 
asr— ©; 


’ 


k= (27/54) (7/3) (ka®/xy4) = 4 (Sx;./3) (2k a/Sxx)>; (16) 


v(f)=e(u)= f [1+ (+0) Pa (17a) 


= 4u+2(1+4)*?+$1?+2(1+4)>?, (17b) 
with 


u=ble > Z;/ri— f—Vo]=b[o— Vo]; 


bk= 4me(2ka/5x;)*. 


(18) 
(19a,b) 


Extremalizing H, by variation with respect to f, subject 
to the subsidiary condition (3), gives 


b= 15xxe 4x,”; 


5(H,+AeS pdv) =0, 


with A a Lagrangian multiplier to be determined below; 
thus, 


rr} 
ras fi Vfo:6(Vf) 
dor | 


(20) 


OP Ou Op Op | 
+|«— + 4a V ve—— 4rde- bs dv=0. 


Ou Of of of 
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: V- (5fV fo)dv= f (Vfo- V5 f)dv+ f (V2 fo)5fdv, (21) 


and by application of Gauss’ theorem to the integral 
on the left, 


fr (fv fodo= f (V fo) f-dS=0, 


so that by (21), 


fore V6 f)dt = — f (we faosar, 


’ 


Hence, as the symbols 6 and V “‘commute”’, it follows 
from Eq. (20) that 


1 
nm ff avefob ett t+) *}(—4) 
4dr | P 


Op | 
+4are- (Vo—A) 6 fdv=0, 
of 


or, 
— V? fo= bkL 1+ (1+ 0)? B+4re(dp/df)(A—Vo). (22) 
Also, V?e >> (Z;/r;)= —4ae >© Z,5(r—r;), so that 
V(e >. Zi/r:— fo) = —4re > Z,6(r—1;) 
+bkL 1+ (1+)! > P+4re(A— Vo) (0p Of), (23) 
which, by virtue of relations (15), (16), (18), (19) can 
also be expressed as 
Vbo= —4re >. Z;6(r—r,) 
+-4are(2kq/SKx)*{1-+[ 1+ (15K4/ 44-2) (bo— Vo) 2} 
+4ire(A—Vo)(0p/df). (24) 
Comparison of this equation with (11) clearly requires 


A= Vo. (25) 


In view of this result and of (18a), Eq. (24) becomes 


—V fo=bk{1+[1+d(e & Z:/r:i— fo—Vo)}"}*. (26) 


To show now that the extremum of H; isa maximum, 
let f=fotéf, with 6f/fo, and utilize the relations 
V(fotéf)=P(uot+su), and p(fot+édf)=pot+dp. Then, 
upon expanding and retaining terms to first order in 
du, one finds 


1 
H,=Hy-—- 


4a 


1 
+ (1+ )~* P (6u)?}do— fi —V*fo 
4dr 


feacvonr+ucatuoy 


1 
— kbL1+ (1+ 9)" P}6 fdv—— Vee f inde. 
dor 
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But in view of (3) and (22), it follows that the last two 
integrals in (27) vanish, whereas the first integral, to be 
subtracted from Hy, is evidently positive. The ex- 
tremum Ho, therefore, is indeed a maximum. 

It will now be shown that the two extrema Ho, Hj 
are identical. We have the identity 


fv: (foV fo)d: ff sorta + f (oper, 


and by Gauss’ theorem, 


fr coors f sevfo-as 0, 


x 


frm -{ foV* fodr, 


and hence, by Eq. (14), 


1 1 
Ay= J sofa - [rer \+4arVoepo ldv. (28) 
8x 4ir 


To effect the transformation of this expression into one 
entirely in terms of po, we use Eqs. (12), (15), and (23), 
to obtain 


1 : 
g J povfat =—— ef > p a1 
8x r 
1 eg + 
+ fcc 3) kxpo” > —Fkapo"? |dt +3V ef dv. (29) 
? 


? 


Similarly, by Eqs. (13), (18), 


so that 


and (19), 
po= (bk/42e)[ 1+ (1+ 1) 


and hence Eq. (17a) can be written 


(uo) = (47re ok) fo (du/dpo)dpo. (31) 


Using (18) and (14) to evaluate (du/dpo) then yields 


(32) 


(10) = (42r/k) (2 kx00°/?— dk ap? 


so that, upon substituting results (29) and (32) into 


Eq. (28), one has 


H y= bee fos 3dy— bea fos 3dy 
jeff (Z; r)puts—3Voe f put, (3. 


where the right-hand side here is identical with that of 
Eq. (6b), and hence 


Hy=H. (34) 





INTERATOMIC REPI 








Fic. 1. Schematic representation of the (negative) functionals 
H(p) and H,(f) associated, respectively, with the minimal and 
maximal principles. 


Some of the main results concerning H and H, 
established thus far, are represented schematically in 
Fig. 1. 


D. Significance of the Minimal and 
Maximal Principles 


The existence of a minimization for H and of a 
maximization principle for H, is extremely useful in 
that it makes it possible to establish both an upper and 
a lower bound on H. That is, in order to calculate the 
exact value of H=H y= Hj , it would be necessary to 
solve either the nonlinear integral equation (4) or the 
nonlinear differential equation (11’’), which, even in 
the TF approximation and for only two nuclei, presents 
great calculational difficulties.’ 

Another approach to determine Hp utilizes the fact, 
evidenced by Eqs. (8) and (9) above, that H varies 
slowly for small variations dp about po. Thus, Lenz" 
and Jensen have used p=poitpo2 to calculate H for 
two centers; and Hund, using a more elaborate 
function, has done the same for the two special cases 
F,; and N». Even these approximate calculations, 
however, are extremely tedious and require both single 
and double planimetry.* A more important deficiency 
in these and all similar calculations, however, is the 
fact that as long as the minimization principle alone 
was available, no lower bound on H was known, and 
hence the only accurate assertion possible was that Ho 
was less than H. How much less, could only be guessed.° 

With the added establishment of the maximization 
principle, however, this uncertainty is substantially 
reduced; for now another accurate assertion becomes 
possible, namely, that Ho is greater than H,. Indeed, 
it is readily seen from Fig. 1 that the relative error in 
approximating Ho by H is 


«= (H—H))/|Ho| <(H—H))/|H| =, 


(35a) 


and that the relative error in setting Ho 


~=}(H+H)) is 
é=[}(H+H1)—Ho)/|Ho| <}e. 


8 W. Lenz, Z. Physik 77, 713 (1932). 
14H. Jensen, Z. Physik 77, 722 (1932). 
18 F, Hund, Z. Physik 77, 12 (1932). 


mean 


(35b) 
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III. THE TWO-CENTER PROBLEM IN THE 
TFD APPROXIMATION 


A. Construction of H and H; 


Let us now employ the preceding results to obtain 
an upper bound on the relative error « when Ho is 
calculated by setting 6=oi(r71)+po2(r2) in H. Here pox 
denotes the solution of Eq. (4) for the ith atom alone. 

From Eq. (4) we have 


po(r’) me Zi cd 
ef dv' =e a —_ (5 3)KKpor . 
r—r r, 


+ $kapo! 3_ V oe, (36) 


and therefore, for the 7th atom, 


+ $xapo!®—Voe, (37) 


where Vo; denotes that part of Vo which pertains to the 
ith atom. 


Substituting the right-hand members of (36), (37) 
into Eq. (1) then gives 


H = Ki ic + Po2 )2 3— 3 (po)? 3+ 99097 3) |(po1+poz)dv 
/, Zo 
+ (po1t+po2)di 


3— 2 (por! ‘ + poe! ') }(port+po2)dv 
— Ve f (out oud. (38) 


Next, to obtain a corresponding expression for H,, 
it is helpful first to transform Eq. (14) by a procedure 
entirely analogous to that used above in arriving at 
Eq. (28). This yields 


1 1 
y= f fU°f dv— J [AW (f)+4aV cep dv. (39) 
Sr 4dr 


Furthermore, by (12) and (15), 


~ Zi 
é ss —€ TAS 3)KKpo" eres +Kapo! 3|- | 0) 
ri 


and by (22), 
V" fo= — 4 repo, 
whence 
Zi 
fo =¢——€¢ (5 3) Kipor ®— $xapo:!* |, 
; 


(1, 4m) V" fos =— poi, 
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where fo; denotes the solution of Eq. (26), again for 
the ith atom alone. Hence, if analogously to the pro- 
cedure followed with regard to H, we now set f= foi(r1) 


+ foe(re) in Hi, then Eq. (39), with the aid of Eqs. 
(42) and (43), gives 


Hy, =n ft (por 3+ pos” 3) — $ (p01 + poe)” #](po1+po2)dv 


kx f [8 (ou' 3+ poo! =— 4 (port por)! *'}(p01+po2)dv 


ef (- + )oonrt di 


= Vee f (porto) (44) 


With this exact form of H;, it turned out to be im- 


possible to obtain a numerical value for ¢, essentially ° 


because of the complicated structural forms of H and 
H,. However, using the fact that the exchange term 
(the term in xq), constitutes but a small correction® to 
the remaining terms in H;, an expansion of H;(x,) in 
terms of the dimensionless parameter 


e >, Z;/r:— f—Vo) }\” 


was carried out to first order in xa, yielding 


1 8r 7 3 \ 3” 
H,.=— fisco+=(—) 
dr 5 5k; 
Z; 5/2 
x[e(ex -s-vs)] 
vi 


V=Ka/[4xxe( (45) 


3 2 Z; 2 | 
+4(—) ce > —-f- v] er (46) 
5 r, 


IKk 


To perform the transformation H,(f) to H1(po1,p02), 
we again set f= foi(7:)+/fo2(r2), use relations (42), 
(43) to introduce the electron densities poi, po: as 
before, and again expand to first order in «x, to obtain, 
finally, after straightforward but lengthy algebraic ma- 
nipulations, 


A, = ce f CE(ou+ on) 


Z, Ze 
X (p01? + pos"!*)dv— e fC +=) (out pu) 
T) To 


= Kal 3 (p01 + poz) “7 34. pyo2/3)3 27 


_ 2 (por 84 p90" 3)3 3] 


$ (por 


x (por! 3+ poe! 3)\dy— 4 vee f (pvt po2)dv. (47) 
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B. Upper Bound on the Relative Error 


To facilitate now the formation of e’=(H—H,)/|H), 
let us introduce 


a= (po1— por) (poit poz), —l<a<l. (48) 


Then we have from Eqs. (38) and (47), respectively, 


A= f Rl)iC(s 3) xx (por 3+ p97 3) }(po1tpoz)dt 


i Z» 
-1e f (C+ =) (onto 
fu 


[ $xa( por' 3+ poo! 


) }(po1t+po2)dv 


—} Vee f (on+p0 \dv, (49) 


and 


A= [m@ic(s 3)xx(por?/*+ pos”) ](po1+po2)dt 
Ze 
-1¢f —+ Joe +- po2)d1 
rT; Ts 
— fe) AL tee 3+ poo!/®) ](poit+po2)dv 
—1V ee f (onto) (50) 
so that 


A-H= f &—wALG 3) Kx (por"/?+ por’) | 
X (purtpuahde— f (E—e) AL Aue(oor 5+ n9! 3) ] 


x (poi + poe \dv, 
where 


ne(a)=1—0. {(— 
+a 
woof) HC5 
2 


all) +( 
or 
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Each of these four functions (52), evidently even in a, 
has been evaluated over the entire range of a in steps 
of 0.1, along with the differences (,—7) and (£.—na), 
respectively, as shown in Table I. 

Now from the given definitions of xx, ka, poi, and from 
the numerical values of (£,—.)=ex, and (a—1c)= €a, 
given in Table I, it follows that each of the integrals 
in Eq. (51) is positive, and so also is their difference, 
as is evident from the theory of Sec. II and Fig. 1, 
above. 

From Eq. (51), therefore, 


H—H, = f (ax- €.A)dv>0, 


where 
K=3 [(5 3), (por* 3+ p90" 8) '](po1+ poz), (54a) 


and 


A=4[$xa(po1' 3+ poe! 8) ](p01+po2) (54b) 


have been introduced to simplify the notation. Simi- 
larly, let Z and V, respectively, denote the second and 
fourth terms in Eq. (49). Then the latter, in view of 
(7), gives 

a= f (&K—E,A)de— (2+ V)<0, 


so that 


H\=(2+0)~ f (&K-£A)dv>0, 


H|>Z- P— [ (eK—t0A )dv>0. 
But by Eq. (4) 
2-V > f (KA, 


whence 


H > [a-ak (1-g)4e>0, 


TABLE I. Values of &%, nx, and (Ee—mk); €a, Ma, and (Ea—nNa). 


Na fa—Na 


—0.330 0.275 
—0.324 0.271 
—0.318 0.268 
—0.310 0.266 
—0.275 0.240 
—0.248 0.223 
—0.208 0.200 
—0.149_ 0.166 
—0.082 0.132 

0.076 

0.000 


moossossooss 
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TABLE II. Numerical values of « and é. 


a 0 0.1 0.2 03 O04 0.5 06 0.7 08 0.9 1.0 


e 7.91 7.84 7.66 7.42 7.10 6.59 5.90 4.78 3.58 1.80 0.00 
¢ 3.96 3.92 3.83 3.71 3.55 3.30 2.95 2.39 1.79 0.90 0.00 





which, upon combination with Eq. (53), yields 


ene 


H-H, S (ex.K — €gA )dv 
AL OS [—-&)K—-(1-&.)A do 


(58) 

Several methods of evaluating the right-hand 
member of the inequality (58) exist. As an example of 
what is perhaps the most straightforward procedure, 
let us evaluate the right-hand side of (58) for the case 
a=0.6, say. Then, with the aid of Table I, 


S (0.059K —0.200A )d: 
O< (€)a 0.4<- 
S (1.002K — 1.0084 )dz 


JS [0.059(K —.A)—0.141A ]do 


S[1.002(K —.A)—0,006A Jdv 
But, as is readily verified, 


a a+¢ 
‘ (60) 
b b+ 


if a, 6, ¢ are positive and a<b. Hence, adding 
J 0.0064 dv to numerator and denominator in (59) gives 


JS (0.059(K — A)—0.135A ]do 
0< (€)a-0.6< 
S1.002(K — A)dt 


0.059 


In this manner, the upper bound on e¢ and, using the 
simple relationship (35b), on € was evaluated, again 
over the entire range of @ in steps of 0.1, as shown in 
Table II. Evidently, the maximum relative error in- 
volved in approximating Ho, the exact value of H on 
the TFD theory, by means of H of Eq. (38) is less than 
7.91%; i.e., 


e<8%. (61) 


Hence the mean relative error involved in approxi- 
mating Hyp by H=}(H+4H;), see Eqs. (38) and (47), 
does not exceed 3.96%, or 
e<4%. (62) 
It may be noted at this point that these values, 
being upper bounds, obtain only where a=0, i.e., 
where poi~po2, but are actually smaller everywhere 
else. 
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Fic. 2. Electron density distributions in TF and TFD atoms, 
and quantum-mechanically (Q.M.). (Schematic). 


IV. THE THREE-CENTER PROBLEM IN THE 
TF APPROXIMATION 


A. Connection to TFD Theory 

The fundamental distinction between the TF and 
TFD models is that the latter, unlike the former, does 
take account of exchange effects.® As a consequence of 
this there arise the following two formal distinctions®: 
(1) The electron density p in the neutral TF atom 
extends to infinity; that in the TFD atom, to a finite 
boundary, defined by a radius r,, beyond which prrp 
vanishes; see Fig. 2. (2) The Lagrangian multiplier Vo 
in the TF theory vanishes for neutral atoms. Essen- 
tially all the analytic results thus far established hold, 
therefore, also in the TF approximation, provided we 
set both 
Vo=0. (63) 


Ke=Q, 


These conditions reduce the complexity of the for- 
malism to a manageable level, and it is for this reason 
that the three-center problem will be treated in the 
simpler TF approximation. 


B. Upper Bound on the Relative Error 


We again wish to find an upper bound on the error 
€; in calculating H» by using (in obvious analogy with 
the two center case), p=poi(71)+po2(r2)-+po03(r73) and 
f= for(ri) + fo2(r2)+ fos(rs) in H and M,, respectively, 
where e; and é; are defined as before in Eqs. (35) above. 

Using (63) and introducing 

A=(5 (64) 


3) Kk, 


one then obtains in place of (38) and (47), respectively, 


a= [6 3) (p01 po2+ pos)” , 


— 4 (po?! on a ht 2 3+ 993” 7 ‘}(p01+p02+ pos) dz 


Z, £2 23 
~1e f ( +—+- ) (00+ +p: (65) 


r; 2 Lz 
and 


Hi=2 f [3 (ont pnt en) 
pee 2 (por 84 p90? 8 993" 3)3/2 (por 3b 9997/3 + po 32/8) dv 


Z, £22 Z3 
—teé fC + + — ) ot ut ode (66) 


_s 
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In order to effect the numerical evaluation of the 
coefficient appearing in the difference between H and 
H,, let us introduce the quantities 8 and y defined by 


pos) (po1-+po2+ pos), _ 1 <B< }: 
—-1<y<1; 


B= (p01— po2— (67) 


Y= (—po1— po2tpos)/ (p01+p02+p (68) 


so that 
By =—— 2 por 


(p01 + poet p 


because all po;20, of course. 
With the aid of these quantities, Eqs. (65) and (66) 
can be expressed as 


= f ano? 3+ pos"? + pos”!*) (port po2t+pos)dt 


a) 6 © 
“SG + 4 Joop dv, (70) 
Tr; Te r 
n= fon (8,y)4d(p 


so that 


H—Hy= f (&—n) Non" 


1i+~, 2/8 a _ 
ke a 
. ee, 
and 


if 
n=n(on)=1-08| (— >! 2 *) 
4a) fi 


=1—0.8[1.2/(1+¢;)] 

The particular forms of 8 and y were chosen deliberately 
so as to bring about the symmetries indicated in Eqs. 
(73) and (74), respectively. These symmetries, together 
with sclations (69) and (74’), substantially reduce the 
labor involved in the computation of & and 73. The 
results of this computation over the entire range of 
(8,y), in steps of 0.2 and subject to relations (69), are 
given in Table III, along with the corresponding 
differences (;— 

Two salient facts concerning (—n) are apparent 
from Table III: (1) (—») is positive for all physically 
admissible values of (8,y). This is in exact agreement 
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TaBLe III. Numerical values of £(8,7) = &(7,8); 1(8,v) =n(v,8); and (—n). 


x ———__—_— 





—0.6 —0.4 —0.2 


0 0.2 0.4 0.6 


B=-1 


0.200 
0.200 
0.000 


—0.002 
—0.061 
0.059 


—0,.028 
—0.101 
0.073 


—0.044 
—0.124 
0.080 


0.008 
0.034 


—0,048 
—0.132 


—0.044 
—0.124 
0.080 


0.028 
0.101 
0.073 


0.002 
—0.061 
0.059 


0.042 
0.008 


0.084 0.034 


B= —0.8 


0.042 
0.008 
0.034 


—0.070 
—0.173 
0.103 


—0.108 
—0.248 
0.140 


—0.135 
—0.307 
0.172 


—0.126 
—0.287 
0.161 


—0.126 
—(0.287 
0.161 


0.108 
0.248 
0.140 


0.070 
—0).173 
0.103 


+0.042 
+0.008 
0.034 


B=—0.6 


—0.002 
—0.061 
0.059 


—0.108 
—0.248 
0.140 


—0,139 
—0.316 
0.177 


—0.154 
—0.351 
0.197 


—0.158 
—0.361 
0.203 


—0.154 
—0.351 


—0,139 
—0.316 


0.177 


0.107 
0.246 
0.139 


—0.002 
—().061 


0.197 0.059 


p=—0.4 


—0.028 
—0.101 
0.073 


—0.126 
—0,.287 
0.161 


—0.154 
—0.351 
0.197 


—0.166 
—0.381 
0.215 


—0.166 
—0.381 
0.215 


—0.154 
—0.351 


—0.126 
—(.287 
0.161 


0.028 
0.101 


0.197 0.073 


B=-—0.2 


—0.044 
—0.124 
0.080 


—0.135 
—0.307 
0.172 


—0.158 
—0.361 
0.203 


—0.166 
—0.381 
0.215 


—0.158 
—0.361 
0.203 


—0.135 
—0.307 


0.044 
—0.124 


0.172 0.080 


B=0 


—0.048 
—0.132 
0.084 


—0.154 
—0.351 
0.197 


—0.154 
—0.351 
0.197 


0.135 
—0.307 
0.172 


—0.135 
—0.307 
172 


—0.048 
—0.132 


0.084 


B= +0.2 


—0.044 
—0.124 
0.080 


—0.126 
—0.287 
0.161 


—0.139 
—0.316 
0.177 


—0.126 
—0.287 
0.161 


-0.044 
—().124 
0.080 


—0.028 
—0.101 
0.073 


—0.108 
—0.248 
0.140 


0.108 
—0.248 
0.140 


—0.028 
—0.101 
0.073 


—0.002 
—0.061 
0.059 


—0.070 
—0.173 
0.103 


-0.002 
—0.061 
0.059 


0.042 
0.008 
0.034 


0.042 
0.008 
0.034 


é 0.200 
he 0.200 
t—7 0.000 


® All spaces marked --- 


with the requirement that, by the theory concerning 
the minimal and maximal principles of Sec. II above, 
the quantity (H—H)) in Eq. (72) must be positive. 
(See also Fig. 1.) Hence, as \ and the po; on the right- 
hand side of (72) are all essentially positive, so must 
(—n) be. (2) The maximum value of ({—7), somewhat 
greater than 0.215, seems to occur somewhere between 
the points (8,y)=(—0.4, —0.4) and (—0.4, —0.2) or 
(—0.2, —0.4). This, too, is found to be in close agree- 
ment with the value of 


(€—1) max = 0.2176 at B=y=—}, (75) 


obtained analytically. 


only correspond to sets (8,y) which, by relation (69), are physically inadmissible. 


By virtue of (75), Eq. (72) gives 


(H— H;) = 0.218 {x4 (po17/? + pos?/3+ po3?/*) 


X (portpo2tpos)dv. (76) 

From Eq. (4) we have, using also relations (63) and 
(64) appropriate for the TF case, 

Apo:?* <e?(Z,;/r;), (77) 


so that 


Z, Z2 23 
(H—H;) <oais fse(“+—+—) 
al 72 «3 


X (01+ po2+pos)dv. (78) 
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Also, as H <0, it follows from (70) and (77) that 


2, Z% 2 
| H| >4¢ fa-e(- mi +~) 


rs 
The lower bound on |H| is clearly obtained with 
£=£max, Which latter is found from Table III to be 


x (p01 + Po2 +-pos)dv. (79) 


Emax = 0.200, (80) 


so that 
Z, Z2 23 
| H| >0. 800 f 4¢ - -+-—+ +) (p01+po2+pos)d2, (81) 
T2 Ts; 


whence, upon combining this result with (78), 
finally obtains the desired values: 


one 
€3 < (0.218/0.800)~27%, (82a) 


eS 13.5%. 


(82b) 


The mean 3(H+H)) thus differs from Ho, the exact 
value (in hy TF approximation), by not more than 
~ 13.5%, an error well within the over-all accuracy of 
20% of the TF model.'® It may further be noted that, 
in general, the error ¢; (or é;) will be very much less 
than the upper bound(s) calculated here. This is so 
because the values of e; and é; depend, through Eqs. 
(78) and (79), essentially on the ratio (£—n)/(1—&), 
which latter generally is very much smaller than 
(€—1) max/(1— Emax). Thus, at (8,y)=(—0.2, —0.8) for 

example, one finds, using Table III, 
€3< (0.172/1.135)~15%, (83a) 


so that 


(83b) 


V. THE INTERACTION POTENTIALS 
A. The TFD Two-Center System 


Defining the interaction potential U(R) as the sum 
of the Coulomb interaction between the atomic nuclei 
and the change in the electron energies brought about 
by the approach of the nuclei to a mutual distance R, 
we have for a two-center system, 


U(R) 
U,(R) 


=Z,Z.¢/R +H—H(«), 
=2,Z.¢/R +H,—H,(«) 


(84) 
(85) 


where Z;, Z2 denote the atomic numbers of atoms 1 
and 2, respectively. More explicitly, with the aid of 


16. B. Firsov, J. Exptl. Theoret. Phys. U.S.S.R. 33, 696 (1957) 
(translation: Soviet Phys.—JETP 6(33), 534 (1958) ]. 
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Eqs. (38) and (44), 


U(R)=Z,Z2e/R 


+ f fesC(onrton)s— ws 


X (port P02) — § (po1°*-+-pos*’*) ] 
— Kel. (p01 +po2)*— 3 (por! +-po2*) 
X (01+ p02) — § (p01? +po2"*) ] 
+. on | 
-1¢(- -po2+— mm) {2v, (86) 


rT; To 


por" 2/3 + o99 7/3) 


U\(R)=Z:Z28/R 


+fj KL 8 (po17/* 


— $3 (po1+po02)*/*—§ (por? + poo") ] 
—Kal_3 (por! 3+ po! *) (p01 + poz) 


= 4 (poitpor)* 3_ 


+ po2”!*) (p01+ poz) 


§(p01"”*+-pos"*)) 
Zi Z > 
-ie( —poot+ 
r\ ’ 


H,<H)<H <0, 


Recalling now that 


(88) 
it is clear that 
U,<l 


<0, (89) 


where Uo is the exact repulsive interaction potential. 
Hence, if for brevity we set Z=Z,Z.e?/R, then 


U—Uo 


U-—U;, 


Uo U; 
_4+H- -H(%) —[Z+H,—H(@)] 


Z2+H,—H,(~) 
Be H— nial at AS A-H 


; 
——— ~ =e 


(90) 


whence it follows, in view of result (62), that the mean 
relative error, not only in the total electron energy 
H=}(H+H;), but also in the interaction energy 
U=3(U+U),) is not greater than ~4%: 

ty <4%. (91) 
That is, the mean relative error in calculating Uo by 
using 3(U+U;) as obtainable from Eqs. (86) and 
(87) will be less than 4%; or, if U alone be used, the 
relative error will be less than 8% 
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Introduction of the TFD Screening Function 


For the twofold purpose of achieving greater con- 
ciseness and aiding in the numerical computation of 
U(R), it is desirable to simplify the two results (86) 
and (87) as follows: Let K and A denote the integrals 
in (86) involving x, and xg, respectively. Then (86) 


can be written as 
P02 
aos 
Lal 


Zie Po. . 
+ 12 —— e rie|+R— A 


rT 


Ze 
U(R) =¥ie| ——e 
R 


(92) 


But the expression contained in the first square brackets 
above is just the TFD potential ¢2 due to atom 2 at a 
distance R from it, and similarly, the expression in the 
second set of brackets represents the TFD potential 
¢; due to atom 1 at a distance R from it. 

Also, from TFD theory,® 


$(R)= (Ze/R)b(x)—K2/(60xxe), xxx, (93) 
where 
x=R/p, (94) 


m=4}(9x?/2Z)"8ao=0.8853a0/Z "8, (95) 


and y¥(x) is the TFD screening function. Hence, if we 
introduce the further abbreviations 


A=K—A, and a=0.8853a)=0.468X 10-8 cm, 
(96,97) 


then Eq. (92) becomes 


U(R)= (32:22¢7/R)[W (Z1'*®R/a) + (Z2!*R/a) ] 


— (xe2/120Kkx)(Zi+-Zs)+A, (98) 


and in precisely the same manner, 


Ui(R) = (32,2Z2€°/R)[p (Z1'*R/a) + (Z2'*R/a) J 
— (k2/120Kx)(Zi+Zs)+A1, (99) 
where 
A,=K,—A,, (100) 


and K, and A,, respectively, denote the integrals in- 
volving xz, «4 in (87). Finally, setting 
A=}(A+4A)), (101) 


one finds, in view of (91), that 


U(R)= (32,Z2¢*/R)[y (Zi'*R/a) +9 (Z2!*R/a) ] 


— (Wa2/120kx)(Zi+Z2)+A, (102) 


when used to calculate Uo(R), will involve a mean 
relative error of less than 4% (in the TFD approxi- 
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mation). Equations (91) and (102) are the central 
results of this paper v.ith regard to a TFD two-center 
system. 


B. The TF Three-Center System 


We restrict our considerations here to a system of 
three atoms, the nuclei of which occupy the vertices 
of an equilateral triangle of side R. Then, by generalizing 
the definitions (84), (85), we have here 


U(R)= x 


(Z:Z;2/R)+H—H(~), (103) 


U\(R)= ©! (2:Zje/R)+H— 
i, j=1 
t<Jj 


H,(«), (104) 


where the primes on the summation signs indicate that 
the terms in i=7 are to be excluded. Hence, with the 
aid of Eqs. (65), (66), one obtains 


U(R)= (e, R) ZZ; 


1(E pom)(E pom) 


m= m=1 


4 fe y a Pom) */3— 


Z\ ’ 
— > Pom®!® |dv—fe? *f [onto 
m=1 rT) 


Zs Z3 
+—(p03+p01) +—(p01 +o) av (105) 
tT. Ts 


U,(R)=(/R) r ZZ; 


i, j=1 
i<j 


3 
oni 2( } & Pom?!*)5/2 


m=1 


rm frac rH = pn) pow?! 
=) 3 Pom®!® |dv—34 2 f [Foote 


Ze Z3 ‘ 
+—(pos +-po1) +—(po1+ poz) dv. (106) 
Ys 


T3 


Since the terms in Z;Z; vanish upon formation of the 
difference (U—U;), it follows by reasoning exactly 
analogous to that leading to relation (90) above, that 
here, too, (U—Uo)/Uo<(H—A))/|H|=e', whence, 
using (82), 


#3<13.5%. (107) 
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That is, by results (82) of Sec. IV, the mean relative 
error in calculating the interaction energy Uo by using 
3(U+U)) as obtainable from Eqs. (103) and (104), is 
less than 13.5%; or if H alone be used, the relative 
error will not exceed 27%. 


Introduction of the TF Screening Function 


Let A;’ and As;’ denote the terms involving \ in 
Eqs. (105) and (106), respectively. (The primes on the 
symbols A will distinguish quantities in TF theory 
from corresponding ones in the TFD theory.) Then, 
upon rearranging the terms involving the Z;, these 
Eqs. can be written as 


’ Z» Po2 Z\ Poi 
U(R)=3Z,e"{ - -f do) +40 — -f na) 
R rT R T2 
Z3 3 Z2 


+322 


+Az;3’, (108) 


U,(R)=Z'+<Aszy’, (109) 


where Z’ denotes the right-hand member of (108) 
exclusive of A;’. But 


(“ f ae | TF potential due to atom | 
el —— | —dv}= : "ane z 
R r; lat a distance R from it; | 
where 7, j7=1, 2, 3; i# 7; and from TF theory,*® 


o(R)= (Ze/R)x (x), (110) 
where «x is the same as defined by (94) above, and x(x) 
is the TF screening function. Thus (108), (109) may 
be written 


U(R) = X+A;’, 
U,;(R) =X+4Az)’, 


(111) 
(112) 


where 


X=(e/RMOL! ZZi0x(x)+x(xs)))- 
i, j=1 
<j 


(113) 


Setting 
A3’=3(A;3’+Asy’), (114) 
one finds 


U(R)=X+Ay’, (115) 


which, when employed in calculating the interaction 
energy Uo by using 3(U+U,), will involve a mean 
relative error of less than 13.5%; or, if U alone be used, 
a relative error of less than 27%. Equations (107) and 
(115) are the main results of this paper with regard to 
a TF three-center system. 
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C. The TF Two-Center System 


It may be observed that Eqs. (111), (112) correctly 
reduce to the TF two-center interaction potentials 
given by Firsov.'* For if we set, say, Z3=0, pos=0, then 
two of the terms in (113) vanish, thus reducing (111) 
and (112), respectively, to 


U(R) = (ZZ 2€" R)[ x (a1 )+x (x2) J+A’, (1 16) 


U,(R) == 3 (Z,Z2e" R)[x (x1) +x (x2) ]+Ay’. (1 17) 
These are evidently the exact TF analogs of our TFD 
results (98) and (99), respectively. 


VI. DISCUSSION 
A. Range of Validity of the Potentials 


The domain of applicability of both our central 
results, Eq. (102) for the TFD two-center system and 
Eq. (115) for the TF three-center system, is restricted 
in the following manner. Recalling that the TFD atom 
is confined entirely within a sphere of radius r», different 
for each atomic species (see Fig. 2), it is clear that for 
R>(roitre2), the actual interaction energy of the 
undistorted, nonoverlapping atoms 1 and 2 must 
vanish. Yet our formula (102) for Urrp does not 
appear to guarantee such vanishing, and moreover 
will contain 


+(2)=———= 
Ze 60K. 


a given Z 


Rk rei for 


| when x>xX,, (118) 


[see Eq. (93) ]. We, therefore, conclude that Urep 
may become inaccurate when R exceeds 75; OF f2, 
whichever is the smaller, and that Uyrp becomes in- 
applicable when R exceeds (75:+ 752). 

The TF electron distribution involved in formula 
(115), on the other hand, vanishes too slowly as r— 
(see Fig. 2), and the TF screening function x is con- 
sidered'* acceptable only out to r~1A, or ~2 a. 
Hence, result (115) for Urr may become unreliable 
when the internuclear distance R exceeds ~1A or 
~2 do. 


B. Applications 


Preliminary calculations using the TFD two-center 
interaction potential U(R) of Eq. (102) for such 
systems as A-A; Ne-Ne; Kr-Kr; but also for some non- 
spherically symmetric atoms, and hetero-nuclear sys- 
tems have been made. All these tend to indicate that: 
(1) For very small separations of less than ~0.3 ao, 
U agrees well with other theoretical curves and with 
experiment. (2) In the intermediate range from ~0.3 ao 
to ~3 ao, U agrees better with other theoretical curves 
and experimental curves than does Bohr’s screened 
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Coulomb potential'’ or that based on the TF approxi- 
mation.'® It is expected that the results of these calcu- 
lations will be reported in detail in a later paper. 

On the basis of these results, it may then be of interest 
to calculate atomic scattering cross sections (in suitable 
energy intervals), and to perform range-energy calcu- 
lations, both capable of being verified by experi- 


17N. Bohr, Kgl. Danske Videnskab. Selskab," Mat.-fys. Medd. 
18, 8 (1948). 
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ment.'*”° Furthermore, the TF three-center potential 
(115) may be applied to suitable triatoms. Lastly, a 
generalization of the formalism developed in this paper 
to ionic systems would evidently still further enhance 
its usefulness. 

~ 18 J. Amdur and E. A. Mason, J. Chem. Phys. 22, 670 (1954); 
23, 415 (1955); 23, 2268 (1955). 

is H. W. Berry, Phys. Rev. 75, 913 (1949); 99, 553 (1955). 


”R. A. Schmitt and R. A. Sharp, Phys. Rev. Letters 1, 445 
(1958). 
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Onset of Correlation in Initially Uncorrelated System 


I. R. SENITzKY 
U. S. Army Signal Research and Development Laboratory, Fort Monmouth, New Jersey 


(Received July 25, 1950) 


The system under consideration is a number of molecules 
contained in a resonant cavity and isolated from external in- 
fluences. The molecules are assumed to have two energy levels, 
and the molecularJfrequencies have a Gaussian distribution 
centered at the cavity frequency ; the initial states of the molecules 
are uncorrelated. The onset of correlation in the molecular 
behavior is studied by examining the field in the cavity and the 
power emitted by the molecules for effects depending on the 
square of the number of molecules, in a perturbation theory 
approach. 

It is shown that correlation effects manifest themselves in the 
fourth order interaction. Both the correlation energy in the field 
and the correlation power emitted by the molecules approach 


INTRODUCTION 


HE subject of correlation in a many-body system 
includes a large number of diverse problems, 
some of which have become very popular recently. 
Correlation is caused, of course, by a coupling between 
the individual bodies of the system, which can take one 
one or more of several forms. The problem to be 
treated in the present article deals with the correlation 
of a number of atomic systems, which we refer to as 
molecules, coupled to one another through the electro- 
magnetic field in a resonant cavity. The question we ask 
is the following: Suppose we have a cavity containing a 
number of molecules that are isolated from external 
influences and are initially in uncorrelated states. Will 
correlation arise, and if so, in what manner? 

The meaning of correlation in the present context 
will be described first. The molecules are uncorrelated 
if the state of each molecule is independent of the other 
molecules. Correlation may be measured by the extent 
to which the behavior of each molecule is affected by 
the others. The difference between the behavior of 
molecules in correlated and uncorrelated states has 
been discussed in some detail by both Dicke!' and the 
author.? In reference 2 it is shown that when molecules 


1R. H. Dicke, Phys. Rev. 93, 99 (1954). 
21. R. Senitzky, Phys. Rev. 111, 3 (1958). 


steady-state values after transient periods determined by the 
relaxation time of the cavity and the frequency spread of the 
molecules. A physical picture of the correlation effects, as being due 
to induced emission produced by the lowest order spontaneous and 
thermal emission, is investigated and found to be approximately 
correct. The ratio of correlation energy to lowest order spontaneous 
emission energy is derived. An analysis is made of the dependence 
of the results on the initial states of the molecules, and interpreted 
in terms of the physical picture. The effect of the presence of a 
number of cavity modes, rather than a single mode, within the 
frequency spread of the molecules is investigated under simplifying 
assumption, and is shown to multiply the correlation effects by 
the square of the number of modes. 


are in a correlated state, spontaneous emission is 
proportional to V*, where JN is the number of molecules; 
if the molecules are in an uncorrelated state that is 
also an energy state, spontaneous emission is propor- 
tional to V. There are, however, uncorrelated states in 
which each molecule is in the same superposition of 
individual energy states, and in this case the sponta- 
neous emission is also proportional to N*. The latter 
type of state may be regarded as corresponding to a 
classical array of dipoles oscillating with the same 
well-defined phase; it can be created by subjecting the 
molecules to an external driving field. We are excluding 
the consideration of such classical-type correlations, 
since they cannot arise in an isolated system, and use 
the term correlation to indicate only quantum-mechan- 
ical correlation. (In the language of reference 2, the 
case in which each molecule is in the same superposition 
of individual energy states is called uncorrelated but 
coherent.) Incidentally, as explained in reference 2, in 
the correlated energy state the molecules may also be 
regarded as oscillating in phase with each other, but 
the absolute phase is completely undetermined.* With 


3 We give a simple illustration of correlated and uncorrelated 
states for the case of two similar molecules. If gm: is the i’th 
energy state of the mth molecule, then ¢i;¢2; is an uncorrelated 
energy state, and 2-+(¢i;¢2;+ ¢1;¢2;) is a correlated energy state. 
In the language of reference 2, Yi~e2, where Ym=@1¢m1 t+d2¢me, is 
a coherent uncorrelated state. 
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the above exclusion, we can regard emission propor- 
tional to NV? as an indication of correlation. 

The problem of the present article may now be 
formulated precisely. We consider a number of initially 
uncorrelated molecules in a cavity. There are no external 
influences (such as driving field) acting on the system. 
We study both the field in the cavity and the energy 
of the molecules as a function of time; the quantities 
in which we are particularly interested are those 
proportional to NV’. 

The equations of motion and other preliminaries are 
discussed in Part I. Expressions for the field energy are 
obtained in Part II, and the physical significance of 
these expressions is analyzed in Part III. In Part IV the 
power radiated by the molecules is examined. In Part V 
the discussion is extended to the case in which a number 
of cavity modes, rather than a single mode, interact 
with the molecules. 

I 

The molecules and the cavity are similar in their 
properties to those considered in a recent investigation 
of induced and spontaneous emission in a coherent 
field.‘ Each molecule has two energy states and a 
molecular (angular) frequency 


Om= (Ema—Em)/n. (1) 


The spread in molecular frequencies is Gaussian, so 
that the number of molecules per unit frequency range 
at w» is given by 


p(wm) = Naw exp[ —a?(wm—w)* |, (2) 


w being the frequency of the single cavity mode under 
consideration. The loss in the cavity walls is described 
by the loss constant 8, which is specified in terms of 
the cavity Q 

B=w/Q.. (3) 


The molecules are coupled to the cavity field by an 
electric dipole moment y having only off-diagonal 
matrix elements (no static dipole moment). The 
electromagnetic field in the cavity is described in the 
usual manner by 


E=—4rcu(r)P(t), H=V¥Xu(r)Q(d), (4) 


where u(r) is a normalized function describing the 
spatial dependence of the field in the cavity, and Q(?) 
and P(t) are the quantum-mechanical field operators 
satisfying the commutation relationship [Q(#),P(t)] 





2nc 
H,, ()=H,,+ . 


th 


(t)= mn" fan fa U m(t— th) [-¥ m(t1),[-¥ m(t2),H m(t2) |P(t2)] Um (t— th) 
Ym =Ym he : 2 rb2 m DE ¥ m(t1), [ym 2); m( te) | 2)] m 1/)) 


*I. R. Senitzky, Phys. Rev. 119, 1807 (1960). The term “spontaneous emission” should be understood as referring to the lowest order 
effect of the molecules. Higher order effects, which are the subject of the present article, are referred to as “correlation” effects, for 
clarity. 

5T. R. Senitzky, Phys. Rev. 115, 227 (1959). 

I. R. Senitzky, Phys. Rev. 119, 670 (1960). Note the change of notation from D(¢) in this reference to F(¢) in the present article. 
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=ih. The method of introducing loss into a quantum- 
mechanical formalism was discussed in detail in two 
previous articles,®.* and only the results will be restated 
here, as necessary. 

We begin with the Hamiltonian 


A=H;yt+Ait-Aypit>d nm Hat>d m 4rcCUmymP, (5) 


where Hy is the Hamiltonian of the electromagnetic 
field, H; is the Hamiltonian of the loss mechanism, H ,; 
is the term describing the coupling between field and 
loss mechanism, and H,, is the Hamiltonian of the mth 
molecule. The last term describes the coupling between 
the molecules and the field, «,, representing the magni- 
tude of u(r,,), and y,, the component of y along u(rp). 
The only individual Hamiltonian which need be given 
explicitly in terms of coordinates and momenta is 


H;= 2rcek P+ (w 8rc*)O?. (6) 

In reference 6 it is shown that the equation of motion 
for P is 

P+6P+2P=F(t)—(w C)E mn Um m(t), (7) 


where F(?¢) is an operator which expresses both the 
thermal and quantum-mechanical fluctuation properties 
of the loss mechanism : 


(F(t))=9, (8) 


whB e 
POF) =——J _-- +x6(hs—1)/(7) (9) 
4rcL t 


1“ 2 
f(T)=[1+2(e!*?— 1), (10) 
T being the temperature of the cavity. We do not need 


a similar equation of motion for Q, since if P is known 


Q can be obtained from 
Q=— (4rc?/«*)P, (11) 


which follows from Eqs. (5) and (6). The remaining 
equations of motion follow immediately from the 
Hamiltonian of Eq. (5): 


thy m(t)=Lym(4),H m(t) J, (12) 
inH » (1) =4arctimP(t)CH m(t),¥m(t) (13) 


It will be more convenient for our purposes to recast the 
differential equations of motion into integral equations. 
One can verify by differentiation that 


(14) 


(15) 
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U(r) =exp[(i/h)H 7], 


0 emt 
val()=9( ), 
emt 0 


and where the symmetrized product ({A,B}=AB+ BA) 
is used for convenience. The operators H,, and 
ym'!(¢) describe the dipole moment’ and energy of the 
mth molecule in the absence of coupling to the field, and 
are the zeroth order quantities in a perturbation 
calculation. These expressions also yield the initial 
values in the presence of the coupling. We see that the 
coupling between molecules and field may be considered 
to be turned on at /=0. As far as the integral equation 
for the field is concerned, it is more realistic to consider 
the coupling between the field and loss mechanism to 
be turned on at /=— ©. We then have, from Eq. (7) 
and the condition B/w<1, 


P=Prt+P,, (16) 


where 


1 t 
Pry= f dt, F(ty)e~¥¢ ©) sinw(t—,), 


W “2 


Py 25 taf als yalide WO sina) 


Pr is obviously the zeroth order solution for P(?). 
Equations (14), (15), and (16) are three integral 
equations for the three operators P, ym, Hm. They are 
of a form which is suitable for an iterative type of 
calculation in perturbation theory, the zeroth-order 
solutions being given explicitly. 

The quantities to which we will attach physical 
meaning are expectation values. We will calculate the 
expectation values of the field energy in the cavity and 
the molecular energy. In order to perform this calcula- 
tion in the Heisenberg picture, we must specify the 
initial state of the molecules. As in reference 4, we may 
want to consider several possible initial states, such as 
a thermal state or a state in which all the molecules 
have the same energy. The state of each molecule is 
given, in general, by 


VYn= Ami Pm1t+am2ePm2, 


and the state of the group of molecules is described by 


= II Vm- 


m=! 


In all the situations to be considered, we assume that 
the initial phase difference between the two super- 


7 Strictly speaking, 7 should be labeled 7m, since it gives the 
amplitude of the component of dipole moment along u(r,,). 
However, since there is no correlation between the polarization of 
the molecules and the direction of the field, we can consider an 
average Ym denoted by y. 


0 


) 
Ens] 


position constants dm; and Ame which we e call the phase 
of the molecule, is a random function of m, the molecular 
label. This randomness implies that we are dealing 
with a number of molecules that have not been prepared 
beforehand to oscillate with the same phase. We will 
therefore drop those terms in the expectation value 
which contain a summation of the initial phases of the 
molecules. This means that only diagonal terms of the 
operators under consideration, in the energy representa- 
tion of the (free) molecules, will contribute to the 
expectation value. 

Our problem can now be narrowed. We are looking 
for the lowest-order terms in the field energy and the 
molecular energy operators which (1) are proportional 
to N*; (2) contain diagonal elements with respect to 
the molecules, and (3) are not linear in F. The first 
condition is our criterion for correlation, the second 
condition has just been explained, and the third condi- 
tion follows from Eq. (8) 


II 


The expectation value of the field energy is given by 
(17) 


The evaluations which we must make here, as well as 
in the later sections, are fairly complicated and lengthy. 
In order to illustrate the method used, we will go into 
detail only in the evaluation of (P*). 

If we express the higher-order operators in terms of 
the unperturbed operators, Pr, ym", and H,,, we 
obtain, in general, a sum of numerous terms. Only a 
few of the many terms of FP? will satisfy our three 
conditions. It is therefore advisable to develop a scheme 
by which it is possible to pick out for computation only 
those terms contributing toward our final result. We 
note that in order to obtain proportionality to N’, 
we need at least a double summation. Whether or not 
a term contains diagonal elements with respect to the 
mth molecule depends on the number of times the factor 
ym"! occurs in that term, since H,,"! is a diagonal 
matrix and does not alter the diagonality properties of 
the term. If y,»"! occurs an even number of times, the 
matrix is diagonal; and if it occurs an odd number of 
times, the matrix is off-diagonal. The arguments of the 
operators, the commutator and symmetrizing brackets, 
the integrals, and the numerical coefficients are not 
pertinent so far as the three conditions are concerned. 
We can therefore use, for each term, a shorthand 
notation that omits arguments, brackets, integrals, and 
numerical coefficients. H,,'°! may also be dropped. It 
is important, however, to retain the summation signs. 


(H ;)=2ect(P2)+ (w? 


Sac?) (02). 
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We use an arrow instead of an equal sign to indicate 
correspondence of the shorthand symbol. For further 
simplicity we drop the superscripts (which indicate 
the order) of the zeroth order quantities in the shorthand 
term. We thus have 


po — F, (18) 

PU — DP) Ym, (19) 
Yn!) > yk, (20) 

Ap ynF, (21) 
PO) —> 9D) ym F, (22 

Yn?) > yey nF +n Pll +7 nF, 

— ow! Veer tn F’, (23) 

PH > De ne! Ve tL em Ye FP (24) 

It can be seen very easily from these expressions that 


no order lower than the fourth in an expression for 





a) t 
PUul(t)=—-D umf dty Ym" (ts) e(t— hh), 
cm 0 


¢(r)=e—** sinwr ; 
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P? will fulfill the three conditions enumerated above. 
We therefore select the terms in P*!! that satisfy the 
conditions. 

One sees immediately that P®!*, for which the 
shorthand symbol is 'Ym¥m"F?, meets the 
requirements. So does the term in {P™, P™}, which is 
described by the short-hand symbol >> m,m-,m’ ¥mY¥m" 
Xm, when we take only that part of the summation 
for which m”’=m. In a similar manner we can select 
the pertinent term in PP after we have obtained 
the shorthand symbol for P™!, which is rather lengthy. 
We write now those terms contributing toward that 
part of P?\) which meets our requirements. Where the 
expression for an operator has several terms, and where 
some terms are dropped because they do not contribute 
toward the result in which we are interested, we put 
the symbol ~ over the operator to indicate that the 
expression is incomplete, but contains all that we can 
use. We have 


(25) 


8x 
ili ead >, tm?! m fof dlz g(t—t)Pr(te) sinwm(t;— 12), 
1 


-1 0 
mw, ds 
0 17, 


the subscript m indicating that J,, operates on the state vector of mth molecule only; 


4arw? t t t2 t3 
Pt (4) =—— > uniitw f anf anf anf dt, 
ch? m,m' 0 0 0 0 


X o(t— ty) e(ts— ta) U m(ti— be) [-¥ m" (te), Cy ms! (ts), A ny me) (tg) U (hs 


Pin ()=——— Fe! f dt; f dts f dts o(t— thm! (t2), Fy! (ts), Hl PO (ts), 


ch? m 


327? 


wy? Sth tm! 
ch* m,m! 


Since we are interested only in effects depending on N? and not on N, we ignore the m=m 


t % 
if dt: f dtg p(t—t1) o(ts— ta) Sinwm (t4— ts) Pr (ts) 
0 0 


[7m (t2), Pym (ts), ml Wm]. (28) 


’ terms in Eqs. (27) 


and (28). This allows us to take the m’ factor out of the commutator brackets and obtain simpler expressions: 


83 ‘ ts 
Pi) (t) = —w? = tnt tin Tim f dt;: ° f dt, g(t— th) e(ts— ta)¥ m’"! (ts) COSW m(to— ts) 
0 0 


ch mn’ 


T 
=e? Do Un tm I 
ch mm’ 


t th te 
of anf anf dts p(t— ty) p(te— ts) Pm’ (tz) sinwm(ti— te), 
0 0 0 
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649? t ty 
PI (t) = a avd :, u mt than! Swal ws Iw f dt,- . f dts Pp(ts) e(t—t1) o(ts— ta) SiNW my’ (L4— ts) COSW m(te— tz) 
0 0 


mm’ 


_ Oe" ¢ ‘3 
* —wy! Do tn tel al f dt, f dt, P!) (ty) 9(t— ty) o(to— ts) Sinwm(ti— te) Sinwm (ts— ta). (30) 
1° 0 0 


mm’ 


We consider now the products occurring in (P?!]), From Eq. (26) 
_ 32s? 
vee ae Z. Mm” 1b m! ‘f anf dts f anf dts Sinwm(ty— te) sinwm (ts— ly) o(t— th) o(t— ts) 
h2 
X ({ImPr (te), Im Pr(ts)}). (31) 


Again, ignoring the m=m’ terms, we have 
32x" 


t ti t ts 
a > nti m) Tn) f anf df ats f dg Sinw m(t1— tz) SiNw mr (ts— ts) 
“ 0 0 0 0 


1 mm’ 


o(t—t) e(t—ts)({Pr(t2), Pr(ts)}). (32) 


We convert the summations over m and m’ to integrations over w, and w,,-. Assuming that u,,2 and (J,,) are 
5 ” m/ 


sufficiently slowly varying functions of w,, to be taken outside of the integral sign as averages, which we call 1? 
and (/), respectively, and making use of Eq. (2), we obtain 


327? , * P * 
ae ‘f af anf anf dt,({ Pr(t2), Pr(ts)}) e(t— th) o(t— ts) sinw(t:— te) 
P 0 0 0 0 
Xsinw(t3— ty) exp{ _ (1/4a?)[ (ti:— te)?+ (t3— ts)? }}. (33) 
The evaluation of ({ Pr(t2),Pr(ts)}) is carried out by means of Eq. (9). It is shown in Appendix A that 


({ Pr(te),Pr(ts)}) = (hewo/4amrc®) f(T) e-8! 2-4! cosw(te— ty). (34) 
We have, thus 


Sr t th t t3 
(PRI?) = , 344 wnqnes(r) f anf anf ats f disE exp[ — 38(| te— t4| +2t—t,—1ts) | sinw(t—?,) 
on 0 0 0 0 


Xsinw(t— ts) sinw(t;— te) sinw(ts— ty) cosw(te—t,), (35) 
where 


k= exp{ — (1, 4a?)[(t)— to)?+ (t3— ts)? ]}. 


The product of trigonometric functions in the integrand of Eq. (35) is equal to a constant plus oscillatory terms. 
We drop the oscillatory terms and retain only the constant, which is ;’s. Our expression for (P®!*) is now 


t t t ts 
(pen) =A f arf dt, [ anf dtE exp[ —38(2t—ti—ts+| t2—ts|) ], (36) 
0 0 0 0 


where 
A= (r/2h)w*y*utN? (1) f(T). 


We deal with the absolute value in the exponent by dividing the region of integration into two regions: one in 
which f2< ts, and the other in which t.> ts. Thus 


t ti t t3 
feaf an f at f dt, E exp[ —38(2t—ti—ts+| t2—ta|) J 
0 0 0 0 
t t t t 
-f ats f auf anf dts E exp[ —3$8(2t—ti— ts +| bo— tal) J 
0 0 t2 t4 


=V+Z, (37) 


t te t t 
v={ anf auf anf dls E exp[ —3$8(2t—hitle—ts— ta) ], 
0 0 t2 {4 


where 
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t t t t 
-{ anf auf anf dt; E exp[ —438(2t—ti— t2— ts +4) J. 
0 t te t4 


By interchanging ¢2 with /, and ¢; with ¢,, we see easily that 


t t t t 
-{ auf arf ats f dt, EJ 

0 4 {4 t2 

t te t t 
-{ anf auf anf dts EJ 

0 0 t2 t4 


=/, (38) 
where 
J= exp[ —36(2t— 4+ le— ls— t) ]. 
Thus 
(pth) = AY, (39) 


For later application, it is convenient to recast Y. By rearranging the order of integration, and interchanging 
ts with t, (which leaves the integrand of Y invariant), we have 


t t1 ta t t th te t3 
={ wf anf anf dt, BI- ff anf at, [ dts f dts EJ. (40) 
0 0 0 0 0 0 0 0 


Using methods similar to those with which we derived Eq. (39) from Eq. (31), we obtain 


({ P(t), PM! (d)})= af dif auf auf dt, EJ, 
({ Pt, Pl}})= Bf anf anf auf dt, EJ, 


B= (2/Ch)w*y*utN?(1). 
From Eqs. (39), (40), (41), and (42) we finally have 


where 


(P%s) = Bl1+-f(T)D)] f dh f “its f “dls f dt EL. (43) 


We can calculate (0?!) in the same manner as (P?!!), or we can make use of the fact that (when averaged over a 
cycle) the electric energy in the cavity is approximately equal to the magnetic energy, provided (8/w)<1 and the 
molecular coupling energy is small. We therefore have, from Eq. (6) 


(Hs!) = (4n2/h) Nou (11+ f(T) (1) IX (0), (44) 


t th te t 
x(o= f an, f at, f anf dt, EJ 
0 0 0 0 


There remains now the task of evaluating the integral in Eq. (44). It obviously cannot be evaluated in closed 
form, since it contains Gaussian exponentials in the integrand. However, it can be partly integrated, as shown in 
Appendix B, to yield 


where 


1 t t—n t ” 
X o=-5| f dn f dn! E(n,n’ eB rv) + f dn f dn! Blan L2+8(r—a Yew | 
0 0 0 0 


1 ¢ 1 t t 
a fafa Bento —9- 10+ Fan fa Baa NLBOr—9—1]e” |, 4) 
0 0 0 
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E(n,n’) = exp[— (1/4a2) (4?+) J. 


Ill 


We discuss now some interesting aspects of the 
correlation energy given by Eqs. (44) and (45). Per- 
haps the most interesting aspect is its approach to 
a steady-state value’ after a transient period, which is 
determined by two time constants: the cavity relaxation 
time 8~ and the inverse molecular frequency width ja. 
The steady-state value of X may be written, after 
some transformation, as 


626 m 


4 rs) c) 
= {= exp(2rt)(1—ertr)'+ f ay [ dx 
0 v 


Xexpl—H(x? t+)" |, (46) 


erfr=2n- f exp(—2*)dx, 
0 


and where, instead of using a and 8, we have introduced 
the molecular and cavity frequency widths 


56.-=B, bn=2/a, (47) 


and their ratio 
7=6./bm. 


We also define for convenience the molecular Q, 


(48) 


m=w/dm. 


The expression for X, may be evaluated explicitly in 
the limits of small and large 7, respectively. It is shown 
in Appendix C that in the limit of small r 


Xut— 82/526 m2, (49) 


so that 


(A 7") 6 (322? /hw) N20 20 n2y4us (1) 
XO1+f(T)2)], (50) 


and in the limit of large r 


Xu— 8(21)*/5.%5m, (51) 


so that 


(Hj!) 4 [32(20*)8/fto N20 40 myu4{I) 
X[1+f(T) 2). 


We see that as the molecular frequency spread becomes 
infinitesimal, the steady-state correlation energy 
becomes infinite. This merely means that there is no 
steady state for the case in which all the molecules are 
in resonance with the cavity. In fact, an examination 
of the first curly bracket in Eq. (45) shows that the 
second integral (the same one which, in the steady state, 


(52) 


8 It should be remembered, of course, that the time for which 
the present theory is valid is restricted by the use of perturbation 
theory; that is, it must be short compared to the time required for 
a substantial change of the state of the system. 
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becomes infinite with r) gives rise to a term linear in 
t when 6,,=0 (or a=). 

We can obtain an insight into the physical meaning 
of the correlation energy by considering at first, the 
factor 
ND) (1+ WZ) ], 


which is obtained from Eq. (44) by setting T=0. It is 
shown in reference 4 that the spontaneous-emission 
energy due to a single molecule is proportional to 
[1+(Z)] and the induced-emission energy is propor- 
tional to (J) times the energy of the driving field. If 
we consider therefore, the induced emission of one 
molecule produced by the spontaneous emission of all 
the other molecules, and multiply by the total number 
of molecules, we obtain just the factor (53), remembering, 
of course, that we are neglecting terms in NV compared 
to terms in N*. We have, therefore, a tentative inter- 
pretation of the origin of the correlation energy. 

It is interesting to carry this physical interpretation 
further and to make a calculation based on it. One may 
expect that this interpretation will have greater 
applicability during the steady-state condition than 
during the transient period. The results of reference 4 
for the steady-state condition may be summarized 
as follows: Labeling the expectation value of the 
(zero order) thermal energy in the field [which is 
hw(e**/*T—1)-"] by Er, and labeling the coherent 
driving field energy in the cavity by Ep, we have the 
thermally-induced energy given by 


Ere(I)R, 


(53) 


(54) 
the spontaneously-emitted energy of the molecules 
given by 

(55) 


and the induced energy due to the coherent driving 
field given by 


shwe(1+ (1))R, 


Epe(l), (56) 
where 
€= (167!/hw)NQOO muy’, 
and 
R=} exp(r’)(1—erfr). 


We note that when the driving field is coherent, one 
obtains the induced energy from the driving energy 
by multiplying by the factor e«(J); and when the 
driving field is incoherent in the manner of the thermal 
field, we obtain the induced energy from the driving 
energy by multiplying by the factor e(J)R. The 
spontaneous-emission energy is similar in its coherence 
properties to the thermal energy. Therefore, one might 
expect, at first glance, that the factor e(Z)R should be 
used in order to obtain the correlation energy from the 
spontaneous-emission energy. Further thought, how- 
ever, leads to the realization that this reasoning amounts 
to the breaking up of a higher order process into a 
succession of independent lower order processes, which 
is, in general, incorrect. Thus, the probability of a 
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higher order transition is generally not equal to the 
product of the probabilities of the constituent lower- 
order transitions, since correlation (commonly called 
coherence) effects are neglected. We try to incorporate 
these effects, in an intuitive manner, by using the 
factor which gives the induced emission for a coherent 
field. Furthermore, since the spontaneous-emission 
energy and thermally-induced energy have similar 
properties, we combine them and consider the effect 
of their sum,® 


[Itto(1+ (1)) + Er (1) ]eR= fof 1+f(T)(D]eR, (57) 


in inducing emission. To derive our result, we merely 
multiply this energy by «(/), obtaining 


(1289? /w) N20 20 nyu) 1+ (1) f(T) JR. (58) 


This expression must now be compared with Eqs. (44) 
and (46), which give the steady-state value of the 
correlation energy. Since we do not have an evaluation 
of the second integral in Eq. (46), we look at the 
limiting values of the correlation energy for r large and 
small, given by Eqs. (52) and (50), respectively. Using 
the asymptotic value of the error function found in 
Appendix C, we note that 


R39. (59) 
Substituting in Eq. (58) and comparing with Eq. (52), 
we see that for r large our intuitively derived expression 
is just V2 times the correct expression. As r becomes 
small, the error function approaches zero. Comparing Eq. 
(58) in the limit of small r with Eq. (50), we see that in 
this limit our intuitively derived expression is two times 
the correct expression. These results indicate that our 
intuitive interpretation of the correlation energy, as the 
induced-emission energy produced by the (lowest 
order) spontaneous and thermal-emission energy, is 
reasonable." 

A quantity which is of interest in connection with 
the present discussion, particularly for large r (large 
correlation energy), is the ratio of steady-state correla- 


* From a physical, or intuitive, viewpoint, the thermally-induced 
energy is of a different type than the spontaneous emission energy. 
The latter may be regarded as being the square of a spontaneous- 
emission field intensity, and is always positive; the former is the 
product of the zero-order thermal field intensity and the field 
intensity which it induces, and can therefore be either positive 
or negative. The formalism, however, treats these two energies in 
the same manner; we therefore combine them in order to obtain 
the complete result in the present argument. For purposes of 
intuitive clarity, the reader may bear in mind only the sponta- 
neous-emission energy. 

10 The fact that the intuitive result{is somewhat larger than the 
correct result indicates that the ‘‘coherence effects” contained in 
the higher order processes for the incoherent field are not as large 
as those contained in an independent succession of lower order 
processes for a coherent field. It should also be noted that in the 
limit of small r we could have obtained, in our intuitive argument, 
exactly the correct result by using the formula for induced emission 
due to an incoherent driving field, since in this limit, R=4. The 
above formula, however, is entirely inadequate for large r, since 
R—0Oasr— ~. We see, therefore, that the above ‘coherence 
effects” vanish when the molecules become nonresonant, but 
are important for small molecular frequency spread. 
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tion energy to (lowest order) steady-state spontaneous- 
and thermal-emission energy. Comparing Eq. (52) 
with Eqs. (57) and (59), we see that this ratio is given, 
for large r, by 


[8(22*)*/hw INO 2u' (60) 
One might say, very loosely, that when the absolute 
value of this ratio is comparable to unity, the behavior 
of the molecules will become correlated. In that event, 
higher order interactions than fourth order may also 
become important. 

We consider now some special initial states of the 
molecules. It is again easier to consider first the situation 
T=0. Then, the only factor in Eq. (44) that depends on 
the state of the molecules is 


(61) 
where, it is recalled, (J) is the average of (7), with 


(Im) = | f (62) 


@m2|?— | Omi ‘ 
Considering the dependence of expression (61) on the 
initial state of the molecules, we see that this expression 
has a maximum value of 2 when the molecules are all 
in the upper state ; goes down to zero when the molecules 
are, on the average, in an equal superposition of the 
upper and lower state ; becomes negative as the average 
expectation value of the molecular energy drops 
further; but returns to zero when a!l the molecules are 
in the lowest energy state. Thus, if one considers the 
correlation energy as a function of the average energy 
expectation value, and lets the latter vary from EF, 
(upper state) to £, (lower state) ; the correlation energy 
starts at the maximum; drops to zero when the average 
expectation value is half-way down; then becomes 
negative, but returns to zero when the expectation value 
reaches bottom. 

We can understand this behavior, in terms of the 
picture we have given previously, as an induced effect 
produced by the lowest order spontaneous emission. 
When the correlation energy is positive, the induced 
emission is in phase with the spontaneous emission and 
reenforces it. When the correlation energy is negative, 
the induced emission is out of phase with the sponta- 
neous emission, which means that there is reabsorption 
of the spontaneous emission, or radiation trapping. 
Going back to the picture of correlated states discussed 
at the beginning of the article, one can visualize the 
latter situation as arising from a (correlated) state in 
which the oscillations of some molecules are out of phase 
with those of the others. 

By setting T=0, we have isolated the correlation 
energy which is due to the spontaneous emission only. 
The correlation energy produced by thermal effects is 
the remainder of the correlation energy for T¥0. We 
see from Eq. (44) that the factor in this thermal part 
of the correlation energy involving the initial state of 
the molecules is (J), so that the thermal correlation 
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energy is always positive. We can understand the origin 
of this energy in the following manner: The thermal 
field in the cavity induces oscillation in the molecules. 
This oscillation of the molecules produces a field the 
amplitude of which is proportional to the number of 
molecules, since the molecular oscillations are correlated, 
having been produced by the same thermal field. The 
energy, now, is given by the square of the sum of the 
two field strengths, the zero-order thermal field strength 
and the induced field strength. The total energy due to 
thermal effects, therefore contains a mixture term 
proportional to N[this is the energy of Eq. (54) ], 
which may be positive or negative, depending on the 
relative phase of the induced field strength’; and a 
square term, which is, of course, always positive and 
proportional to V*. 


INGTIALLY 


UNCORRELATED SYSTEM 


IV 


We consider now the energy radiated by the mol- 
ecules. Formally, this is given by—(om Hm). Again, 
we look for terms which are proportional to N? and 
which are diagonal in the energy representation of the 
free molecules. We use exactly the same procedure as 
we did in obtaining the correlation energy of the field, 
making use of Eqs. (14), (15), and (16). Since the 
methods of derivation have already been explained and 
illustrated, we will write down the result only. The 
correlation power 


—(Ym A, )=—-—GO+ f(T) WU) IW, (63) 
where 
G= (4n2/h) N°w*74n2(1), 


and 


1 t t—n t 7 
w= f inf dn’ E(n,n')e wovia 4 f dn f dn’ E(n,n')e-¥-".[2+B(n—n’) | 
B 0 0 0 0 


We see that the correlation power radiated by the 
molecules approaches a steady-state value after a 
transient period similar to that of the field energy. We 
also notice, by comparing Eq. (63) with Eqs. (44) and 
(45), that 


B(H ,"4 st~ -_ a Han')) ot, 


a very reasonable result, which expresses the fact that in 
the steady state the correlation power radiated by the 
molecules is equal to the correlation power absorbed 
by the loss mechanism of the cavity. In fact, the 
complete expressions for the radiated power and for 
the field energy satisfy the relationship 


(H ()+6(H 4) = —(S nn"), 


which states that the power radiated by the molecules 
is equal to the rate of change of field energy plus power 
absorbed by the walls. 


(64) 


(65) 


V 


We come now to the last topic under consideration 
in the present article. So far, we have considered a 
single cavity mode and a molecular frequency spread 
centered at the cavity frequency. All other cavity 
modes were assumed to have frequencies outside the 
range of the molecular frequency, and therefore do not 


2 


TC t 
H,,(t)=H»M+ E tim f dti{CH m(t1), ym(t1) ], P(4)}, 
1 ad 0 ; 


; 


h 


4irc ' #1 
Ym) =m) + tom anf dtoU m(t— ts) m(t1), Cy m(t2), Hm(t2) JP (t2) JU m(t— th), 
. 0 0 


1 t t 
+ cn f inf dn’ E(n,n')e¥r™, 
B 0 t—n 


couple to the molecules. One may ask, however, what 
the situation would be if there were more than one 
mode within the molecular frequency range. In order to 
be able to answer this question by utilizing the results 
already derived, we introduce simplifying assumptions, 
which may be somewhat too idealized for a practical sit- 
uation, but nevertheless lead toa qualitative understand- 
ing of the problem involved. We assume that the modes 
which couple to the molecules all have the same fre- 
quency as the single mode previously considered, and 
that each molecule couples equally to all the modes. Let 
there be m modes, each labeled with the index v. Instead 
of Eq. (4) we have 


E=>. E,, 


E, = —4acu,(r)P,(2), 


H=>., H,, 

7 (66) 
H=¥ Xu,(r)Q,(2), » 
with 

[0,,P» |= ihd,,. 


The energy of the field in the cavity is now the sum of 
the energies of the individual modes: 
H;=>, [242P,?+ (w?/8xc*)Q,?]. (67) 


(14), (15), and 


Our integral equations of motion, Eqs. 
(16), become 


(68) 


(69) 


1! Although the assumption of equal molecular coupling to all the modes is utilized in the final calculations, it is illuminating to 
write the equations of motion more generally and label each coupling constant ,, with the mode index. 
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P,= PiartPw, 


1 t 
P= dt; F, {te ¥- sinw(t— ty), 


WY —x 


Ww t 
P,=--L tom dty ¥m(ti)e~¥-™ sinw(t— 4). 
cm 0 


The properties of 7, are the same as those given by 
Eqs. (8), (9), and (10) for each individual mode, and 
we add the condition 


(Fi(t))Fy(t2))=0 for v¥v’. (71) 


From Eq. (71) we obtain the relationship 


({Pye(h),Pyr(t2)})=0 for vv’. (72) 


We can now proceed exactly as we did in the case of a 
single mode. In view of the simplifications adopted, we 
can see that our expressions for the field energy and 
power radiated by the molecules will be multiples of 
the corresponding quantities in the case of a single 
mode, the multiplying factor involving the number of 
modes. In order to obtain this factor we resort to our 
shorthand notations and now retain the summations 
over v. We consider a term in H,,) that contributes 
toward the total expression for (>, H,,'!). From our 
equations of motion we have 


H 4) = 2. Uvmll »' “" ml P, (91 +- ae 


H,,"1— b> a thy» H,,ly Ol P, Plt ee, 


a 


+ Cw Es 


P,® Uy! m' My? m? Py), 


Substituting from Eqs. (75) and (74) into Eq. (73), 
we have 


iin H,,"") a Danan ) UymUy’ mUy! m’ Uy!’ m’ 


XA, My, 2 P,P, +... (76) 


The right side will lead to a nonvanishing expectation 
value only for v’’=v. We are thus left with adouble 
summation over v, which, in view of our assumption of 
equality of molecular coupling to the various modes, 
is replaced by n*. The same reasoning and result apply 
to the remaining terms in the power radiated by the 
molecules and to the energy of the field. We see, 
therefore, that the correlation effects we have been 
discussing are increased by a factor which is the square 
of the number of modes coupled to the molecules. 
It is not difficult to justify this result intuitively. Each 
molecule is coupled to the others » times as strongly as 
in the case of a single mode, and also radiates into n 
modes instead of into one. 
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APPENDIX A 


We derive Eq. (34). From Eqs. (9) and (16) we have 


hg t t’ 
({Pr(2), Pelt) =—f(0) f ats f dts 5(t,— te)e“# ©) sinw(t— te BO’ — 
£7C* ~2 _ 


For /’>1, 
t 


hwB 
({Pr(t), Pe(t’)})= fh) 


2c? = 


sinw(t’— te). 


(Al) 


hw 


dt, e~B(+"’—24) sing (t— ty) sinw(t’— t1;) ~—— f(T)e-#"—® cosw(t/— 2), (A2) 
Arc? 


WC 


where we have dropped an oscillatory term in the integrand. For ¢> ?’, the integration over /; must be carried out 
before the integration over f:, and the sign in the exponent of the result in Eq. (A2) is reversed. We have thus 


derived Eq. (34). 


APPENDIX B 


t ty ta t 
x(o= f anf anf anf dt, EJ, 
0 0 0 0 


E=exp{ — (1/40*)[(t:— te)? + (ts— 44)" J}, 


We consider the evaluation of 


where 


and 


J=exp[—}8(2t— tit te— ts— 4) J. 





CORRELATION IN INITIALLY UNCORRELATED SYSTEM 181 


Since integration of a Gaussian function over a finite region cannot be carried out explicitly, we alter the variables 
of integration so that 4;— ¢, and f;— ¢, are two variables of integration, respectively, and integrate over the other 
two variables. We therefore set 


£= t+ La, n=b— le, 
=tstty, n= lg— ty. (A4) 


Writing the integration symbols as operators, we have 


1 t 2t—n 4(—n) (§—2)—1’ 0 (—n)—’ i(E “9)-$ 2t+n’ 
x= f anf dé f an’ f di’+ an’ f ae'+ f ay’ f d¢’ ‘a (AS) 
+ 0 ” | 0 7’ (En —7’ —t 


—1’ 


where E and J are considered functions of the new variables of integration. We carry out the ¢’ integration first. 
Then we rearrange the order of the é and 7’ integration so that the ¢ integration may be carried out next. The 
result, after some simplification, is given by Eq. (45). 


APPENDIX C 
We evaluate the expression for X., in Eq. (46), in the limits of small r and large r, respectively. As its argument 


approaches zero, the error function vanishes; and as its argument becomes large, we may use the asymptotic 
formula” 


erfr =~ 1—[exp(—r°)/ra/r ]. (A6) 


Therefore, in the limit of small r, the first term in the curly bracket of Eq. (46) is equal to 7; in the limit of large 
r, it is equal to r~*. The second term becomes, in the limit of small r, 


J af deeml—Her+y9) 
0 


which, by transforming to polar coordinates, may easily be seen to be equal to 7. In the limit of large r, we have 


f dy { dx expl-Hatty)]dtryer~ f dy em(ttry) f dx exp(— $x?) 
0 v 0 u 


? 


-{ dx exp(—4*) f eu Ltry)dy~= f dx exp(—}x*)=2(2mr)!/r. (A7) 
0 0 Tr 
Combining the above results, we obtain Eqs. (49) and (51). 


2H. B. Dwight, Tables of Integrals (The Macmillan Company, New York, 1934), Eq. (592). 
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Possibility of a Stripping Mechanism in Transformations Induced by Lithium Ions* 
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Angular distributions of the reaction Li’(Li*,d)B" leading to the ground state and first three excited 
states of B" and the reaction Li*(Li’,4)B" leading to the ground state and first excited state of B" have 
been studied at an incident energy of 2.1 Mev. The principal features of the observed distributions are 
their asymmetry about 90° and slow variation of cross section with angle. The results suggest that the 
reactions proceed at least in part by a stripping mechanism with the capture of the alpha-particle core of 
the lithium projectile. The importance of this mechanism to the experimental investigation of the cluster 


model is indicated. 





HE importance of the reaction (Li’,p) as a means 

of studying residual nuclei with a large neutron 
excess has been previously shown.’ In this note we 
wish to focus attention on another aspect of the 
reactions induced by lithium, namely that in which the 
projectiles Li® and Li’ might behave as (a+d) and 
(a+?) configurations, respectively. In particular it was 
felt that a study of the (Li‘d) and (Li’,t) reactions 
should be of importance since (1) in terms of the 
cluster model,*® the addition of an alpha particle to 
the target nucleus should be favored as a process 
whereby the final nucleus is formed with the minimum 
rearrangement of nucleons, and (2) the zero spin of the 
captured alpha substructure should simplify the 
interpretation of the observed angular distributions. 

Angular distributions of the reaction products from 
the bombardment by Li® and Li’ have been studied at 
an incident energy of 2.1 Mev by means of the Uni- 
versity of Chicago 2-Mev Van de Graaff accelerator. 
Identification of the outgoing particle is achieved with 
a proportional counter -CsI(T1) scintillation counter 
telescope which gives a measure of the dE/dx and E of 
the emitted particles, respectively. Relative cross 
sections are obtained by means of a monitor detector 
located at a fixed angle to the beam direction. 

Figure 1 shows the angular distribution in the center- 
of-mass system of deuteron groups emitted in the 
reaction Li’(Li*d)B" leading to the ground state 
(energy release 7.20 Mev) and the first three excited 
states of B". By reversing the role of target and 
projectile it was possible to obtain a complete angular 
distribution from 0° to 180°. Both runs were taken at 
approximately the same energy in the barycentric 
system and normalization involved only the difference 
in counting rate in the fixed monitor detector. Figure 2 
shows the angular distribution of triton groups emitted 
in the reaction Li®(Li’,)B” leading to the ground state 
(energy release 1.99 Mev) and the first excited state of 

* This work has been supported in part by the U. S. Atomic 
Energy Commission. 
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B”. Complete angular distributions from 0° to 180° 
have again been obtained. 

The main feature of the angular distributions is their 
asymmetry about 90°. It is difficult to reconcile this 
result with the reaction proceeding entirely through a 
compound nucleus. If the compound nucleus, C"’, were 
formed, the excitation energy would be approximately 
27 Mev for an incident energy of 2.1 Mev, and, even 
in a light nucleus, at such high excitation energies the 
statistical model which predicts angular distributions 
symmetrical about 90° should apply.® Previous results 
have indeed shown that there are no resonances in the 
total cross sections for lithium on lithium reactions in 
the energy range 1.5 to 2.0 Mev.’ 

Although no attempt has been made to compare the 
experimental results with any detailed theoretical 
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Fic. 1. Angular distributions in the center-of-mass system of 
deuterons leading to the ground state and the first three excited 
states of B™ as studied in the reactions Li’(Li*,d)B™ (circles) 
and Li®(Li’,d)B"™ (triangles). 
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Fic. 2. Angular distributions in the center-of-mass system of 
tritons leading to the ground state and first excited state of B!° 
as studied in the reactions Li®(Li’,t)B" (circles) and Li? (Li®,f) B'° 
(triangles). 


model at present, the observed asymmetry of the angu- 
lar distributions suggests that the reactions proceed at 
least in part by a direct interaction process. Since Li® 
and Li’ are stable to breakup as an alpha particle and 
a deuteron or triton by only 1.47 and 2.47 Mev, 
respectively, it is reasonable to interpret the direct 
interaction as a stripping process in which the alpha- 
particle core of the lithium projectile is captured by 
the target nucleus to leave an outgoing deuteron or 
triton. Further evidence in support of the reaction 
mechanism comes from supplementary results obtained 
on the relative cross sections for emission of various 
particles. In the reaction Li®+Li’ discussed here, the 
relative cross section for the emission of deuterons or 
tritons to low-lying levels in B" and B” is enhanced by 
about a factor of five compared to the emission of 
protons or alpha particles to low lying levels in B® and 
Be’®. 

A direct comparison of the (Li§d) and (Li’,/) reac- 
tions involving the same target and final nucleus is not 
possible using Li® or Li’ targets since one or other of 
the reactions involves identical particles which restricts 
the angular distribution to symmetry about 90°. This 
feature has been observed in the reactions Li’(Li’,t)B" 
and Li®(Li®,d)B™. In order to obtain a direct comparison 
the reactions Be®(Li®,d)C" and Be®(Li’,/)C™ are being 
currently studied. The results indicate a strong simi- 
larity in the angular distributions of the deuterons and 
tritons leading to the same low-lying levels in C'*, which 
is only understandable on the basis of a direct capture 
of the alpha particle. Such measurements are being 
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extended and will be published together with a complete 
report of those obtained in other lithium on lithium 
reactions at a later time. 

If a stripping mechanism is assumed, it is of interest 
to consider possible values of the angular momentum 
of the captured alpha particle. In the reaction 
Li’(Li§d)B", both Li’ and B" in their ground state 
and B" in its 5.03-Mev state have spin $—, so that an 
alpha particle from Li® can be captured with zero 
angular momentum. In the reaction Li®(Li’,t)B"”, Li® 
in its ground state and B” in its first excited state at 
0.72 Mev are both 1+ levels, so that an alpha particle 
from Li’ can again be captured with zero angular 
momentum. The spins and parities of the remaining 
levels studied in B" and B" are such that the capture 
of an alpha particle can only take place with at least 
1=2. 

In view of the large Coulomb effects at such low 
bombarding energies it would be expected that simple 
stripping formulas of the Bessel function type*® would 
not be applicable here. It is surprising, therefore, that 
forward peaking as would be predicted on this basis is 
observed in each of the reactions leading to the levels 
where /=0 is allowed. In addition, when one calculates 
the momentum transfer involved in these reactions, 
such simple formulas appear successful in correlating 
the observed maxima and minima of the experimental 
angular distributions for reasonable values of the 
interaction radius in the range 4.0X10-" to 5.010-" 
cm. In this connection some results obtained in low- 
energy deuteron stripping have shown very good 
agreement with the simple stripping theory.’ Unfortu- 
nately the limitations of the available experimental 
equipment prevent a study in which the bombarding 
energy is raised above 2 Mev. 

In conclusion, it would appear that if the angular 
distributions are amenable to a detailed theoretical 
interpretation which reflects the operation of selection 
rules on the captured alpha particle, part of the useful- 
ness of lithium beams in stripping experiments is 
related to the validity of the cluster model, since with 
them we have a means of adding alpha particles to 
nuclei in a known way as revealed by the deuteron or 
triton emitted in the reaction. This should be true not 
only in respect to the observed angular distributions, 
but also their observed relative intensities should give 
information on the parentage of the final state of the 
residual nucleus when considered as a “‘core unexcited” 
plus alpha particle substructure. 
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Excitation functions have been measured for the formation of Cd!" and In™5™ in the bombardment of 
Cd" and In", respectively, with 6-10 Mev protons, 10-20 Mev deuterons, and 15-40 Mev alpha particles. 
The excitation function for the In™5(a,an)In"™™ reaction has also been obtained. All the excitation functions 
increase monotonically with energy. The cross sections for the formation of In"5™ at the highest bombarding 
energies are 1.5 mb, 42 mb, and 5.2 mb, for the proton-, deuteron-, and alpha-induced reactions, respectively. 
The corresponding cross sections for the formation of Cd'™ are 2-3 times larger. The results have been 
compared with the predictions of the statistical theory. The only definite conclusion can be drawn in the 
case of the (a,ay) reaction where it is shown that an evaporation mechanism cannot account for the measured 
cross sections at bombarding energies above 25 Mev. The contribution of Coulomb excitation to the observed 


yields has been calculated. It is found that this process contributes substantially to the (a,ey 


reactions, particularly at low bombarding energies. 


I. INTRODUCTION 


NUMBER of studies of nuclear reactions 
involving inelastic scattering of medium energy 

particles by medium weight elements have been per- 
formed in recent years.’ In these studies the angular 
distribution and energy spectra of the scattered parti- 
cles were measured. The following are the main results 
of these experiments: The scattered particles are pre- 
dominantly emitted in a forward direction ; the emission 
of energetic particles is far more probable than would 
be expected on the basis of an evaporation mechanism ; 
certain groups of levels of the residual nucleus appear 
to be particularly favored. These results have been 
widely interpreted as indicating that these reactions 
primarily involve a direct-interaction mechanism. 

Reactions of this type have also been investigated by 
the measurement of excitation functions for (a,axn), 
(a,apxn), and (p,pxn) reactions." A detailed com- 
parison of the results of these studies with the pre- 
dictions of the statistical theory has been performed 
recently by application of the Monte Carlo technique 
to low-energy evaporation processes.” It was shown 
in this study that fairly good agreement between 
experiment and theory could be obtained for a large 
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and (p,py) 


number of reactions up to an excitation energy of 
approximately 40 Mev, provided that proper consider- 
ation was given to such factors as pairing energies, 
closed shells, etc. 

It is at first sight somewhat disturbing that experi- 
ments on the particles emitted in inelastic scattering 
reactions should favor a direct-interaction mechanism, 
while the corresponding measurements on the residual 
nuclei are more consistent with an evaporation mecha- 
nism. A closer examination of the situation indicates 
that the results on the scattered particles are to a large 
extent based on measurements of the most energetic 
particles emitted in these reactions. This contrasts 
with the situation of the excitation function measure- 
ments for the above reactions because the energy of the 
inelastically scattered particles in (a,axn) or (p,pxn) 
reactions is limited by the fact that additional particles 
are emitted. In order to be more comparable with the 
experiments on inelastically scattered particles, an 
excitation function measurement would thus have to 
be performed for a reaction in which the incident particle 
is the only emitted particle. An excitation function 
measurement for such a reaction, based on the obser- 
vation of the radioactive decay of the residual nucleus, 
is only possible for those cases where the target nucleus 
has a reasonably long-lived isomeric level. The measured 
cross section for the formation of this isomeric level 
constitutes only a partial determination of the cross 
section for the reaction of interest since only a fraction 
of the excited levels of the residual nucleus preferentially 
deexcite to the isomeric level. Fortunately, however, 
the shape of the excitation function for a particular 
reaction appears to be rather insensitive to the spin of 
the observed isomeric level,' so that a comparison with 
the statistical theory is possible. 

The present work reports the measurement of exci- 
tation functions for the formation of Cd"™™ and In™™, 
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e.g., the (a,ay), (d,dy), or (d,pn), and (p,py) reaction 
on Cd" and In" for incident particles of, respectively, 
15-40 Mev, 10-20 Mev, and 6-10 Mev. In addition, 
results were also obtained for the In"*(a,an)In™™ 
reaction. The choice of targets was partly motivated 
by a desire to investigate any possible effects of the 
spin of the isomeric level on the shape of the excitation 
functions and the magnitude of the cross section. The 
spins of the various states under investigation thus are 
as follows: Cd! (1/2+), Cd™™ (11/2—), In" (9/2+), 
and In" (1/2—). The experimental procedure and 
results are presented in Secs. II and III, respectively. 
The results are compared with values calculated on the 
basis of the statistical theory in Sec. IV. This section 
also includes an estimate of the contribution of Coulomb 
excitation to the measured cross sections. 


II. EXPERIMENTAL 


The irradiations were performed with the deflected 
beam of the Brookhaven 60-inch cyclotron. Detailed 
descriptions of the target assembly and of the techniques 
used to determine the beam intensity and beam energy 
have been given elsewhere®'* for bombardment with 
alpha particles. In the experiments with incident 
protons and deuterons, the beam energy was not 
monitored directly but was assumed to be equal to, 
respectively, 0.25 and 0.5 of the energy of the incident 
alpha particles. The intensity of the proton and 
deuteron beams were determined in the same fashion as 
for the alpha-particle beam," keeping in mind the fact 
that the number of net charges registered for each 
incident deuteron and proton are 1 and 0.5, respectively. 
The proton value follows from the fact that the cyclo- 
tron actually accelerates H,* ions which are stripped in 
a foil that is in electrical contact with the beam stopping 
plate.“ The irradiations made use of the stacked-foil 
technique and aluminum foils were used as energy 
degraders. A range-energy relation based on the range- 
energy relation for protons of Bichsel ef a/.'® was used 
to determine the energy of the degraded beam. The 
number of target foils irradiated in any one bombard- 
ment ranged from one to eight. Irradiation times varied 
between a few seconds and 3 hours, and the beam 
current varied between 0.2 and 1.5 microamperes. In 
the course of this work a total of 21 irradiations was 
performed. 

The experiments with In'® were performed with 
high-purity foils of natural indium, 0.00075 inch in 
thickness, and uniform to within 5%. These foils were 
thick enough to make the loss of recoils from the target 
negligible. The formation of In™™" by the (a,2p) 
reaction on In"* was investigated by the use of enriched 
In"* (65.4 atom percent In"*)!* electroplated on gold. 
One irradiation was performed at 40 Mev, and it was 

4S. Amiel and N. T. Porile, Rev. Sci. Instr. 29, 1112 (1958). 

18H. Bichsel, R. F. Mozley, and W. A. Aron, Phys. Rev. 105, 
1788 (1957). 

16 Obtained from Oak Ridge National Laboratory. 
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found that the observed yield of In''®" could be entirely 
accounted for by the In"*(a,ay) reaction. On this basis 
an upper limit of 2% may be set for the contribution 
of the In"*(a,2p) reaction. Since it is not expected that 
the excitation function for this reaction goes through a 
maximum below 40 Mev, the above upper limit is 
probably applicable to the entire energy range. An 
upper limit of 5% over the entire energy range was 
similarly established for the contribution of the 
In"*(a,2pm) reaction to the observed yield of In™™. 

The experiments with Cd"! were performed in all 
cases with enriched Cd"! (86.1 atom percent Cd"!)!” 
electroplated on gold, and with 0.0003-inch thick 
cadmium foil having a normal isotopic composition. 
The electroplated targets had a thickness of approxi- 
mately 1 mg/cm*. The uniformity was occasionally 
checked by chemical analysis of different portions of 
the deposit and the variation in thickness was found to 
be less than 10%. The electroplated targets were always 
positioned so that the forward recoils were caught in 
the gold backing. No correction was made for the 
negligible loss of recoils in the backward direction. The 
loss of recoils was likewise neglected for the thicker 
target foils of ordinary cadmium. The Cd'™™ activity 
induced in the enriched isotope targets was partially 
due to reactions with Cd'® (2.3 atom percent) and 
Cd!” (7.5 atom percent). The interfering reactions were 
Cd!?(p,pn), Cd"? (d,p2n), Cd"°(d,p), Cd™(a,an), and 
Cd"°(a,2pn). The contribution of these reactions was 
determined in the bombardments of normal cadmium 
foil. The total contribution of interfering reactions was 
found to range from 0 to 1.1% for proton bombardment, 
1.2 to 2.5% for deuteron bombardment, and <0.5 to 
20.6% for alpha-particle bombardment. In cases where 
interfering reactions could occur with two isotopes the 
correction was determined from estimates of the rela- 
tive magnitude of the cross sections for the interfering 
reactions. The largest error due to this procedure would 
occur for the (a,vy) reaction at 40 Mev. An increase by 
a factor of 4 in the cross section of the Cd"°(a,2pm) re- 
action relative to that of the Cd"?(a,an) reaction would 
thus lead to a lowering of the cross section of the 
Cd" (a,ay) reaction by 6%. 

After bombardment the foils were dissolved and 
cadmium and indium were separated and decontami- 
nated by conventional radiochemical procedures. The 
activity of the samples was determined with a 3X3 inch 
sodium iodide scintillation counter and the decay of a 
particular photopeak was followed with the aid of a 
100-channel pulse-height analyzer. The cross sections 
for the formation of Cd! and In" were, respectively, 
determined on the basis of measurements on the 246-kev 
and 335-kev transitions. The Cd! results were cor- 
rected for photopeak losses arising from the coincidence 
between the 150-kev and 246-kev transitions. The 
decay of 50-day In" was followed by observation of 


17 Obtained from the Atomic Energy Research Establishment, 
Harwell, England. 
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Fic. 1. Excitation function for the Cd! (a,y)Cd!™™ reaction. 
The top 2 curves were calculated for a= 1.9 Mev and the bottom 
2 curves for a=5.5 Mev. The dashed curves refer to ro=1.7 
10-8 cm and the solid curves to r9=1.510—" cm. 


the 191-kev transition. The observed half-lives of the 
nuclides in question were in all cases consistent with 
reported values,'* indicating that the contribution of 
other nuclides with transitions of about the same energy 
was negligible at the time of counting. The over-all 
photopeak efficiency was determined from measure- 
ments with calibrated sources having transitions in the 
energy region of interest. The calibrations were checked 
in some instances by measurement in a known geometry 
of the x-ray peak corresponding to the internal con- 
version of the y ray of interest. These measurements 
were performed with essentially 100% efficiency by use 
of thin Nal counters. The photopeak efficiencies were 
obtained from the known'* conversion coefficients and 
agreed with the measured values to within 10%. The 
disintegration rates of the samples were then obtained 
with the aid of the latest decay scheme data.'® 

The products isolated in the present study may also 
be formed by (n,n’) reactions induced by secondary 
or stray neutrons. The contribution of these interfering 
reactions may be significant in view of the small 
primary cross sections for some of the reactions of 

18 Nuclear Data Group, Nuclear Data Sheets (National Academy 
of Sciences, National Research Council, 1959). 


PORILE 


interest and in view of the much larger cross sections 
expected for (n,n’) reactions. The cross section for the 
In"*(n,ny)In"™*™ reaction has, in fact, been measured 
and is 370 mb for 2.5-Mev neutrons."® In addition to 
the above difficulty contamination of the proton and 
alpha beams with deuterons can also be a source of 
error, in view of the much larger cross sections for the 
deuteron induced reactions. 

It was ascertained that interfering reactions did in- 
deed contribute to the observed activities since Cd!" 
and In'™” were detected in cadmium and indium foils 
located in a foil stack beyond the range of the bom- 
barding particles. The following additional experiments 
were performed in order to ascertain the nature of the 
interfering reactions. First, the beam collimator was 
replaced with an aluminum plate thick enough to stop 
all the incident particles and the yield of Cd'"™ and 
In" produced by the general background of stray 
neutrons was determined. Second, the proton and alpha 
beams were stopped in aluminum degrading foils and 
the activity of Cd'''™ and In''™ induced in foils located 
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Fic. 2. Excitation functions for the In™5(a,ay)In™" and 
In"™5(a,an)In™™ reactions. @, (a,ay) reaction. O, (a,an) reaction. 
The two solid curves without points represent calculated values 
for the (a,ay) reaction for a=1.9 Mev~ and a=5.5 Mev. The 
dashed curve for a= 5.5 indicates the effect of competition between 
gamma-ray de-excitation and neutron emission. The dashed 
curve for the (a,am) reaction is the result of a Monte Carlo 
evaporation calculation. 


1H. C. Martin, B. C. Divek, and R. F. Taschek, Phys. Rev. 
93, 199 (1954). 
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Fic. 3. Excitation functions for the Cd"! (d,dy)Cd'"™" and 
In"5(d,dy)In" reactions. A, In™®; O, Cd'!; — — evaporation 
calculation for In"; evaporation calculation for Cd!"'; 
---- Coulomb excitation contribution to the In" 5(d,dy)In'5 
reaction. The cross sections for this reaction are a factor of 10 
lower than is indicated by the ordinate scale. 


just beyond the range of a 10-Mev proton and a 20-Mev 
deuteron was determined. It was found for both the 
proton and the alpha-particle bombardments that about 
95% of the observed activity originated from secondary 
particles produced in the target stack and only about 
5% of the reactions were induced by stray neutrons. 
In addition it was also determined that the bulk of the 
secondary particles producing the activities in question 
consisted of neutrons. The contribution of deuterons in 
the alpha or proton beams appeared to be small. 

The yields of Cd''™ and In''5™ due to these interfering 
reactions had the following values compared with the 
corresponding yields at the highest bombarding ener- 
gies: 0.10 for incident alpha particles, 0.03 for incident 
deuterons, and 0.02 for incident protons. The results 
for Cd''™ and In'5™ were substantially the same in 
this respect. At the lowest bombarding energies the 
secondary reactions actually account for most of the 
observed alpha induced yields of Cd'™™ and In™™, Al- 
though at the highest bombarding energies the actual 
correction is probably even smaller than indicated be- 
cause of the preponderant forward emission of the 
secondary neutrons a constant correction has been 
applied at all energies. The over-all uncertainties in the 
measured cross sections are 10-20% at the higher ener- 
gies and increase to a factor of two or more at the very 
lowest bombarding energies. The contribution of 
secondaries to the In"*(a,am) reaction is entirely neg- 
ligible and the cross sections for this reaction have an 
uncertainty of about 10%. 
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III. RESULTS 


The results are presented in the form of excitation 
functions in Figs. 14. The cross sections for the (p,py) 
reaction are seen to increase monotonically with bom- 
barding energy. This increase is due in approximately 
equal measure to the increase in the total reaction cross 
section and to the greater probability for proton emis- 
sion with increasing excitation energy. The cross 
sections for 10-Mev incident protons are 1.5 mb for 
In''® and 3.6 mb for Cd". These values constitute only 
a small fraction of the total inelastic cross section, 
indicating that neutron emission is the most probable 
mode of de-excitation. The cross section for the 
Cd''(p,n) reaction at 7 Mev thus is about 300 mb” 
while the corresponding value of the (p,py) partial 
section is 0.4 mb. The cross section for the 
In''®(p,py)In"™ reaction has previously been measured 
for a proton energy of 5.8 Mev. A value of 0.01 mb was 
obtained in this early experiment.! 

The cross sections for the (d,dy) reaction at 20 Mev 


cross 











60 7.0 8.0 9.0 
E, (Mev) 





10.0 


Fic. 4. Excitation functions for the Cd"™!(p,py)Cd™™ and 
In'"5(p,py)In"™™ reactions. A, In'!®; O, Cd"; — — evaporation 
calculation for In™*; — evaporation calculation for Cd"; 

- Coulomb excitation contribution to the In"™5(p,py)In™5™ 
reaction. 


2% J. P. Blaser, F. Boehm, P. Marmier, and D. C. Peaslee, 
Helv. Phys. Acta 24, 3 (1951). 
21S, W. Barnes and P. W. Aradine, Phys. Rev. 55, 50 (1939). 
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are 42 mb for In™® and 132 mb for Cd", and are smaller 
at lower bombarding energies. The observed products 
may, of course, be the result of the (d,pm) reaction as 
well. The evaporation calculations discussed in the 
following section indicate, in fact, that the latter 
reaction is more probable than the (d,dy) reaction and 
is able to account for both the shape of the excitation 
function and the magnitude of the cross sections. The 
inelastic scattering of deuterons has been studied by 
Yntema and Zeidman.’ Integration of the measured 
differential cross sections and energy spectra gives a 
value of approximately 85 mb for the cross section for 
deuteron emission associated with the (d,dy) reaction. 
This value applies to 21.6-Mev deuterons incident on 
rhodium and silver targets. If it is assumed that this 
value also applies to Cd™ and In"*, then deuteron 
emission would have to lead primarily to the respective 
ground states. This follows from the fact that the 
observed cross sections for the formation of the meta- 
stable state may be adequately accounted for by the 
evaporation of a proton and a neutron. This conclusion 
is reasonable, since it is not expected that direct 
inelastic scattering would involve substantial transfers 
of angular momentum with large probability. 

The cross sections for the (a,ay) reaction increase 
with increasing bombarding energy in the energy region 
covered in this experiment. The values obtained at 
40 Mev are 5.2 mb and 12.2 mb for In"5, and Cd"™, 
respectively. The (a,2p2m) reaction becomes energeti- 
cally possible above approximately 30 Mev. It is very 
unlikely, however, that this reaction contributes ap- 
preciably to the observed activity even at 40 Mev since 
the evaporated protons must be emitted with sub- 
stantial kinetic energies because of the Coulomb 
barrier. The (a,He*x) and (a,Tp) reactions become 
energetically possible above approximately 20 Mev and 
the measured cross sections may include a small 
contribution from these reactions. The cross section for 
the In'*(a,vy)In"*" reaction has previously been 
measured with 16-Mev alpha particles and was found 
to be 0.3 mb.” This value is in good agreement with 
the result of the present study. The cross section for 
the In™(a,an)In™™ reaction at 40 Mev is 24 mb and 
the excitation function does not appear to peak in the 
energy region covered in this study. The peak thus 
appears to be shifted to somewhat higher excitation 
energies than the peak for the corresponding reaction 
with targets in the A = 50-70 region.®.*5.9 This behavior 
is reasonable in view of the fact that the higher Coulomb 
barrier for alpha particles at Z~50 tends to shift the 
whole excitation function for the (a,am) reaction to 
higher excitation energies. 

The shapes of the excitation functions for the 
reactions of Cd" are very similar in all cases to those 
of the corresponding reactions of In"™*®. The reactions 
of Cd"! have the larger cross sections in all cases. The 


* J. R. Risser, K. Lark-Horovitz, and R. N. Smith, Phys. Rev. 
57, 355 (1940). 
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value of o(Cd"™)/o(In"') thus is 2.3-3.9 for the (p,py) 
reactions, 2.3-3.0 for the (d,dy) reaction, and 2.3-2.5 
for the (a,ay) reaction. The formation of Cd" may 
be favored because of the larger statistical weight 
assigned to this nuclide. 


IV. DISCUSSION 
A. Comparison with the Statistical Theory 


The experimental results may be compared with 
values calculated by use of the statistical theory in 
order to resolve the previously mentioned discrepancy. 
The cross section for the (a,ay) reaction is given by the 
expression 


a(a,ay)=0-(a)Fai/>. Fetot, 
z 


where o-(a) is the cross section for formation of the 
compound nucleus, /'.; is the emission function for one 
alpha particle and Fo¢ is the total emission function 
for particle x. In the present calculation the emission 
of neutrons, protons, and alpha particles was con- 
sidered. The emission function for particle « is given by® 
€zmax 
€20-(€r)w(ez)dez, 


F,=M,(2I, +1) f 


€zmin 


where M, and e, are the reduced mass and kinetic 
energy of x in the center-of-mass system, J, is the spin 
of particle x, o-(ez) is the inverse cross section for 
formation of the compound nucleus by x, and w(ez) is 
the level density of the residual nucleus. 


w(ez)=C exp{[4a(E—5) }}}, 


where E is the excitation energy of the residual nucleus, 
6 is the pairing energy, a is the level density parameter, 
and C is a constant. The pairing energy corresponds to 
the energy difference between the ground state and the 
characteristic level at which the exponential level 
density expression sets in. In the case of the total 
emission functions, the integration is performed over 
all possible values of €z, while in the case of the single- 
particle emission function the integration is performed 
over all values of ¢, for which further particle emission 
is energetically impossible. The analytic approximation 
for the inverse cross sections given by Dostrovsky ef al.” 
and the pairing energies listed by Cameron” were used 
in the evaluation of the cross section. The calculation 
was performed for several values of the nuclear radius 
and level density parameters with the aid of an IBM 
610 computer.™ 

In the case of the (d,dy) or (d,pm) and (a,am) reactions 
the expressions for multiple particle emissions have to 
be evaluated. This is a considerably more difficult task 
than the evaluation of the above-mentioned expressions 
for single-particle emission and it is convenient to use 
the Monte Carlo technique to obtain the desired cross 


% A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958). 
* The computer program is due to J. M. Miller. 
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sections.” The excitation functions for the (d,dy) or 
(d,pn), and (a,an) reactions were calculated by appli- 
cation of this technique and the results are based on an 
over-all total of about 4000 interactions. The emission 
of deuterons, tritons, and He’ nuclei was considered in 
addition to that of protons, neutrons, and alpha 
particles. The calculation was done for ro= 1.7 10-" 
cm and the value of @ was taken as 3.8 (a=A/30). In 
cases where the residual nucleus had Z= 50, the pairing 
energy term was increased by 1 Mev in order to take 
account of the occurrence of a closed shell. 

The above procedure was not followed for the (p,py) 
reaction since the above-mentioned analytic expression 
for the inverse cross section for charged particles is not 
well suited to excitation energies comparable to the 
Coulomb barrier for charged particle emission. The 
cross sections for the (~,py) reactions were calculated 
by numerical integration of the appropriate expressions 
using the continuum theory values*® for r>= 1.5 10-" 
cm for the inverse cross sections for protons and 
neutrons. The contribution of the levels between the 
ground state and the characteristic level to the total 
level density was included in this calculation since it 
has been shown that this effect is important at excita- 
tion energies close to the effective threshold of a 
particular reaction. The expression for the emission 
function for neutrons and protons then takes on the 
following form: 


r= f 
0 


E*—Sy—5 


Eno c(€n)[ w(€n) tw’ |de 


E*-S» 
+f €nTc(€n)w de, 
E*—S,—8 


where E* is the excitation energy of the compound 
nucieus, S, is the binding energy of the emitted particle, 
and w’ is the density of levels between the ground state 
and the characteristic level. The values of w’ were 
evaluated on the basis of experimental data.!* The 
constants in the level density expression were taken 
from the recent work of El-Nadi and Wafik®* and for 
A=115 they are a=3.45 Mev and C=9.26}Mev—. 
The contribution of the (p,a) and (p,7) reactions were 
neglected in this calculation so that only the (p,py) 
and (p,m) reactions were taken into account. 

The calculated excitation functions for the Cd!"! (a,ay) 
reaction are given by the curves in Fig. 1. The solid 
curves are for ro>=1.5X10-" cm and a=5.5 and 1.9. 
The dashed curves are for r»>=1.7X10-" cm and the 
same values of a. It is seen that in all cases the calcu- 
lated excitation functions peak for bombarding energies 
of 22-25 Mev, whereas the measured cross sections still 
increase with energy at 40 Mev. The peak in the 
calculated excitation functions is due, of course, to the 


25 J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952). 
26M. El-Nadi and M. Wafik, Nuclear Phys. 9, 22 (1958). 
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competition of the (a,am) reaction. The subsequent 
decrease in cross section of the (a,ay) reaction is larger 
for a=5.5 because of the increasing probability for 
further de-excitation with increasing level density. The 
peak in the excitation function occurs at lower energies 
for ro>=1.7K10-" cm because the lower Coulomb 
barrier for alpha particles in effect shifts the excitation 
functions for both the (a,avy) and (a,an) reactions to 
lower energies. The calculation indicates that the 
magnitude of the cross sections for the (a,ay) reaction 
is strongly dependent on the values of ro and a. The 
dependence on the nuclear radius parameter is once 
again related to the decrease in Coulomb barrier as ro 
increases. This dependence is particularly striking at 
low bombarding energies where the (a,ay) reaction 
competes primarily with the (a,m) reaction. At higher 
energies the competition is mainly with the (a,am) re- 
action and so the effect of the Coulomb barrier is much 
smaller. The dependence at low bombarding energies of 
the cross sections for the (a,ay) reaction on the level 
density parameter is also related to the Coulomb bar- 
rier. As a decreases the nuclear temperature increases, 
and the alpha particles are on the average emitted with 
greater kinetic energies. The effect of the Coulomb 
barrier in depressing the emission of alpha particles is 
consequently reduced. The dependence on the level 
density parameter at higher energies is related to the 
competition between the (a,ay) and (a,am) reactions. 

The calculated excitation functions for the In"5(a,a7) 
reaction are given in Fig. 2. The solid curves are for 
ro=1.5X10-" cm and a=5.5 and 1.9. It is seen that 
the curves are similar in all their features to the corre- 
sponding curves for Cd". The dashed curve was ob- 
tained by increasing the neutron separation energy for 
In"* by 0.2 Mey, in order to account for the competition 
between gamma-ray de-excitation and neutron emission 
from an excited In"™® nucleus. It is seen that the re- 
sulting effect on the excitation function for the (a@,a7) 
reaction is very small. 

It is concluded from these comparisons that the 
(a,wy) reaction proceeds by a direct-interaction mecha- 
nism above 25 Mev, in agreement with the results of 
inelastic scattering experiments. The situation below 
25 Mev is not clear in view of the wide range of possible 
values for the calculated cross sections. The experi- 
mental information in this mass region is too meager 
to permit a proper choice of parameters on the basis of 
which a distinction between mechanisms could be made. 
The results of Fulbright ef a/.' on the energy spectra of 
alpha particles indicate, however, that there is no 
discernible contribution from an evaporation mecha- 
nism even at these low energies. 

The calculated excitation function for the In'*(a,an) 
reaction is given by the dashed line in Fig. 2. The 
excitation function goes through a maximum at 35 Mev 
whereas the experimental curve still appears to be 
rising at 40 Mev. The calculated cross sections are 
larger than the experimental ones by as much as a 
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factor of five. A different choice of ro and a could change 
the cross sections by as much as an order of magnitude, 
however. The most likely mechanisms for the (a,an) 
reaction appear to be either direct inelastic scattering 
followed by neutron evaporation or formation of a 
compound nucleus followed by the consecutive evapo- 
ration of an alpha particle and a neutron. For bom- 
barding energies above 35 Mev the initial evaporation 
of a neutron followed by the evaporation of an alpha 
particle becomes important. The direct “knock-out” of 
a neutron by the inelastically scattered alpha particle 
does not appear to be of great importance in view of 
the very large (a,am) to (a,ap) cross-section ratios 
obtained in the mass region.?” The comparison of the 
calculated and experimental excitation functions indi- 
cates that the direct-interaction mechanism is of 
importance above 35 Mev. No definite conclusions 
about the reaction mechanism at the lower energies can 
be drawn from this comparison, however. The measure- 
ment of the ranges of the In'™ recoils might be of 
value in distinguishing between the above two mecha- 
nisms in this energy region. Considerably longer ranges 
are expected for those interactions in which evaporation 
of alpha particles takes place because the latter are 
emitted with symmetry about 90° in the center-of-mass 
system whereas the directly scattered alpha particles 
are emitted in a forward direction. 

The calculated excitation functions for the (d,dy) 
and (p,py) reactions are presented in Figs. 3 and 4, 
respectively. It is seen that for both reactions the 
calculated cross sections are larger for Cd""', as is the 
case for the experimental results. The calculated cross 
sections are generally somewhat larger than the experi- 
mental values, and the shapes of the excitation functions 
are in reasonably good agreement. In view of the fact 
that the excitation functions do not peak within the 
energy range covered in this study, it is difficult to 
reach any definite conclusions from this comparison. 
The calculations for the (d,dy) reaction indicate that 
the latter involves the emission of a proton and neutron 
rather than that of a deuteron in over 90% of the 
events so that this reaction is really in a different 
category than the other reactions considered in this 
study. 


B. Coulomb Excitation 


One of the direct-interaction mechanisms that may 
contribute to the observed cross sections is Coulomb 
excitation and an estimate of the magnitude of this 
contribution may be made. For the purposes of this 
estimate only those classical paths that come no closer 
than a nuclear interaction radius will be considered. 
At smaller distances of approach nuclear interactions 
can take place and a more detailed analysis is necessary. 
The maximum deflection angle for which the above 


27 B. M. Foreman, Jr., Bull. Am. Phys. Soc. 5, 270 (1960). 


T. PORTLE 


condition holds is given by 


1 
2(E/Es)—1 


sin (@max/2)= 


where E is the energy of the incident particle and Ez is 
the Coulomb barrier. The value of @,,,.x for 40-Mev 
alpha particles on indium thus is 28°. The cross section 
for Coulomb excitation is then estimated by integrating 
the differential cross section®® over the range 0< @< Omax- 

In the energy region considered here the classical 
description is still approximately valid; thus 9, the 
parameter measuring the effective strength of the 
electromagnetic interaction,”* is between 3 and 5. It is 
consequently possible to use the values given by Alder 
et al2® for the angular distribution of the Coulomb 
cross section. 

The cross section for the formation of a given level 
by electric excitation of multipole order \ is given by 
the expression’ : 


6max 
op, = Crk? (E—AE)*"B( Br) f 2m sin® fry’ (6)d8, 


0 


where Cz, is a constant depending on the multipolarity 
of the transition and the charge and mass of the target 
and projectile, AE is essentially the energy of the excited 
level, B(EX) is the reduced transition probability, and 
f’ is a tabulated’ differential function of the deflection 
angle @, and in addition depends on the parameters of 
the interaction. 

The electric multipoles £1, £2, £3, together with 
double E2 excitations were considered. The contribution 
of magnetic excitations is negligibly small. The results 
depend, of course, on both the energies of the states 
populated by the excitation process and the strengths 
of the matrix elements. Two simplifying assumptions 
were made for the purposes of the present calculation 
in this connection. First, it was assumed that either 
single levels or simple distributions of levels were 
populated. Second, the values of the reduced transition 
probabilities were in general obtained by use of the sum 
rule. The spectrum of states populated by £1 excitations 
was thus approximated by a continuous rectangular 
distribution centered at 20 Mev with a width of 10 
Mev. In addition, the effect of the possibility that a 
small fraction of the E1 transitions populate levels at 
lower excitation energies was investigated by assuming 
1% branches to levels at 5 and 10 Mev. The £2 exci- 
tation process in the mass region of interest has been 
interpreted as being vibrational in nature.?* The value 
of B(E2) was therefore obtained on the assumption 
that the transition consisted of a single-phonon vibra- 
tional excitation. The value obtained in this fashion is 
some 30% lower than the sum rule value. The experi- 
mental values of B(£2) in even-even nuclei in the In, 


28K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 
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TABLE I. Cross sections for the In(a,vy) and In(a,an) reactions 
due to Coulomb excitation. 





‘ a (a,ay) a (a,an) 
Energy Process mb mb 


40 Mev Da 0.3 
k2 15 
k3 2.0 
Double £2 1.6 
Total 19 


2107 
2X10 
2X 10- 


6X10 


20 Mev 1 5x10 
2 10-1 
E3 10-4 
Double £2 : 


Total 


E 
E 


210-3 
23 


5x 10-8 


Cd region indicate that the single-phonon transition 
practically accounts for the entire sum rule.** The 
cross section is insensitive to the value of the excitation 
energy for low excitations and the transition was 
assumed to populate a level at 1.2 Mev. In order to 
obtain an estimate about the £2 contribution to the 
(a,an) reaction, a 1% E2 branch to a level at 10 Mev 
was assumed. The double (£2) excitation cross section 
was estimated by assuming that the second (£2) 
excitation populated levels at about twice the energy 
of the levels populated by the single (£2) excitation 
and that the second (£2) transition had the same cross 
section as the first transition. The cross section for the 
(£3) excitation was obtained on the assumption that 
the populated level was at 2 to 3 Mev and that essenti- 
ally the whole £3 sum rule is used up in the transition 
to this level. A 1% branch to a 10-Mev level was 
assumed in order to estimate the contribution to the 
(a,an) reaction. 

The results of calculations based on these assumptions 
for Z of indium are summarized in Table I for 20- and 
40-Mev alpha particles. Results are given for the (a,a7y) 
and (a,an) reactions. It is seen that the contribution 
of the Coulomb excitation process to the (a,ay) reaction 
can be very substantial, particularly for £2 excitations. 
The contribution to the (a,az) reaction, on the other 
hand, is negligibly small. The calculated (a,a7y) exci- 
tation function is given by the solid curve in Fig. 5. 

Having seen that Coulomb excitation can be im- 
portant, the applicability of these results to the 
In!5(a@,ay)In"*" reaction must be scrutinized. Unfortu- 
nately, there is as yet not enough detailed information 
available about the level scheme and the electromagnetic 
transition probabilities of In'® to make conclusive 
statements possible. The following argument is there- 
fore based partly on conjecture. 

We are interested in the population of the (1/2—) 
isomeric level. This could occur through Coulomb 
excitation of a higher level followed by a cascade to the 
(1/2—) level. Since an £2 single-phonon excitation 
appears to be most important, it is this process that 
will be considered. Suppose that there is a set of 
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excited levels based on the addition of one phonon to 
the (9/2+) ground state, i.e., a set of states of spin 
(5/2+), (7/24+), (9/2+), (11/2+), and (13/2+). 
The (7/2+), (9/2+-), and (11/2+-) levels have, in fact, 
been identified in the level scheme of In'® and the 
de-excitations from these levels appears to feed the 
ground state primarily.'* The (13/2+-) level is expected 
to follow this pattern. The (5/2+) level, on the other 
hand, can readily de-excite to the known (3/2—) level 
via an £1 transition and then cascade to the (1/2—) 
level by an M1 transition. Since the relative population 
of these levels varies as (2/+1), it is clear that the £2 
excitation of the (5/2+-) level constitutes only a small 
fraction of the whole phonon excitation. A reasonable 
estimate of the branching ratio to the isomeric level 
might thus be ~6%. On these further assumptions, 
taken together with the above computations, the 
estimate given by the dashed curve in Fig. 5 is made. 
It is seen that a substantial fraction of the observed 
yield of In"™™ may be accounted for by Coulomb 
excitation, particularly at the lower bombarding 
energies. 

A similar analysis of Cd'" is not possible at this time 
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Fic. 5. Contribution of Coulomb excitation to the In(a,ey) 
reaction (solid curve) and to the In"5(a,vy)In™* reaction (heavy 
dashed curve); @, experimental points for In" 5(a,ay)In"™™ 
reaction; ---- ratio of total Coulomb excitation and reaction 
cross sections for In". The ordinate scale at the right applies to 
the last curve. 
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since the level scheme is not well known. It seems quite 
likely though that the In results might apply to Cd™ 
as well. To summarize the situation, it appears that the 
observed yield of the (a,vy) reaction below about 25 
Mev can be accounted for by contributions from both 
evaporation and Coulomb excitation mechanisms. 
Above 25 Mev the main contribution to the observed 
yield appears to come from a nuclear direct-interaction 
mechanism. 

The ratio of the total Coulomb excitation and 
reaction cross sections for In" is given by the dashed 
line in Fig. 5. The total reaction cross section was 
obtained by use of the continuum theory”® with a value 
of 1.5X10-* cm for the nuclear radius parameter. The 
two cross sections are about equal at 10 Mev and the 
ratio decreases sharply with increasing energy so that 
at the energy corresponding to the Coulomb barrier 
(15.5 Mev) the ratio is only 0.06. This sharp decrease 
is due to the much steeper increase with energy of the 
total reaction cross section for energies below the 
Coulomb barrier. At higher energies the ratio decreases 
less sharply as the reaction cross section approaches its 
asymptotic value. While the contribution of the 
Coulomb excitation process thus is fairly substantial, 
it should be kept in mind that this process only affects 
the (a,ay) reaction to any appreciable extent. 

The calculation of the Coulomb excitation cross 
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section has also been carried out for proton and deuteron 
bombardment of In"®. The calculated excitation func- 
tion for the In"™5(d,dy)In™™ reaction is given by the 
dashed line in Fig. 3. It is seen that the calculated 
values are lower than the experimental points by at 
least a factor of 30. This is not surprising in view of the 
fact that most of the observed yield is probably due to 
the (d,pm) reaction. The calculated excitation function 
for the In"*(p,py)In"™ reaction is given by the 
dashed line in Fig. 4. It is seen that the contribution of 
the Coulomb excitation process is substantial at the 
lowest bombarding energy. The calculated cross section 
at 10 Mev is, on the other hand, much smaller than 
the experimental! value. 
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Nucleon Transfer Reactions in Grazing Collisions of Heavy Ions* 
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Reactions in which several nucleons are transferred between complex nuclei have been studied by measure- 
ment of angular distributions and excitation functions of the recoiling projectile residues. The results show 
that multinucleon transfer does not proceed either through a compound nucleus or through a mechanism 
in which the Coulomb barrier is not penetrated (such as the tunneling mechanism for single-nucleon transfer). 
Instead, the data indicate the existence of a “grazing contact” mechanism. In such a grazing reaction, it 
appears that a high-energy projectile, though deflected by the Coulomb barrier, still penetrates the region 
of nuclear binding of the target. It moves along the surface of the target, with the zone of contact between 
the nuclei being frictionally excited and thus preventing formation of a compound nucleus. The system 
separates after half a rotation, or less, because the repulsive Coulombic and centrifugal forces exceed the 
nuclear binding force. Depending on the mode of separation, such grazing contact may result in nucleon 
transfer, inelastic scattering, or breakup of the projectile. At energies well above the Coulomb barrier, such 
grazing processes appear to represent an important fraction of the geometric cross section. 


I. INTRODUCTION 


WO large classes of heavy-ion nuclear reactions 
have been identified and studied: compound nu- 

cleus interactions and various Coulomb scattering proc- 
esses occurring outside the normal range of nuclear bind- 
ing forces. This paper explores a third and intermediate 


* Contribution No. 1637 from the Sterling Chemistry Labora- 
tory, Yale University. 


class of heavy-ion reactions which may be termed 
grazing processes. At bombarding energies only slightly 
above the Coulomb barrier, the reactions of heavy ions 
can be separated into two classes. For relatively large 
impact parameters, the Coulomb barrier is not pene- 
trated and Rutherford scattering, Coulomb excitation,! 


1D. G. Alkhazov, D. S. Andreyev, A. P. Greenberg, and I. N. 
Lemberg, Physica 22, 1129 (1956). 





NUCLEON TRANSFER 
nucleon transfer by tunneling,?~* and combinations of 
these such as Coulomb excitation followed by the trans- 
fer of nucleons® may result. These interactions may be 
referred to by the collective term of ‘“‘barrier processes.” 
At smaller impact parameters the projectile can pene- 
trate the Coulomb barrier, but the kinetic energy will 
be small at the moment of contact. The nuclear bond 
which is formed between the projectile and target will 
then amalgamate the nuclei into a compound system 
which decays at some subsequent time. 

At the higher energies which have recently become 
available, the situation is no longer as clear cut. For 
relatively large and small impact parameters respect- 
ively, the situation as described for low energies still 
holds (see Fig. 1). But there is now an intermediate 
range of impact parameters for which the projectile, 
though partially deflected by the Coulomb field, comes 
into approximately tangential contact with the target. 
It may then move along the surface of the target until 
it reaches a point at which its forward momentum is 
sufficient to break the nuclear bond formed between 
the nuclei (Fig. 1). If this process is completed before 
fusion to a compound system is possible, a grazing col- 
lision results. A necessary condition for such a grazing 
reaction is then that sometime after contact has been 
made: 

Centrifugal force 

+ Coulomb force>nuclear binding force. (1) 
In Appendix II these forces have been calculated on 
the basis of the reduction in surface energy caused by 
the overlap of two spheres whose centers are separated 
by a distance determined by the trajectory. The limi- 


tations of such calculations will be discussed later. 
Nevertheless, they do indicate that inequality (1) may 


-¥v 


GRAZING TRAJECTORY 





COMPOUND NUCLEUS 
TRAJECTORY 


RUTHERFORD SCATTERING, 
TUNNELING, COULOMB 
EXCITATION TRAJECTORY 


Fic. 1. Typical trajectories representing the three 
major classes of heavy ion reactions. 


2H. L. Reynolds and A. Zucker, Phys. Rev. 101, 166 (1956). 

3J. A. McIntyre, T. L. Watts, and F. C. Jobes, Phys. Rev. 
119, 1331 (1960). 

4V. V. Volkov, A. S. Pasink, and G. N. Flerov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 595 (1957) [translation: Soviet 
Phys.-JETP 6, 459 (1958) ]. 

5G. Breit and M. E. Ebel, Phys. Rev. 104, 1030 (1956). 
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Fic. 2. Experimental apparatus used for the 
stacked-foil experiments. 


be satisfied over an appreciable range of impact param- 
eters at energies above the barrier. 

If such grazing reactions occur, they should provide 
a good mechanism for the transfer of several nucleons. 
The products of such an interaction would be the residue 
of the projectile, the residue of the target, and perhaps 
free nucleons and alpha particles which may be emitted 
as the system separates. Experimentally, the projectile 
residues, which should retain a large fraction of their 
forward momenta, are the easiest to investigate. Such 
multi-nucleon transfer products have been observed 
previously,*"* and have been attributed to a variety 
of reaction mechanisms. 

This paper amplifies our earlier communication on 
multinucleon transfer'® in which a grazing or “contact 
transfer’ mechanism was proposed.'® Excitation func- 


6K. F. Chackett, J. H. Fremlin, and D. Walker, Phil. Mag. 
45, 173 (1954). 

7D. G. Alkhazov, Iu. P. Gangrskii, and I. Kh. Lemberg, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 33, 1160 (1957) [translation: 
Soviet Phys.-JETP 6, 892 (1958) ]. 

8 V. A. Karnaukhov, G. M. Ter-Akopian, and V. I. Khalizev, J. 
Exptl. Theoret. Phys. (U.S.S.R.) 36, 748 (1959) [translation: 
Soviet Phys.-JETP 9, 525 (1959) J. 

9 J. J. Pinajian, Nuclear Phys. (to be published). 

1 R. Kaufmann and R. Wolfgang, Phys. Rev. Letters 3, 232 
(1959). 

1 G. A. Chakett, K. F. Chackett, and J. H. Fremlin, Phil. Mag. 
46, 1 (1955). 

12H. L. Reynolds, D. W. Scott, and A. Zucker, Phys. Rev. 102, 
237 (1956). 

18 J. Beydon, R. Chaminade, M. Crut, H. Faraggi, J. Olkowsky, 
and A. Papineau, Nuclear Phys. 2, 593 (1956/7). 

44]. H. Fremlin, 1957 Moscow Convention (unpublished). 

18 A somewhat different line of evidence for grazing mechanisms 
from the transfer reactions used here and in our original paper 
(reference 10) has recently been reported by Almqvist, Bromley, 
and Kuehner [E. Almqvist, D. A. Bromley, and J. A. Kuehner, 
Phys. Rev. Letters 4, 515 (1960)]. Certain resonances in the 
C“—C*® excitation functions are interpreted [E. Vogt and H. 
McManus, Phys. Rev. Letters 4, 518 (1960); R. H. Davis, Phys. 
Rev. Letters 4, 521 (1960) ] as due to a short-lived ‘molecular 
state” formed between projectile and target. In a sense, these 
“molecular states” represent the lower energy limit of grazing 
reactions. The present study deals primarily with higher energies, 
in which the time of the event becomes too short, and the available 
energy too large to permit discussion of the collision in terms of a 
well-defined, quasi-equilibrated intermediate complex or molecular 
state. 
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Fic. 3. Results of a_ typical 
stacked-foil experiment. Nucleon 
transfer products produced by a 
160-Mev O'* beam recoil from the 
56 mg/cm? Sn target and come to 
rest in gold catcher foils. 
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tions and angular distributions of products expected 
from grazing transfer reactions are reported. The ob- 
servations are compared with the predictions of several 
conceivable mechanisms in order to examine the thesis 
that they are consistent only with a grazing interaction. 
(In particular, a mechanism proposed by Zucker'® as 
possibly offering an alternative explanation of the data 
used in our original formulation of the grazing contact 
mechanism is examined in some detail.) The data are 
then used to attempt to provide a more detailed model 
of the postulated grazing process. 


II. EXPERIMENTAL METHODS AND RESULTS 
A. Stacked Foil Experiments 


A preliminary set of experiments was carried out in 
order to determine if cross sections for multinucleon 
transfer processes are large enough to permit a detailed 
study of the interaction, and to determine the approxi- 
mate energy distribution of the products. The target 
assembly (Fig. 2) consisted of a target followed by a 
stack of thin (5-10 mg/cm?) gold catcher foils. The 
target thickness was adjusted so the beam would pass 
through the target and so the emerging beam would 
have an energy well below the Coulomb barrier of gold. 
Any radioactive products detected in the gold foils were 
therefore assumed to have recoiled into the catchers 
from the target material. Details of the experimental 
method are given in Appendix I. Aluminum, copper, 
and tin targets were used. 

The activities detected in a typical run are plotted 
in Fig. 3 as a function of depth of recoil into the gold 
foils. Products lighter than the projectile exhibit a peak 
in activity at some depth in the catcher foils. These 
peaks correspond to the retention of about 90% of the 


16 A. Zucker, Phys. Rev. Letters 4, 21 (1960). 
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energy per nucleon of the projectile. The peak width 
arises in large part from the use of thick targets in which 
interactions can take place at various depths and ener- 
gies. After correcting for this, it appears that the recoil 
energy spread of the single-nucleon products is narrow, 
but that this spread increases as more nucleons are 
transferred. The lowest energy products detected retain 
about 75% of the energy per nucleon of the projectile. 

Total cross sections averaged over the energy range 
from about 10 Mev per mass unit to 4 or 5 Mev per 
mass unit are given in Table I. This energy interval has 
a different significance for the various targets. Even 
the lowest energies are appreciably above the Coulomb 
barrier of aluminum, although they are not much above 
that of tin. The ratio of yields of two products from a 
given beam and target are more significant. The ratio 
of multinucleon to single-nucleon transfer cross sections 
is seen to be relatively independent of the beam and 
of the target material used. 


B. Angular Distribution Experiments 


Angular distributions were measured with the ap- 
paratus shown in Fig. 4. A 7.35 mg/cm? rhodium foil 
was mounted on the center line of the cylindrical target 
chamber. The beam energy was degraded by about 10 
Mev while passing through the target. Catcher foils 
were taped to the inside of the target chamber so that 
each catcher foil stopped products which recoiled from 
the target material in a certain angular interval. Pro- 
ducts were detected by observation of the positron an- 
nihilation gamma rays. Corrections were made for 
activity produced by beam particles which were scat- 
tered in the target and which then reacted while stopping 
in the catcher foils. Experimental details are given in 
Appendix I. 

Results are plotted in two forms with angles given 
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TaBLeE I. Thick-target cross sections (in millibarns) for the production of nucleon transfer products averaged over the energy 


range of 10 Mev per mass unit to 4 or 5 Mev per mass unit, and ratios of these cross sections. 





Reaction® (—n) 
Error +30% 
Target\ Beam C® N'4 Or 


Al 11 20 
Cu 16 2 2 
Sn 6 (20) 79 





* To remove indicated number of nucleons from projectile. 


in the center-of-mass system (Appendix I). Cross sec- 
tions differentiated with respect to solid angle (do /dQ) 
are commonly used in nucleon transfer studies, and 
are shown here in order to compare the present results 
to those already available on single-nucleon transfer.?~* 
This is not the best way to present results of a grazing 
interaction since products are preferentially emitted in 
a plane defined by the incident trajectory of the pro- 
jectile and the center of the target nucleus. Products 
which are emitted isotropically with respect to the 
azimuthal angle (the angle between beam and recoil 
directions) but are resitricted to this plane, will follow 
a 1/sin@ curve on a differential cross section (do/d{) 
plot. This is a result of the relationship between the 
derivative of the cross section with respect to the azi- 
muthal angle (do/d6) and the derivative with the solid 
angle (do/dQ) : 


do dad 
—=——; dQ=2r sinédé. (2) 
d@ dQ dé 

Because of the restriction of products to a given plane, 
deviations from a constant value of do/d@ at various 
angles are more significant than deviations from a con- 
stant value of do/dQ. It should also be noted that the 
area under a plot of do/d@ vs@ is proportional to the 
total cross section, so a shift in the average angle”of 
emission becomes evident. 

Results of a bombardment of Rh by O'* are shown 
plotted in these two forms in Figs. 5 and 6. The most ob- 
vious feature is that all multinucleon transfer products 
exhibit similar angular distributions, tending toward a 
maximum near zero degrees. By contrast, the single- 
nucleon transfer product has its most prominent peak 
near 20°, while the other products show no structure 
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Fic. 4. Experimental apparatus used for the measurement of the 
angular distributions of nuclear transfer products. 
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near this angle. Such a peak has been observed pre- 
viously in other systems involving single-nucleon trans- 
fer?-* and is ascribed to a tunneling or virtual-state 
mechanism. However, at smaller angles the differential 
cross section (do/dQ) of the single-nucleon transfer 
product appears to increase again, paralleling the in- 
crease for multinucleon transfer. This upturn is not far 
outside the probable error in any given experiment, 
but is believed to be real since it is observed in all runs. 
The appearance of the data suggest that a similar mech- 
anism is reponsible for the maxima near zero degrees 
observed for all products. 

Differential cross sections (da/dQ) of products pro- 
duced by N'* and F"® beams on a Rh target are shown 
in Figs. 7 and 8. These curves include products resulting 
from the pickup of an alpha particle (Fig. 7) and the 
loss of as many as eight nucleons (Fig. 8). Nevertheless, 
the qualitative appearance of these results is identical 
to that just described for O'® bombardments. 
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Fic. 5. Differential cross sections with respect to the azimuthal 
angle are shown for products of the reaction of 160-Mev O'* with a 
7.35 mg/cm? Rh target. 
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TaBLE II. Thin-target cross sections for the production of nucleon transfer products from several beams on a Rh target, for 10 Mev/ 
nucleon lab energy. Listed in each case are the reaction product observed and the cross section ¢ in millibarns, followed in parentheses by 
the excitation energy, —Q, in Mev which would be required if the projectile were to break up to give the observed product as a result 


of Coulomb excitation. 
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Cross sections obtained by integrating angular dis- reduced energy beams are very similar to those from 
tributions (do/d@) extrapolated to zero degrees, are higher energy beams (Fig. 9). Excitation functions for 
shown in Table II. The multinucleon transfer cross the products detected from the reaction between O'* 
sections do not depend strongly upon the Q of the and Rh are shown in Fig. 10. The most striking feature 
reaction or upon the stability of the product which is here is that the multinucleon transfer cross sections 
detected. drop off much more rapidly with decreasing energy than 

Reduced energy beams of O'* were used to obtain the single-nucleon transfer cross sections. This is more 
excitation functions. The angular distributions from clearly evident from the plot of the ratio of single to 
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are shown for products from the reaction of 160-Mev O'* with a are shown for products from the reaction of 140-Mev N™ with a 
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Fic. 8. Differential cross sections with respect to the solid angle 
are shown for products from the reaction of 190-Mev F" with a 
7.35 mg/cm? Rh target. 


multinucleon cross sections shown in Fig. 11. Multi- 
nucleon transfer products appear to have a threshold 
at about 80 Mev (Coulomb barrier is 55 Mev). 


C. Recoil Range of Products 


The recoil range of the products was measured by 
replacing the single catcher foil at any given angle in 
the angular distribution apparatus by a stack of thin 
catchers. These ranges were then converted to recoil 
energies (Appendix I) and the results are plotted in 
Fig. 12 as the differential cross section per unit energy 
interval per degree as a function of energy. This confirms 
the results of the thick-target experiments, and also 
gives the energy spread of the deuteron pickup product, 
(F'8). The arrows in Fig. 12 show the energies which 
C", N, and O' would retain if there were no change 
in velocity due to the interaction, and the arrow labeled 
©'* shows the total beam energy. In all cases, products 
retain on the average about 90% of the energy expected 
if there were no change in velocity, and the energy 
spread increases as more nucleons are transferred. 


III. POSSIBLE MECHANISMS FOR 
MULTI-NUCLEON TRANSFER 


Before comparing these results to predictions of a 
grazing contact model, a number of other possible proc- 
esses must be considered to see if it is really necessary 
to postulate a new mechanism. In this section, experi- 
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Fic. 9. Differential cross sections with respect to the solid angle 
are shown for products from the reaction of 101-Mev O" with a 
7.35 mg/cm? Rh target. 


mental data will be compared to the predictions of 
these models. 

Compound nucleus processes. A compound nucleus 
process such as the evaporation of heavy particles or 
the fission of a compound system may be possible. Any 
system with a lifetime much greater than the period 
of a nuclear revolution should distribute products sym- 
metrically about 90°. Figure 13 shows the distribution 
of nucleon transfer products from the 160-Mev O'* 
bombardment of Rh’ in the backward as well as for- 
ward directions. It appears that backward recoils are 
quantitatively negligible compared to those in the for- 
ward direction. Identification of products in the back- 
ward direction is not certain, so these results give only 
an upper limit. The evident lack of symmetry about 
90° excludes a compound nucleus mechanism as a major 
contributor to the observed cross sections." 

Tunneling mechanisms. Mechanisms in which a nu- 
cleon tunnels through the Coulomb barrier separating 
two nuclei have been shown to be important in single- 


17 A peak at 180° in the differential cross sections of the ob- 
served products would not necessarily imply that these products 
were produced by a compound nucleus interaction. Such a 
distribution could be produced by a grazing contact mechanism 
in which the system remains bound through a rotation of about 
300°. This could be the result of the formation of a semistable 
osculating system as proposed by Almaqvist, Bromley, and 
Kuehner,!® by Vogt and McManus," and by Davis!® in discussing 
formation of ‘‘molecular states’? at energies near that of the 
coulomb barrier. 
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Fic. 10. Excitation functions of nucleon transfer products pro- 
duced in the O'* bombardment of a Rh target. 


nucleon transfer.2~‘*!® They predict angular distri- 
butions which are peaked at an angle just below the 
Rutherford scattering cutoff. This is due to the strong 
dependence of the probability of tunneling upon the 
distance separating the nuclei. Such angular distribu- 
tions are observed for single-nucleon transfer products, 
but multinucleon transfer products show low cross 
sections with no structure at the angle at which this 
peak would be expected. If the angular distribution of 
the multinucleon transfer products were nevertheless 
interpreted as resulting from a barrier process, such as 
tunneling, the smaller net deflections would indicate 
that multinucleon transfer occurs in much more distant 
collisions than does single-nucleon transfer. If anything, 
of course, the reverse would be expected. The alterna- 
tive explanation, that tunneling cross sections are very 
sharply reduced if more than one nucleon is transferred, 
is quite reasonable. 

An upper limit can be set for the cross section for 
transfer of several nucleons by tunneling. For example, 
F'8 is detected from the reaction of a N™ beam on a 
Rh target. No evidence of a peak is detected at the 
angle of the single-neutron transfer peak, and the in- 
tegrated cross section of F'* near this angle is about 
0.5 mb. Therefore, it appears that tunneling of an alpha 
particle to a state with less than 4.4 Mev of excitation 
energy (the energy required for particle emission from 
F'’) has a cross section of less than 0.5 mb. The cross 


18 G, Breit, Phys. Rev. 102, 549 (1956). 
1G. Breit and M. E. Ebel, Phys. Rev. 103, 958 (1956). 
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section for the transfer of a single neutron from N“ to 
Rh is 20 mb, so alpha-particle tunneling is at least 40 
times less probable than neutron transfer in this case. 

Zucker,'* in commenting on some of our preliminary 
results,’ has suggested that they could be accounted 
for be a two-step process involving the transfer of a 
single nucleon followed by de-excitation of the projectile 
by particle emission. For example, N" could be produced 
in the reaction of an O'* beam on tin by the following 
series of reactions: 


O'*-+-Sn — F'"*+In, 
F'7* —, NBta, (3) 


Zucker also proposed that these processes may occur 
simultaneously as a three-body disintegration: 


O'6+-Sn — In+N"®¥+a. (4) 


In support of this thesis, our results on cross sections 
and on the greater energy spread of the multinucleon 
as opposed to single-nucleon transfer products were 
cited.!® These results are, however, also consistent with 
the grazing contact model and do not provide a critical 
means for choosing between it and Zucker’s hypothesis. 
Two other aspects of our results provide much less 
ambiguous criteria for making such a choice. 

1. According to Zucker’s mechanism, the angular 
distribution of multinucleon transfer products would 
be expected to follow that for single-nucleon transfer 
products, though with some spreading of the peak due 
to the emission of nucleons from the excited single- 
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Fic. 11. Ratio of single-nucleon to multinucleon transfer cross 
sections for the system O'* and rhodium. 
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Fic. 12. Differential cross sec- 
tions with respect to energy and 
angle for nucleon transfer products 
as a function of energy. Arrows 
show energies expected if the 
velocity of the projectile is not 
changed during the transfer. The 
arrow labeled O"* shows total beam 
energy. 
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nucleon transfer product. Yet the observed angular 
distributions for single-nucleon and multinucleon trans- 
fer are qualitatively quite different. Emission of a 
35-Mev alpha by the excited F'? [Eq. (3) ] at an angle 


normal to its trajectory would be required to eliminate 
the peak observed for single-nucleon but not for multi- 
nucleon transfer. Even then, the average angle of emis- 
sion for the two types of products would still be different 
by 10°. In order to fit the observed angular distribution, 
emission of high-energy (at least 35-Mev alphas) un- 
observed particles polarized at about 90° to the beam 
direction and in the plane of the scattered projectile 
would be required. It is difficult to conceive of a mech- 
anism by which such particles could be produced. In 
any case, if they were emitted with the required cross 
section, they would have been observed in experiments 
of Knox, Quinton, and Anderson.” 

2. Products heavier than the projectile cannot, of 
course, be produced by the breakup of single-nucleon 
transfer products and would have to result from another 
mechanism. It was noted previously that the angular 
distributions and excitation functions of products 
formed from the pickup of nucleons by the projectile 
are very similar to those of products formed from the 
loss of nucleons from the projectile. This would be a 
very unlikely coincidence unless similar mechanisms 
were involved. From this point of view also, the break- 
up of single-nucleon transfer products fails to account 
for the observed results. 

Coulomb breakup. Mechanisms involving the use of 
energy from the Coulomb field must be considered as 


” W. J. Knox, A. R. Quinton, and C. E. Anderson, Phys. Rev. 
Letters 2, 402 (1959). 


180 
feed o'é 


possibly causing the breakup of projectiles. For instance, 
O'* could be Coulomb excited and then break up to 
give an alpha particle, a neutron, and C™. To account 
for the experimental angular distribution, this excita- 
tion must take place preferentially at very large dis- 
tances of closest approach (20-40 f). (Or alternatively, 
polarized alpha particles and nucleons must be emitted. 
However, the previous arguments against the production 
of such polarized particles in the breakup of single- 
nucleon transfer products also apply to Coulomb 
breakup.) Since about 25 Mev of excitation energy is 
required to produce the observed products by Coulomb 
breakup, it does not seem plausible that these high 
energies can be provided with high probability (cross 
sections at least in the tens of millibarns are required) 
from very distant interactions. Furthermore, if distant 
interactions were important, a high reaction threshold 
would not be expected. Finally, this mechanism again 
fails to account for products heavier than the pro- 
jectile, and, as previously noted, these seem to be formed 
by the same type of mechanism that yields products 
lighter than the projectile. 


IV. GRAZING CONTACT MODEL 


The considerations in the previous section show that 
it is unlikely that either compound nucleus mechanisms 
or the various processes associated with Coulomb scat- 
tering can account for the data on multinucleon trans- 
fer. It appears that another type of interaction is indeed 
necessary, and that a grazing contact model is in accord 
with the experimental observations. 

The strongly forward peaked angular distributions 
of the multinucleon transfer products (Figs. 5-8) are 
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Fic. 13. Differential cross sections of nucleon transfer products 
from the reaction of 160-Mev O'* with Rh in the backward as well 
as the forward direction. Cross sections in the backward direction 
are only upper limits since identification of the products is 
uncertain. 


a rather natural result of the penetration of the attrac- 
tive nuclear potential of the target. This counteracts 
the repulsion due to the Coulomb field and decreases 
the net deflection (see Fig. 1). Thus the angular de- 
pendence do/dé of the cross sections for 160 Mev O'* 
on Rh (Fig. 5) appears to approach a flat maximum near 
zero degrees.”” An approximate calculation (Appendix 
II) shows that the formation of a nuclear bond of about 
10 Mev between O'* and Rh’ in grazing collisions will 
shift the deflection of a 160-Mev projectile from the 
Rutherford scattering cutoff at 24 degrees to about 10 
degrees. 

The apparent double maxima in the angular distri- 
butions of single-nucleon transfer products (see Figs. 
6, 7, 8) indicate the existence of two mechanisms for 
the formation of these products. One is, of course, the 
tunneling mechanism?‘ which has a maximum proba- 


1 Tt should be noted that the maximum in the curve does not 
necessarily represent the most probable angle of emission. In 
some collisions the attractive nuclear deflection may exceed the 
repulsive Coulomb deflection, resulting in emission of the product 
at a negative angle. This is, of course, experimentally indistinguish- 
able from a deflection to an equal positive angle. The experimental 
curve (such as Fig. 5) is then a sum of the deflections to a given 
angle plus deflections past zero degrees to that same angle. This 
sum need not reach a maximum at the most probable angle of 
emission. For example, a Gaussian curve centered at 10° with a 
20° half-width has ordinates of 10, 8.4, and 5 at 10°, 0°, and —10°, 
respectively. The sum curve formed by adding ordinates at equal 
positive and negative angles will then have a peak of 16.8 at 0° 
and drop to 15 at 10°. 
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bility when the particles approach as closely as possible 
without penetrating the Coulomb barrier (see Fig. 1). 
The result is a maximum in the angular distribution 
near the Rutherford scattering cutoff angle. A closer 
approach results in penetration of the attractive poten- 
tial of the target and a grazing collision results. This is 
clearly distinguishable from tunneling because it results 
in a smaller net deflection and a second peak in the angu- 
lar distribution (when plotted as do/dQ), which corre- 
sponds to the maximum observed for multinucleon 
transfer products. 

It will now be useful to examine the grazing contact 
model in some detail. In this discussion we use classical 
mechanics throughout. This is quite well justified since 
for the systems involved the deBroglie wavelengths 
(A=h/mv) are very small compared to distance of 
closest approach (Rmin=Z1Z2e?/E). Also, the angular 
momenta of the colliding systems are large compared 
to the intrinsic spins of target and projectile. 

Consider the incident particle as penetrating the 
Coulomb barrier at a grazing trajectory. If the initial 
energy was low, the kinetic energy remaining at this 
point will be low, and the two drops of nuclear matter 
will be drawn together by the bond thus formed. How- 
ever, at higher energies, the projectile will tend to con- 
tinue tangentially along the surface of the target. This 
relative motion will cause the volume of contact at the 
neck of the dumbbell-shaped system to become excited 
by what is essentially a frictional effect. As the nucleons 
from this hot region diffuse into the main masses of 
nuclear matter on each side, the excitation will spread 
and the motion of the two masses will tend to become 
rotationally coupled. This process is governed by the 
rate of diffusion of nucleons which is comparable to 
the velocity of the nuclei themselves. It is therefore 
to be expected that well before this coupling is complete, 
the orbit of the main incident mass will arrive at a 
point where its remaining excess forward momentum 
plus the Coulomb repulsion will cause it to separate. 
Our observation that the mean energy per nucleon of 
the products is about 90% of that of the incident particle 
should thus not be unexpected. The breadth of this 
distribution, with some products having as little as 75% 
of the incident energy per nucleon, also becomes plaus- 
ible. (Note by contrast the narrower energy spread of 
the single-nucleon transfer products resulting from the 
tunneling mechanism.) 

If the volume of contact were not excited, nucleons 
would tend to flow into it, as it would be a region of 
lower surface energy. This would strengthen the nuclear 
bond and cause the complete fusion of target and projec- 
tile. This is what probably happens at low energy. At 
higher energies, however, the frictional excitation of 
the volume of contact should counteract this tendency 
(in thermodynamic terms, the contact zone has a high 
vapor pressure). This keeps the bond between projectile 
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and target weak and allows them to reseparate. The 
bond could break at various points resulting in a scat- 
tering event, or in the transfer of nucleons. 

It is believed that as the bond streaches and breaks, 
some nucleons and alpha particles may not remain 
bound to either the projectile or target. This would re- 
sult in forward peaked distributions of low-energy 
nucleons and alpha particles, as are believed to have 
been detected in some preliminary experiments by Knox, 
Anderson, and Quinton. Such a manner of separation 
of the grazing nuclei is consistent with the apparently 
greater tendency of the projectile to lose rather than 
gain nucleons in a grazing collision (Table IL). This bias 
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Fic. 14. Shapes of calculated excitation curves compared to 
experimental data. The excitation energy is taken to equal the 
kinetic energy of the projectile times the ratio of the volume of 
overlap to the volume of the projectile. The binding energy 
between the nuclei is taken to equal 10 Mev per nucleon-nucleon 
bond. Curve A has been calculated under the additional assump- 
tion that the colliding nuclei are rotationally coupled and that 
the bond between them breaks over a distance AR+2X10-* cm, 
where AR=1.5X10~(A,!+-A2!) —Z,Z2¢2/E cm. Curve B results 
from assuming uncoupled rotation and a bond stretch of 1.5 10-8 


*® Separation in a grazing collision could also occur simply 
because the angular momentum of the system, relative to its 
mass, is so large that no stable shape of compound nucleus is 
possible. This would be the case in certain very high-energy 
collisions, especially between light nuclei. However, for the 
angular momenta, masses, and energies involved in the systems 
studied here, equilibrium compound nuclei could exist. For these 
to be formed, the system must remain bound until the motion of 
target and projectile become coupled and excitation energy is 
completely distributed. The reason separation does occur is that, 
although equilibrium considerations would permit formation of a 
compound nucleus, the kinetics of the process do not. 

%W. J. Knox, C. E. Anderson, and A. R. Quinton (private 
communication). 
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Fic. 15. Calculated cross sections for grazing reactions as a 
function of the energy above the Coulomb barrier in the laboratory 
system. Thirty-percent coupling of the rotations is assumed. The 
binding energy is set equal to one-half of that predicted by the 
Weizsicker formula, in approximate agreement with experimental 
findings. Excitation energy is taken as the kinetic energy of the 
projectile times the ratio of the volume of overlap to the volume 
of the projectile plus the binding energy. The radial distance over 
which the bond breaks is 0.2AR+0.5f, where AR is defined in 
Fig. 14. It is expected that multinucleon transfer will not take 
place if less than one nucleon-nucleon bond is formed, so these 
curves are cross sections for the formation of one or more nucleon- 
nucleon bond. The model used will overestimate the cross sections 
when the volume of overlap becomes an appreciable fraction of 
the volume of the projectile. These overestimates correspond to 
the dotted portions of the curves. 


toward light products may also be enhanced if some of 
the products of the grazing reactions are sufficiently 
excited to subsequently decay by particle emission. 

An estimate of the cross section of grazing reactions 
may readily be made by determining the range of im- 
pact parameters satisfying the inequality : 


Centrifugal force 
-+Coulomb force> nuclear binding force. (1) 


This has been done using the methods discussed in 
Appendix II. The difficulty of estimating the strength 
of the nuclear bond in the neck and the extent to which 
it stretches before it gives, makes the results of such 
a calculation meaningful only as to their orders of mag- 
nitude. The two calculated excitation functions in Fig. 
14 involve very different assumptions regarding the 
parameters of the reaction such as excitation energy, 
degree of coupling, and bond stretching. Both curves 
show the high threshold and rapid rise of cross section 
observed for the multinucleon transfer products, but 
are significantly different from the excitation functions 
for single-nucleon transfer products formed primarily 
by barrier processes. However, since the shape of the 
experimental excitation function can be fitted by a 
wide range of these parameters, it is not possible to 
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determine unique values of any of these parameters 
from the present calculations and experimental results. 

Calculated excitation functions for several systems 
based on the uniform set of assumptions described in 
the figure caption are shown in Fig. 15. Though the 
absolute values of these cross sections depend sensi- 
tively on the assumptions, the general trends do not. 
Figures 14 and 15 show that grazing interactions are 
relatively more important for lighter targets and at 
higher energies. 

The calculations suggest that at high energies (10 
Mev per mass unit) the cross section for grazing contact 
reactions may become a large part of the geometrical 
cross section. The total cross section of the products 
detected in the present experiments is about 50 mb. 
Taking into account unobserved products (e.g., C”, 
N"™, N'®, etc.) the total cross section for grazing con- 
tact transfer is estimated to be several hundred milli- 
barns. It is also quite plausible that frictional excitation 
during grazing collisions may cause complete breakup 
of the projectile, and that this mode of reaction con- 
tributes significantly to the total cross section for graz- 
ing interactions. The forward distribution of protons 
and alpha particles with energies of about 10 Mev per 
mass unit from 160 Mev O'* on Ni, which has been 
observed by Knox, Quinton, and Anderson,” suggests 
that the projectile does break up in an appreciable 
number of cases. This grazing contact mechanism pro- 
vides a good means of obtaining the very high excitation 
energies required for such breakup. 

Grazing collisions of this nature could well be the 
mechanism of the “buckshot effect” proposed by 
Chackett ef al. The buckshot effect postulates that 
certain products of heavy-ion bombardments could 
most readily be accounted for by assuming that, in 
some collisions, only part of the projectile remains bound 
to the target to form a compound nucleus. Transfer 
of nucleons to the target is expected to have a high 
cross section in grazing reactions. A mechanism is thus 
provided for the formation of a series of compound 
nuclei having masses relatively near that of the target 
(or projectile). The calculations of excitation functions 
of grazing reactions suggest that the buckshot effect 
should be of relatively greater importance at higher 
energies and with smaller targets. 

A further consequence of the high cross section for 
grazing reactions, is that the statistical model cannot 
be applied to the gross results of high-energy heavy-ion 
reactions. The inadequacy of this model has been 
pointed out by Hubbard, Main, and Pyle,** who found 
that neutron production in heavy-ion bombardment is 
well below what would be expected from evaporation 
calculations. To obtain agreement, cross sections for 
compound nucleus formation significantly less than 
the interaction cross section (as determined by other 
means) have to be used, particularly for lighter targets. 


* F. L. Hubbard, R. M. Main, and R. V. Pyle, Phys. Rev. 118, 
507 (1960). 
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That part of the interaction cross section thus left 
unaccounted for is of the same order of magnitude as 
that expected for grazing reactions. 


APPENDIX I. EXPERIMENTAL DETAILS 
Stacked Foil Experiments 


The target assemblies (Fig. 2) for the stacked-foil 
experiments were mounted in a Faraday cup which 
measured 1} inches in diameter by 6 inches long. They 
were exposed to collimated and analyzed beams of 
10-* to 10-* ampere for about 10 minutes. The beam 
energy was determined to +2% by a system of deflect- 
ing magnets and collimating slits. The Faraday cup was 
placed in the field of a permanent magnet to prevent 
loss of charged secondary particles. A second magnet 
was placed after the last collimating slit to remove 
low-energy secondary particles and electrons from the 
beam. Corrections for variations in beam intensity 
during a run were made by measuring the charge col- 
lected in each one or two minute interval and assuming 
that the beam intensity was constant during each 
interval. 

After irradiation, the target was disassembled and 
the gold catcher foils placed below end-window beta 
counters. Identification of product isotopes was based 
on a good fit to the decay curves. There is little am- 
biguity in this since only residues of the projectiles 
could be expected to have sufficient ranges to reach 
the catchers. The only four such products which have 
convenient half-lives are F'® (112 min), O (2.1 min), 
N® (10 min), and C" (20.5 min). No gamma rays were 
found other than those due to positron annihilation, 
in agreement with the decay schemes of the expected 
products. 

All decay curves were analyzed graphically, and a 
few were also analyzed by a least squares fit with a 
UNIVAC computer. Standard deviations in the least- 
squares fit and a parameter describing the reliability 
of the fit were calculated as a part of the computer 
program. The UNIVAC results showed that the ex- 
pected half-lives gave a very good fit to experimental 
decay data. Comparison of resus of graphical analysis 
with results of the least-squares fit gave an indication 
of errors inherent in the graphical method. Total errors 
due to decay curve analysis were 10% for products 
formed in large yields, and as large as 40% for products 
formed in small yields. 

The beta counters were calibrated with a number of 


, Standard sources emitting beta particles at various 


energies. After correction for back scattering and self- 
absorption, the maximum error in the absolute counting 
efficiencies is estimated to be 20%. Relative activities 
are estimated to be accurate to about +5%. 

It was determined that changes in the magnetic field 
near the Faraday cup had relatively little effect on 
results, indicating that the smallest fields used were 
capable of preventing appreciable loss of charge from 
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the Faraday cup by secondary particle emission. 
Measurements of total cross sections in separate runs, 
based on the charge collected by the Faraday cup, were 
reproducible to within 5%. The over-ali accuracy of 
the absolute cross sections are therefore estimated to 
be from +20% to +50% for the various products. 

Energies of the products recoiling into the catcher 
foils were determined from range-energy curves based 
on a semiempirical plot by Papineau®® of Zes/Z as a 
function of V/Z!, where Zz: is the effective charge of 
a heavy ion with atomic number Z travelling with 
velocity V. The range-energy curves were calculated by 
assuming that over a small energy interval, AF, the 
heavy ions have an average charge given by the graph 
of Papineau. The distance, Aw, that a heavy ion with 
this charge will travel in a given material before losing 
the energy, AZ, can be determined from experimental 
range-energy curves of protons in the same target 
material with the use of the formula: 


R,(E/M)=R,(E/M)M/Z.t?. (5) 


In this expression, R,(#/M) is the range of an ion with 
charge Z and energy per mass unit E/M, R,(E/M) is 
the range of a proton in the same material with the 
same energy per mass unit, and M is the ratio of the 
mass of the ion to the mass of a proton. Ranges deter- 
mined in this manner were found to agree with experi- 
mental values obtained by Northcliff** to within 5% 
at the energies of interest. 


Angular Distribution Experiments 


The apparatus for the measurement of angular dis- 
tributions is shown in Fig. 4. Before entering the ap- 
paratus, the beam was collimated by passing through a 
34-inch diameter iris, and then through a }-inch diameter 
iris at a distance of 22 inches from the first iris. A perma- 
nent magnet was placed directly after this collimator to 
deflect any electrons which might have been emitted 
through interaction of the beam with the irises. Sixteen 
inches after the collimator was another }-inch diameter 
iris to remove particles which had been scattered by 
the collimator. The beam then entered the target 
chamber, which was electrically insulated from the rest 
of the apparatus and served as the Faraday cup. The 
target chamber was a cylinder 4 inches in diameter and 
20 inches long, and was machined so that the target 
holder and catcher foil holders would slide inside. The 
target holder was a hollow cylinder about 6 inches in 
length having a 32-inch diameter hole at either end, 
with the target mounted immediately beyond the second 
-inch hole. The products of interest recoiled from the 
target and were stopped in copper catcher foils taped 
to the inside of the catcher foil holders and to the end 
plate. Each catcher stopped products emitted from the 
target in a certain angular interval. All catcher foils 


26M. A. Papineau, Comp. rend. 242, 933 (1956). 
#6 L. C. Northcliff (private communication). 
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were covered by a thin (3-6 mg/cm*) screening foil 
to stop short range heavy target residues which recoil 
from the target. 

Full energy (10 Mev per mass unit) beams of C”, 
N*, 0! and F"’, and beams of O'* with energies down 
to 80 Mev were used to irradiate a 7.35-mg/cm*? Rh 
target. Beam intensities were usually 5X10-* to 
50 10-* ampere. 

After irradiation, the catcher foils were removed 
from the target chamber and placed in scintillation 
counters. The outputs were fed into single-channel 
analyzers which were adjusted to accept the positron 
annihilation gamma-ray pulses. Products were again 
identified by decay-curve analysis. The same four 
products that were observed in the stacked foil experi- 
ments were found. 

A correction was made for activity produced by the 
portion of the beam which was scattered in the target 
and which then reacted on striking the catcher foils. 
To illustrate the correction, assume only one product 
of interest was formed in the target, and that an O'* 
beam was used. Consider two catcher foils [Fig. 16(a) ], 
one at zero degrees to the beam direction (catcher 1) 
and one at some other angle (catcher 2). The total 
cross section for all multinucleon transfer products of 
interest in a typical experiment is about 50 mb, and 
this was distributed over a number of catcher foils. 
The total cross section for all products formed by beam 
particles striking the catcher is of the order of barns. 
Therefore, the activity that was produced in the target 
and which then recoiled into catcher 1 is negligible 
compared to the activity produced by the O'* beam as 
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I'1c. 16. Illustration of the corrections for activity produced by 
beam particles which are scattered in the target and then react 
upon striking the catcher foils, 





204 R. KAUFMANN 
it was stopped in catcher 1. It is therefore assumed that 
the decay curve of catcher 1 [Fig. 16(b)] represents 
decay of products which are formed by O" striking 
any catcher foil. 

The decay curve of catcher 2 represents products 
originating at two sources. Some products were formed 
as scattered O'* reacted with the catcher foil, and some 
products were formed in the target and recoiled into 
the catcher. The observed decay curve for catcher 2 
is shown as the solid curve of Fig. 16(c). This decay 
was followed until activity due to expected transfer 
products originating in the target was negligible [the 
point marked X in Fig. 16(c) ]. A curve parallel (on 
a logarithmic activity scale) to the decay curve for 
catcher 1 was drawn through this point [dashed curve 
in Fig. 16(c) ] and then subtracted from the observed 
decay curve. This gave the activity which was formed 
in the target and recoiled into catcher 2 [dotted curve 
in Fig. 16(c) ]. Results were discarded if activity due 
to scattered O'* was greater than the activity of the 
transfer products. This had to be done at the smallest 
angles; however, at larger angles the scattering cor- 
rection was small. 

Transformations from laboratory angles to center-of- 
mass angles were made according to Marion ef al.?’— 
assuming that all products were formed in their ground 
states. This transformation is not very sensitive to 
energy changes, so errors due to formation of products 
in excited states are not serious. All angles in this paper 
are given in the center-of-mass system. 

The determination of the total charge collected should 
be accurate to about +5%%. This error is smaller than 
in the stacked-foil experiments because loss of secondary 
particles is more severly limited by geometry. Counting 
efficiencies were known to about +5% due to the use 
of gamma-ray counting techniques. Each of the ten 
counters was calibrated before and after each run by 
a standard Na source, and the variation of efficiency 
was seldom greater than 2% of the efficiency. Samples 
were placed in small aluminum containers during count- 
ing in order to insure annihilation of positrons in a 
definite volume, and corrections were made for absorp- 
tion of gamma rays in the container and in the sample 
itself. A positron branching ratio of 90% was assumed?* 
and background due to the 1.28-Mev gamma ray was 
subtracted. The main source of error at small angles 
was due to the subtraction of activity produced by the 
scattered beam discussed above. The upper limit of 
this error was arbitrarily set as being equal to 50% of 
the correction itself. The magnitude of this error is 
indicated on Fig. 5. 

An additional 10°% error is introduced in the inte- 
grated thin-target cross sections (Table II) by the 
necessity of having to extrapolate the curves (Fig. 5) 
to zero degrees. The cross sections quoted in Table II 

27 J. B. Marion, T. I. Arnette, and H. C. Owens, Oak Ridge 
National Laboratory Report ORNL-2574, 1959 (unpublished). 

#8 R. Sherr and R. M. Miller, Phys. Rev. 93, 1076 (1954). 


AND R. 


WOLFGANG 


are therefore accurate to + 20% for values greater than 
10 mb and are as poor as +50% for some values near 
1 mb. 


APPENDIX II. CALCULATIONS BASED ON THE 
GRAZING CONTACT MODEL 


The calculations used to obtain excitation functions 
for grazing reactions (Figs. 14 and 15) are outlined in 
this section. The calculations are based on rather crude 
classical assumptions, but are useful for prediction of 
qualitative trends and cross sections to within an order 
of magnitude. The actual calculations are available in 
the thesis of one of the authors”®; and in this discussion 
only the method and assumptions of the treatment are 
presented. The cross section for grazing collisions is 
computed by estimating the range of impact parameters 
for which 


(1) the closest approach of centers is less than the sum 
of the radii of the undistorted nuclei, and (2) Coulombic 
and centrifugal forces at the distance of closest ap- 
proach exceed nuclear binding forces, so that the system 
separates. 


The main part of the calculation is an approximation 
of the forces between the projectile and target at the 
distance of closest approach. At this point, the system 
is assumed to have the form of overlapping spheres; 
i.e., no nucleons have flowed into or out of the region 
of contact. It is further assumed that the kinetic energy 
of the nucleons in the projectile which actually come 
into contact with the target is converted into excitation 
energy, but that the nucleons outside the volume of 
overlap or contact retain their collective kinetic energy. 
This assumption essentially states that, outside the 
volume of contact, the target and projectile remain 
rotationally uncoupled. As discussed in the test, this 
assumption, though probably substantially correct, can- 
not be wholly so. Because of this, a calculation making 
the opposite assumption, complete coupling, was also 
made and will be mentioned later. 

The binding energy of the system is computed by cal- 
culating the reduction in surface energy of the nuclei in 
contact. The magnitude of this surface energy is taken 
from the Weizsicker equation® and comes to about 
10 Mev per nucleon-nucleon bond. The actual binding 
energy is almost certainly less than this because of the 
excitation of the area of contact. The resulting over- 
estimate of the binding force will tend to make the 
calculated grazing cross sections too small. 

An estimate of the binding energy required to account 
for the experimental angular distribution was made as 
follows. The assumptions are that a”uniform attractive 
force acts perpendicular to the trajectory of the projec- 
tile during the time of interaction. It is estimated from 
geometry that the projectile travels tangentially around 

* Richard Kaufmann, thesis, Yale University, New Haven, 


Connecticut, 1960 (unpublished). 
* C. F. von Weizsicker, Z. Physik 96, 431 (1935). 
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the target for a distance of 5-10 f, and the radial distance 
over which interaction is appreciable is 1-3 f. With these 
assumptions, the binding energy required to deflect the 
observed products from the Rutherford scattering cutoff 
of 24° to an angle of 10° is about 10 Mev. 

The forces at the moment of closest approach can 
now be calculated for a given bombarding energy and 
distance of closest approach using the equations for the 
conservation of energy and angular momentum. The 
Coulomb repulsive force is calculated for point charges. 
The rotational force is computed from the kinetic 
energy at the moment of closest approach. This energy 
is equal to the bombarding energy minus the Coulomb 
and the excitation energies. In the uncoupled model, 
the excitation energy is just the kinetic energy of the 
nucleons in the projectile which come into contact with 
the target plus the binding energy. The average at- 
tractive force between the nuclei can be calculated by 
assuming the binding energy decreases uniformly as 
the bond stretches and the system separates. This force 
is just the total binding energy divided by the distance 
over which the bond breaks. Various estimates of this 
distance were used to calculate the curves in Figs. 13 
and 14. All estimates were of the form aAR+ ), where 
AR is the radial distance of overlap and a and bare param- 
eters; i.e., all bonds stretch to some extent, but the 
stretching will increase as the overlap increases. Only 
the ratio of the binding energy to the distance of stretch- 
ing appears in the calculations. 

Numerical calculations for an O'* beam on a Rh 
target show that repulsive forces are greater than at- 
tractive forces at the moment of closest approach for 
interactions in which as many as four nucleon-nucleon 
bonds are formed. This conclusion holds for all reason- 
able values of the parameters. If the bond does not 
break uniformly, but does so over a small distance, the 
attractive force would be increased. However, in order 
to overcome the repulsive forces at the highest energies 
available, unreasonable assumptions concerning bond 
stretching must be made. For example, a 40-Mev bond 
must break over a distance of 0.4 f or less to overcome 
repulsive forces at the highest bombarding energy. 
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This model would be expected to break down when 
the region of contact approaches an appreciable fraction 
of the projectile volume. Then it would no longer be 
valid to consider a two-body system with a weak bond 
in the region of contact. For this reason, a four nucleon- 
nucleon pair bond, which corresponds to an overlap 
of 2-3 f (diameter of O"* is 7-8 f), is about the maximum 
bonding that should be considered. 

The range of impact parameters, and hence the cross 
section for which contact is made but for which the 
repulsive Coulombic and centrifugal forces exceed the 
nuclear binding forces, can now be calculated. The re- 
sult of such a calculation for O'* plus Rh’ is given in 
curve B of Fig. 14. Curve A results from a similar 
treatment in which the colliding nuclei have become 
rotationally coupled. To reduce their relative velocity 
at the point of contact to zero, the frictional energy 
loss and the resulting internal excitation are much larger 
for the coupled than for the uncoupled model. As dis- 
cussed in the text, the uncoupled system is probably 
a much better representation of the actual interaction. 
Nevertheless, it is interesting that on either model a 
substantial cross section for grazing reactions may be 
expected. This is perhaps the most important conclusion 
of these calculations: that though a number of important 
assumptions are made, the qualitative result that graz- 
ing reactions should occur does not appear sensitively 
dependent on the validity of these assumptions. 
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Single-Nucleon Transfer Reactions of F'®, O'°, N“, and C+ 
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Results on the angular distribution of single-neutron stripping products are presented. Beams of F", 0'°, 
N*, and C® having an energy of 10 Mev per nucleon, and beams of O"* at lower energies were used in 
conjunction with a rhodium target. The relative contribution of tunneling and grazing transfer processes 
is discussed. The form of the angular distributions of products originating from the tunneling mechanism 
is very similar in all systems, although the magnitude of the F" cross section is unexpectedly large. The 
cutoff distance for closest approach in a tunneling event is found to correspond to the cutoff for elastic 


scattering. 





N the course of studies of grazing reactions of 

complex nuclei, as reported in the preceding paper,' 
data were obtaihed on single-nucleon as well as multi- 
nucleon transfer processes. Since single-nucleon transfer 
is currently of interest, particularly in connection with 
the nucleon tunneling mechanism,?* this information 
is briefly presented and discussed here. 

Results obtained include angular distributions of 
products resulting from the loss of a single neutron 
from C”, N™, O!*, and F". Bombarding energies were 
varied from 80 Mev to 160 Mev for O'* and were 10 





50 


160 Mev 
i141 Mev 
121 Mev 
10! Mev 
83 Mev 


uw 
° 


n 
° 


90/4.(™Ysteradian) 








i 
50 





30 40 60 


8 (degrees) 
Fic. 1. Differential cross sections with respect to the solid 
angle (da/dQ) at various bombarding energies for the loss of a 
single neutron from an O"* projectile on a Rh target. 


t Contribution Nimber 1639 of Sterling Chemistry Laboratory. 


1R. Kaufmann and R. Wolfgang, preceding paper [Phys. Rev. 


121, 192 (1961) ]. 


2J. A. McIntyre, T. L. Watts, and F. C. Jobes, Phys. Rev. 


119, 1331 (1960). 
*G. Breit and M. E. Ebel, Phys. Rev. 103, 679 (1956). 


Mev per mass unit for the other projectiles. A 7.35- 
mg/cm?* rhodium target was used in all experiments. 
The experimental arrangement and method, and the 
accuracy obtainable have been described in the 
preceding paper.' 

The angular distributions of the products—C" from 
C®, O from O'*, etc.—-are plotted as differential 
cross sections in Figs. 1, 2. The peak at small angles 
in all the distributions corresponds to the strong 
forward peak observed for multinucleon transfer 
products.! It may, therefore, be taken to result from 
grazing collisions (as discussed in the preceding paper) 
in which only a single neutron is transferred. The peak 
at larger angles is similar to that obtained in previous 
work on single-nucleon transfer from N"™.?-4 It has been 
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Fic. 2. Differential cross sections with respect to the solid 
angle (do/dQ) for the loss of a single neutron from several beams 
with bombarding energies of 10 Mev per mass unit on a Rh target. 
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Fic. 3. Differential cross sections with respect to the distance 
of closest approach (do/dRmin) are plotted as a function of the 
separation parameter Rp for the system O!*+Rh..All curves are 
normalized to peak at the same height. 


ascribed to tunneling’ or virtual state excitation.® 
Mechanisms of this nature, in which the Coulomb 
barrier is not penetrated, may be termed barrier 
processes. They predict the observed increase in peak 
angle as the bombarding energy is decreased (see Fig. 1). 

The most conspicuous feature of Fig. 2 is the high 
cross section for the formation of F'§ from F® (total 
cross sections given in Table II of the preceding paper). 
This is not well understood. It may well be connected 
with the binding energy of the last neutron, which is 
lower for F™ than it is for O'* or C®. In that case, 
however, the low yield of N'™ becomes anomalous, 
since the last neutron is bound about equally strongly 
in F® and N"™. Possibly the yield of N® is diminished 
because the excited levels of this species are unstable 
with respect to particle emission. The fact that F"’ has 
two rather loosely bound neutrons, as opposed to N"™ 
with only one, may also be important. 

It is difficult to determine the relative importance 
of tunneling and grazing contact mechanisms from the 
differential cross sections given in Figs. 1 and 2, since 
the area under the curves is not proportional to the 
cross section. A more useful representation of the data 
is to give cross sections as a function of the distance 
of closest approach. If it is assumed that the projectiles 


V. V. Volkov, A. S. Pasink, and G. N. Flerov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 33, 595 (1957) [translation: Soviet Phys.-JETP 
6, 459 (1958) ]. 

5G. Breit and M. E. Ebel, Phys. Rev. 104, 1030 (1956). 
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Fic. 4. Differential cross sections with respect to the distance 
of closest approach (do/dRwin) are plotted as a function of the 
separation parameter Ro. Several beams were used at bombarding 
energies of 10 Mev per mass unit. All curves are normalized to 
peak at the same height 


follow Rutherford trajectories, products detected at 
a scattering angle, 0, will have a minimum center-to- 
center separation from the target, Ruin, as given by 
the Rutherford scattering formula: 


ZZ" 
—[1+csc(6/2)]. (1) 


$e 


Resin 


The data in Figs. 1 and 2 may then be transformed as 
suggested by McIntyre?: 


do da dQ de 


a, (2) 
ARmin dQ d0 dRyuin 


where {2 represents the solid angle. The factor 
(do/dRmin) is obtained by differentiation of Eq. (1). 
Rmin May be expressed in terms of the mass numbers 
of the projectile and target, 4; and A», and the reduced 
reaction radius, Ro: 


Riin= Ro(A 14+ A2#). (3) 


Plots of (de/dRmin) vs Ro are given in Figs. 3 and 4. 
All curves are normalized to the same maximum value. 

The relative importance of the tunneling and grazing 
contact mechanisms may now be examined. Particles 
which do not follow a Rutherford trajectory give ficti- 
tious values of Ro. Thus, products of grazing reactions, 
because of their forward angular distributions, yield 
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large apparent values of Ro, although, of course, their 
actual approach is so close that the nuclear surfaces 
overlap. An appreciable part of the cross sections for 
very large apparent distances of closest approach are 
thus due to grazing reactions. 

As the energy is decreased to near 100 Mev, the 
cross section at large apparent Rp values, as shown for 
O'* in Fig. 3, decreases very rapidly. Despite large 
experimental errors in this region, the effect seems to 
be real. A similar decrease was first observed by 
McIntyre, Watts, and Jobes’ with the system N™ on 
Au. This effect is to be expected since, in the vicinity 
of 100 Mev, the cross section for grazing contact 
transfer drops off much more rapidly with decreasing 
energy than does that for tunneling.’ A comparison of 
reactions of different projectiles (Fig. 4) shows a 
similar structure. Of the beams used, C” has the 
highest last neutron binding energy, and so contact 
transfer should be most important relative to transfer 
by some barrier process such as tunneling or virtual 
state excitation. This shows up in Fig. 4 as a relatively 
large cross section at large Ro. The same effect causes 
a peak near zero degrees (or a shallow minimum 
between the two peaks) in Fig. 2. In order of binding 
energies of the last neutrons, the curves at large Ro in 
Fig. 4 should be in the order C” highest, then O*, and 
then N™ and F” about equal. This is roughly the 
order observed experimentally, though experimental 
accuracy is not sufficient to make this conclusion 
certain. 

Apart from these effects at high Ro, die to grazing 
transfer, the shapes of the curves for all systems are 
remarkable for their similarity. Within experimental 
error, they are all superimposable. This indicates that, 
except for its magnitude, the barrier mechanism is 
virtually identical in all systems. 

The curves for all particles having 10 Mev per 
nucleon (Fig. 4) show a maximum at Ro=1.65 f.° At 
energies near the Coulomb barrier the peak for O'* 
appears at slightly smaller values of Ro (Fig. 3). This 
is in good agreement with the value of 1.55+0.05 f 


* Interpretation of the value of Ro at the peak as the char- 
acteristic reduced radius for nucleon transfer is not unambiguous. 
Equation (1) is correct for an elastic scattering event, but if a 
neutron is transferred, the lighter residue will be deflected more 
by the Coulomb field of the target than the original projectile. 
If it is assumed that transfer takes place at the moment of closest 
approach and that the velocity of the projectile is not changed 
during the transfer, Eq. (1) may be improved by replacing 27¢.m. 
by Te.m.+To.m.’, where Te.m. is the kinetic energy of the incident 
projectile and 7...’ is that of the observed residue, both in the 
center-of-mass system. This modification will shift the peaks of 
Figs. 3 and 4 by about 0.05 f to larger values of Ro. After this 
correction is made, the peak in Figs. 3 and 4 should represent 
the distance at which most reactions take place. To correct this 
to the distance at which transfer is most probable, the probability 
of finding a projectile at a given distance must be considered. 
This can be approximated by dividing the value of (do/dRmin) 
by Rmin at om point (i.e., plot do/RmindRmin VS Rmin or Ro). 
The result is a shift of the peak of the curves to smaller Ro by 
about 0.05 f to 0.1 f. The corrections for the added deflection of 
the lighter product and for the probability of finding a particle 
at a given distance nearly cancel, and the most probable reduced 
radius for transfer is at Ro=1.65 f. 
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obtained by McIntyre? for a N™ beam and a gold 
target at energies just above the Coulomb barrier. 
Such a decrease in Ry at the Coulomb barrier may be 
ascribed to the decreasing importance of the grazing 
contact mechanism (which contributes mainly to the 
cross section at large apparent Ro) at low energies. 

It is interesting to compare these results with data 
from elastic scattering experiments. Elastic scattering 
data are often plotted as the experimental cross 
section divided by the Rutherford cross section. The 
elastic scattering radius is then taken as the radius at 
which the experimental cross section drops to } the 
Rutherford cross section. Hubbard and Merkel’ have 
suggested that single-neutron transfer data may also 
be plotted as the ratio of experimental to theoretical 
cross sections, and the single-neutron transfer radius 
taken as the point at which this ratio is }. The 
theoretical single-nucleon tunneling cross _ section 
should increase approximately exponentially as the 
distance of closest approach decreases.’ This behavior 
is observed experimentally at energies just above the 
Coulomb barrier in this work and in that of McIntyre.? 
(At higher energies this behavior is distorted somewhat 
due to the contribution from grazing contact transfer.) 
If the exponential part of the low-energy curve in Fig. 3 
is extrapolated from large to small Ro, and this is 
taken as the theoretical estimate of the tunneling cross 
section, then the point at which the ratio of experi- 
mental to theoretical cross sections is } corresponds 
to an Ro of about 1.45f. This is in agreement with 
the results of Hubbard and Merkel.’ It is also about 
the same radius as is obtained from elastic scattering, 
data.*® 

This radius, Ro=1.45f, represents the distance at 
which the incident particle comes so close to the 
target nucleus that the nuclear attractive potentials 
overlap. At this distance the tunneling mechanism 
becomes meaningless and other processes, particularly 
grazing transfer, become dominant. The fact that the 
cutoff distance as calculated using tunneling theory is 
the same as the similar cutoff for elastic scattering, 
provides support for the tunneling hypothesis. It also 
implies that transfer of a neutron through the Coulomb 
barrier causes no significant deviation from a trajectory 
determined by purely Coulombic interaction. 
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The location of a second 2+ state has been found for thirteen even-even medium-weight nuclei by means 
of Coulomb excitation produced by 8-, 9-, and 10-Mev a particles. The relatively weak excitation of these 
states is detected by a coincident measurement of the cascade gamma rays. From the observed gamma-ray 
yields, information is obtained on the B(£2)’s for the crossover transitions. The cross over B(£2)’s exhibit 
some uniformity and are all rather weak, being about single-particle value or a little less. For some nuclei 
the cascades/crossovers ratio for the second 2* state is known from other work, and it is then possible to 
extract the B(£2) for the upper cascade transition. These ‘upper cascade B(2)’s exhibit enhancements 
comparable to those for the lower cascade transitions. Evidence is obtained for the “double £2” Coulomb 
excitation of the 4* state in Cd" and this requires an enhanced 4 — 2 B(E2). In general, the measurements 
reported support a collective model interpretation, but it is as yet difficult to draw conclusions concerning 
the shape of the collective potential energy surface governing this motion. 


I. INTRODUCTION 


HE Coulomb excitation of an even-even nucleus 

primarily involves the excitation of the first 2+ 
state. The strong excitations of the first 2+ states of 
medium-weight nuclei have allowed the systematic 
determination of the position of the first 2+ state together 
with fairly accurate measurements of the associated 
B(E2).* The observed large enhancements of the 
values for B(E2) over that expected for a single-particle 
transition naturally suggested a collective motion in- 
terpretation of these states. Several authors*~* have 
pointed out the close correlation of the enhancement 
of the B(E£2) and the associated energy of the first 2* 
State. 

Several years ago Scharff-Goldhaber and Weneser® 
pointed out certain regularities exhibited by the low- 
lying levels of even-even medium weight nuclei. The 
systematic trends in the ratios of the level positions, 
spins of the second excited states and the relative transi- 
tion rates for the competing modes of decay of the second 
2+ state led to the proposal that these excited states 
result from a collective motion which generates “near 
harmonic” spectra. They suggested a vibrational model 
based on the collective theory of Bohr and Mottelson’ 
which might account for the observed properties of the 
states. 

This vibrational model predicted that at roughly 
twice the excitation energy of the first 2+ state there 
should be close-lying triplet of states of the type OF, 2*, 
and 4+, Essentially no information was available on 


1 The B(E£2) is the reduced electromagnetic quadrupole transi- 
tion rate. See review article of K. Alder et al., Rev. Modern Phys. 
28, 432 (1956). 
2G. M. Temmer and N. P. Heydenburg, Phys. Rev. 104, 967 
1956). 
3 PH Stelson and F. K. McGowan, Phys. Rev. 110, 489 (1958). 
4C. F. Coleman, Nuclear Phys. 7, 488 (1958). 
5D. M. Van Patter, Bull. Am. Phys. Soc. 3, 360 (1958). 
6G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 
7 . Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, No. 14 (1952); A. Bohr and B. R. Mottelson, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


the existence of these triplets. However, the lack of 
evidence did not necessarily contradict the model be- 
cause, at the time, most of the knowledge of these 
states was based on excitation by beta decay with its 
concomitant strong selection rules. Furthermore, if in 
a given case, beta decay did appreciably excite a second 
member of the triplet, this fact might have been missed 
because of limited experimental resolution. Recently an 
example of such a case has been found (see below).® 
The first evidence for the existence of states which 
could be associated with the predicted triplet was found 
in the nucleus Cd"*, This evidence came from work on 
the decay scheme of In" and the work of Motz® on 
the y-ray spectra following neutron capture in Cd", 
Four states were identified in the energy region at 
twice the excitation of the first 2+ state, and three of 
these could be characterized as 0+, 2+, and 4+. 
Goldhaber and Kraushaar"® pointed out that the sec- 
ond 2* state of vibrational type nuclei systematically 
exhibits a peculiar decay from the point of view of the 
single-particle transition rates. Both the crossover E2 
and the cascade M1 transitions are highly unfavored 
compared to the cascade £2 transition. This behavior 
was qualitatively explained by the vibrational model. 
The vibrational model also made the quantitive pre- 
diction that the ratio, R= B(E2, 2’—+2)/B(E2,2-+0) 
should be equal to 2."' (Here 2’ designates the second 
2+ state.) For medium-weight nuclei no information was 
available on this ratio and there were no absolute values 
for the crossover B(£2) and the cascade B(M1). 
Several other types of collective motion have been 
proposed to account for “near harmonic” spectra. 
Wilets and Jeans” studied the case of nuclei character- 
ized by fixed total deformation but with unstable shape 


8 R. L. Robinson, F. K. McGowan, and W. G. Smith, Bull. Am. 
Phys. Soc. 4, 279 (1959). 

9H. T. Motz, Phys. Rev. 104, 1353 (1956). 

10 J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 

1D. C. Choudhury, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 28, No. 4 (1954). 

2 |. Wilets and M. Jeans, Phys. Rev. 102, 788 (1956). 
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(y-unstable nuclei). The predicted properties are quite 
similar to those of the weak-coupling case considered 
by Scharff-Goldhaber and Weneser. On this model one 
expects a triplet of 0+, 2+, and 4* states at roughly 
twice the energy of the first 2+ state. The quantity R 
is again predicted to be 2. The similarities in the pre- 
dictions of these two models make it difficult to find 
experimental evidence favoring one over the other. 
Raz has reported calculations using two equivalent 
particles and adding surface effects to the two-body 
interaction."* The effects of increasing the strength of 
the surface interaction and of increasing the strength 
of the two-particle interaction are studied. According 
to these calculations, in the region of about twice the 
energy of the first 2+ state there should be a doublet 
of 2+ and 4* character. The 0* state is considerably 
higher in energy. The quantity R varies with coupling 
strength but never exceeds the value 1. Raz also made 
some quantitative calculations concerning the crossover 
E2 and the cascade M1 decay of the second 2* state. 
Davydov and Filippov have suggested that “near 
harmonic” spectra can result from the rotation of non- 
axially symmetric nuclei.'* From the observed energy 
separation of the states one can obtain the value of 
y for the nucleus. With this value for 7 one makes quan- 
titative predictions for R and for the ratio of cascade 
to crossover B(E2)’s for the second 2* state. A triplet 
of states is not predicted by this model; in the energy 
region at twice the excitation of the first 2+ state one 
expects a 2+ state and, somewhat higher, a 4* state. 
In general, one expects that the Coulomb excitation 
of the second 2+ state is quite weak compared to the 
excitation of the first 2+ state, both because the cross 


Fic. 1. Schematic diagram of the experimental arrangement. 
The bevelled 3-in.X3-in. Nal crystal detector located at 90° to 
the beam direction detected the upper cascade y ray. The detector 
located at 0° detected the lower cascade y ray. The detector 
located in the upper right corner was not used in this experiment. 


18 B. James Raz, Phys. Rev. 114, 1116 (1959), 
4 A. S. Davydov and G. F. Filippov, Nuclear Phys. 8, 237 
(1958). 
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section decreases rapidly with increasing excitation 
energy and because the cross section depends directly 
on the crossover B(E£2) which is expected to be small. 
Even under favorable conditions for excitation, we have 
not been able to obtain evidence for the excitation of 
second 2+ states by direct examination of gamma-ray 
spectra. However, by making a coincidence measure- 
ment on the cascade gamma rays, one can achieve a 
considerable increase in sensitivity and by this method 
it has proved possible to measure the Coulomb excita- 
tion of the second 2* state." 

The simplest information one extracts from these 
Coulomb excitation measurements is the location of the 
second 2+ state. The location of this state was not known 
for most of the nuclei studied. This information com- 
bined with available data of 0* and 4+ states provides 
evidence on the possible existence and quality of doub- 
lets or triplets. In addition, from the measured cross 
section, one can extract values for B(£2) and B(M1) 
for transitions involving the second 2+ state. The above 
discussion shows that such information may be useful 
in testing the degree of validity of the different proposed 
types of collective motion. 


Il. EXPERIMENTAL METHOD 
A schematic diagram of the experimental arrange- 
ment is given in Fig. 1. The two gamma-ray detectors 
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a) 


counts/pcoulomb 
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Fic. 2. Coincidence spectrum for Ru, The solid circles show 
the gross coincidence spectrum. The solid triangles show the 
random spectrum. See Sec. II-3 of text for discussion of the 
spectrum. 


_ °A preliminary report of this work is given by the authors 
in Bull. Am. Phys. Soc. 2, 267 (1957). 
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are 3X3-in. NaI(T1) cylindrical crystals. For most of 
the measurements, bevelled crystals were used to obtain 
higher efficiencies by increasing the solid angle. The 
distance from the source of y rays to the front face of 
the crystal is 4 cm. The tapered lead shield was placed 
between the crystals to reduce background coincidences 
resulting from Compton scattering of gamma rays from 
one crystal to the other. 

The strong Coulomb excitation of the first 2+ state 
is one of the difficulties in this experiment. A low coin- 
cidence rate results from the fact that the electronic 
equipment processes a maximum of 2X10‘ pulses/sec 
and most of these pulses result from y rays from excita- 
tion of the first 2+ state. To alleviate this drawback, it 
is desirable to choose projectiles with energies large 
compared to the energies of the excited states. Protons 
of the required high energy are not suitable because 
they easily penetrate the Coulomb barrier and produce 
troublesome compound nucleus reactions. We therefore 
used a@ particles for excitation. The ORNL 5.5-Mv Van 
de Graaff accelerator was used to accelerate doubly- 
ionized helium ions to energies of 8 to 10 Mev. 

In all cases, the targets used were prepared from 
enriched isotopes. Most of the targets had been made 
previously to measure the Coulomb excitation of the 
first 2+ state. The preparation of these targets has been 
described.* 

A fast-slow coincidence circuit was used with resolving 
time, 27, of either 0.12 usec or 0.06 usec. Pulses from 
the detector located at 0° to the a-particle beam were 
fed into a single-channel analyzer whose window was 
placed on the full energy peak of the y ray resulting 
from the decay of the first 2+ state. The coincidence 
spectrum from the detector located at 90° to the beam 
was displayed on a multichannel analyzer. Initially a 
sliding 20-channel analyzer was used. Later, a consider- 
able improvement was made when a full 120-channel 
analyzer became available. 
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Fic. 3. Coincidence spectrum for Ru™. See Sec. II-3 of 
text for discussion of the spectrum. 
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Fic. 4. Coincidence spectrum for Ru. See Sec. II-3 of 
text for discussion of the spectrum. 


1. Gamma-Ray Spectra 


Typical coincidence spectra are shown for each of 
the 13 nuclei studied in Figs. 2 through 13. In each case 
there is, in addition to the strong chance coincidence 
peak located at the energy of the first 2+ state, a true 
coincidence peak which results from the weak excitation 
of the second 2+ state. The energies of the observed 
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. 5. Coincidence spectrum for Ru®*. See Sec. II-3 of 
text for discussion of the spectrum. 
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Fic. 6. Coincidence spectrum for Pd"°. See Sec II-3 of text 
for discussion of the spectrum. 
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Fic. 7. Coincidence spectra for Pd* and Pd, See Sec, II-3 
of text for discussion of the spectra. 
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gamma rays and the associated errors (regarded as 
standard deviations) are listed in Table I. Cd!” and 
Cd" exhibit two higher 2* states as shown in the spectra 
and table. The detailed discussion of each of these 
nuclei is deferred to Sec. II-3 on individual cases. 

The observed number of Coulomb excitations of the 
second 2+ state is given in Column 4 of Table II for the 
corresponding a-particle energy listed in Column 3. 
Targets were used which were thick to the incident a 
particles. Since the experiment does not measure the 
yield of the crossover gamma rays, the listed numbers 
are the partial number of excitations which result from 
the cascade decay of the second 2* state. Furthermore, 


ro} 


counts7480 pCoulomb 


Coincidence spectrum for Cd. See Sec. II-3 of 
text for discussion of the spectrum 
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Fic. 9. Coincidence spectrum for Cd™. See Sec. II-3 of 
text for discussion of the spectrum. 
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an isotropic y-ray correlation is assumed in obtaining pitas “22 

. . = 64 kev Te'22 
the numbers listed. Estimates of the possible error re- ee } ‘i © GROSS COINCIDENCE 
sulting from this assumption are discussed below. a 18 es ae 


> | , | PEAK 
2. Extraction of eB(E2).x : j E,= 10.089 Mev 


? 
For most of the nuclei investigated, the y-ray yield i 
was measured at several a-particle energies to determine -— g 
whether the yield varied correctly for the Coulomb ex- 

citation process. We shall initially assume that the ex- 

citation of the second 2* state is caused solely by direct 

E2 excitation via the crossover transition. The theoreti- 

cal thick-target Coulomb excitation integrals are given 
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. Coincidence spectrum for Te™. See Sec. II-3 of 
text for discussion of the spectrum. 
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Fic. 10. Coincidence spectrum for Cd". See Sec. II-3 of 
text for discussion of the spectrum. 
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11. Coincidence spectrum for Cd™*, See Sec. II-3 of 


Fic. 13, Coincidence spectrum for Mo™. See Sec. II-3 of 
text for discussion of the spectrum. 
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Taste I. Summary of observed gamma-ray energies. Column 1 
lists the nucleus. Column 2 gives the energy of the first 2+ state 
+ ray. Column 3 gives the energy of the uppér cascade y ray. The 
last column lists the energy of the second (or third) 2* state. 








(1) (2) (3) 
Nucleus E, (kev) Ez (kev) 


Mo 53045 520+5 
Ru® 654+6 748+ 10 
Ru 540+5 817+10 
475+5 62547 
35843 5356 
$1345 607+7 
43344 508+6 
37444 438+6 
656+6 810+10 
610+6 685+ 10 
845+12 
555+5 


(4) 
(Ei+£2) (kev) 


1050+7 
1402412 
1357411 
1100-49 
893-7 
112048 
94147 
8127 
1466+ 12 
1295+ 12 
1455414 
120010 
1363413 
1217411 
1256+ 11 





645+8 

808+ 12 
700+ 10 
692+10 


517+5 
564+5 








in Column 5 of Table II in the units [kevX mg/cm? ]. 
The quantity «B(E2).x, which is essentially obtained 
from Columns 4 and 5, is given in the last column of 
Table II. The formulas used to obtain the quantities 
listed in Columns 5 and 6 are given in a previous paper.’ 
The quantity « is defined as the ratio [cascades/(cas- 
cades+crossovers) ]. Since the number of crossover 
decays is not measured, « is, in general, not known 
unless determined by another experiment such as radio- 
active decay measurements. The errors listed for 
¢B(E2).x are not the absolute errors but include only 
the errors entering into the relative measurement at 
different a-particle energies since here we want to de- 
termine whether the «B(E2).x for a given nucleus re- 
mains constant within the relative errors at different 
bombarding energies. In some cases there are two 
entries with almost the same a-particle energies; these 
represent different runs separated by several months. 
The observed general constancy of the «B( £2). with 
changing a-particle energy indicates that to within the 
accuracy of the measurements the excitations agree 
with the theoretical variation for the Coulomb excita- 
tion process. In Table III we list our best values for 
the e«B(E2).x for each transition. The errors given in 
Table ITI include all sources of error which enter under 
the assumption that the observed y-ray yields result 
solely from crossover E2 Coulomb excitation as outlined 
above. However, the errors cannot be considered ab- 
solute errors because of possible uncertainties arising 
from an oversimplification of the interpretation of the 
y-ray yields. Three possible sources of systematic errors 
are (1) contribution to y-ray yield via compound nucleus 
inelastic scattering, (2) complications from a competing 
“double £2” mode of Coulomb excitation, and (3) ne- 
glect of the angular correlation of the cascade vy rays. 


A. Compound Nucleus Contribution 


A theoretical estimate of the compound nucleus cross 
section as a function of a-particle energy is shown in 
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Fig. 14 for the representative nucleus Ru. This esti- 
mate is taken from the work of Igo'® which assumes an 
optical model potential obtained from the analysis of 
elastic scattering data. Igo’s cross sections are larger 
than the theoretical values given by Blatt and Weiss- 
kopf.'” However, recent experimental information con- 
firms the large values of Igo.'®'® 

The cross-section curve for the direct E2 Coulomb 
excitation of the second 2* state of Ru is also given 
in Fig. 14. It is clear that the variation with a-particle 
energy is quite different for the two processes; at 8 Mev 
the Coulomb excitation cross section is larger than 
Tcomp by a factor of 2, whereas at 10 Mev the oomp is 
10 times larger than the Coulomb excitation cross sec- 
tion. We believe the general background level of our 
coincidence spectra may be evidence for the existence of 
compound nucleus reactions. The background level is 
considerably higher than the random rate. This back- 
ground level rises rapidly with increasing a-particle 
energy; at 11 Mev the peak to background rate is less 
favorable than at lower energies. 

However, the quantity of direct interest here is not 
Tcomp but the possible contribution to the excitation of 
the second 2+ state from inelastic compound nucleus 
scattering. A previous theoretical estimate of this partial 
cross section, (a,a’y), for the excitation of the first 2+ 
state in Sn™° indicates that this mode of decay is ex- 
tremely unfavored compared to the (a,y), (a,p) and 
(a,m) processes.’ Furthermore, one expects the (a,a’y) 
process to vary even more rapidly with a-particle en- 
ergy than does the compound nucleus reaction since 
this reaction essentially depends on the product of two 
a-particle penetrabilities rather than directly on the 
a-particle penetrability. Since the observed variations 
in y-ray yields fit well with the much less rapidly varying 
Coulomb excitation cross section, this is strong evidence 
that the contribution via compound nucleus reactions 
is not a significant part of the observed y-ray yields. 
To illustrate this, we point out that if one takes the 
cross section for the (a,a’y) to have the same shape 
as the compound nucleus cross section given in Fig. 14, 
then the number of excitations of the second 2+ state 
in Ru™ (thick target) would have increased by over 
100 times in changing the a-particle energy from 8 to 
10 Mev. Actually, the yield increased a factor of 
4.15+0.45 which is in good agreement with the theoreti- 
cal factor of 4.6 for Coulomb excitation. 


B. “Double E2” Coulomb Excitation 


In addition to the direct excitation of the second 2+ 
state by means of the crossover £2 transition, an alter- 
native second-order Coulomb excitation mechanism 
known as “double £2” excitation may produce excita- 


6G. Igo, Phys. Rev. 115, 1665 (1959). 

11J. M. Blatt and V. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1952). 

18 P, H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 4, 
266 (1960). 
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TasLe II. Summary of information on the observed number of Coulomb excitations and the corresponding ¢B(E2).x. Columns 1 and 
2 list the nucleus and the observed energy of the second 2* state. Column 4 lists the observed number of excitations per 6.24 10 
incident @ particles with corresponding energies listed in Column 3. The numbers given in Column 4 are for the partial number of exci- 
tations of the second 2* state which decay by cascade emission since this is the quantity measured experimentally. Column 5 lists the 
theoretical thick target Coulomb excitation integral in (kev X mg/cm?). Column 6 lists the quantity «B(£2).ex in cm* (see text). 





(1) (2) 
Nucleus E (kev) 


Mo! 1050 


Ry 


(3) 
Eq (Mev) 
8.013 


8.996 
9.965 


8.124 
9.129 





(4) 
I 
(1.9140.19) x 10 
(3.72+0.45) x 104 
(1.03-40.09) X 10° 


(2.16+0.20) x 104 
(4.67+0.30) x 104 


(6) 
€B(E2)ex 


(1.9740.20)x10-© 


(1.43+0.17) x 10-” 
(1.86+0.17) x 10-” 


(1.29+0.12)« 10-% 
(1.19+-0.08) K 10- 


10.133 (8.97-0.50) x 104 2.68% 104 (1.15-+0.06) x 10-% 
Rute 8.124 (7.19-0.50) x 108 
9.129 (1.98-40.14) x 104 
10.133 (5.22-+-0.30) x 104 
10.046 (4.82-+0,30) x 104 


2.22 108 
6.40 X 108 
1.44 104 
1.35 104 


(1.12+0.08) x 10-” 
(1.06+0.08) x 10- 
(1.25++0.07) x 10- 
(1.23+0.07) K 10- 


Rul 57 9.129 ( 
10.133 ( 
10.046 ( 


1.06+0.22) x 104 
2.45+0.40) x 104 
1.77+0.18) x 104 


2.33 X 108 
6.34X 108 
5.85 X 108 


(1.57+0.33) x 10-" 
(1.334+0.22) x 10-% 
(1.05+0.10) x 10- 
10.046 7.50+0.75) x 108 4.96 108 (0.52+0.05) x 10-# 
8.124 (1.69-+-0.20) x 104 
9.129 (3.74+0.35) X 104 
10.133 .45+0.90) x 104 
10.046 .33+0.37) < 104 
10.046 .10+1.2) x 108 


(0.92+0.11) xk 10-" 
(0.90+0.09) x 10-% 
(0.93+0.11) x 10- 
(0.96+0.05) « 10-% 
(0.15+0.02) x 10-% 


8.124 0341.5) X 108 
9.129 (2.10+0.40) x 104 
10.133 4.38+0.90) « 104 


4.03 108 
1.03 104 
2.14 104 


(0.59+0.15) x 10-# 
(0.80+0.15) x 10- 
(0.81+0.17) x 10-% 


9.129 54+0.23) x 104 
10.133 3.16+0.60) X 104 


5.19 108 
1.22 104 


(1.17+0.28) x 10-# 
(1.03-+0.20) x 10- 


8.124 230.75) x 108 
9.129 (9.18+2.30) x 108 
10.133 2.14+0.42) x 104 
10.046 (1.90+0.14) x 104 


8.7510? 
3.04 108 
7.94X 108 
7.37 X 108 


(1.68+-0.40) x 10-# 
(1.37+0.25) x 10-” 
(1.2240.24) x 10-% 
(1.18+-0.09) x 10-# 


1200 9.129 96+0.40) x 10° 
10.133 (1.59+0.11) x 104 
10.046 (1.34+0.08) x 104 
1363 10.133 (4.38+0.65) & 108 
10.046 (4.23+0.42) « 108 


3.83 X 108 
8.38 108 
7.76X 108 
4.62 108 
4.26 108 


(0.71+0.05) x 10- 
(0.86+0.06) & 107% 
0.79+0.05) x 10-” 
0.43+0.06) x 10-% 
0.45+0.05) x 10-% 


1295 10.133 (1,080.25) x 104 
10.046 (1.14+0.07) x 104 
1455 10.133 (2.70+0.40) x 108 
10.046 (2.34+0.23) x 108 


5.97 X 108 
5.52X 108 
3.43 X 108 
3.13 X 108 


(0.82+0.19) kK 10-* 
(0.93+0.06) x 10-8 
(0.36+0.05) x 10- 
(0.34+0.03) x 10-% 


Cdi0 1466 10.133 
10.046 


(9.26+2.10) x 108 
(8.85+0.90) x 108 


3.06X 108 
2.69 X 108 


(1.38+0.31) X 10- 
(1.49-+-0.16) x 10-% 


Te™ 1256 9.112 
10.089 


(5.34+1.10) x 108 
(1.48+0.30) x 104 


+0.36) x 10-% 


1.82 108 (1.77 
(1.77+0.36) x 10-” 


5.08 x 108 








tions of the second 2+ state. This mechanism is discussed 


by Alder ef al.'® An approximate theoretical expression 
for the cross section is 


tion og2(2— 2’) is that for exciting the nucleus from 
the first 2+ to the second 2+ state. 

One faces two problems in trying to assess the im- 
portance of the “double £2” excitation; the first is the 
meager knowledge of the general reliability of the- 
theoretical estimate for the process and the second arises 
from the circumstance that the cross sections for direct 
and “double £2” excitation directly depend on the 


(0 — 2)on2(2— 2’), (1) 


where 2a is the distance of closest approach in a head-on 
collision. The cross section oz2(0—2) is that for 
Coulomb excitation of the first 2+ state. The cross sec- 


19 K. Alder, A. Bohr, T. Huus, B. R. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 


quantities Bgo(0— 2’) and Bg2(2— 2’) which, at the 
outset, are not known and in fact are among the things 
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Fic. 14. Cross section curves for a-particle reactions on Ru™. 
The curve labelled (a) is the cross section for excitation of the 
first 2+ state at 358 kev. Curve (b) is the cross section for direct 
E2 excitation of the second 2* state at 862 kev. Curve (c) is the 
calculated cross section for ‘“‘double £2” excitation of the second 
2+ state where the quantity R is taken to be 1. Curve (d) is the 
compound nucleus cross section obtained from Igo’s calculations. 


one is trying to extract from the measurements. There 
is one published measurement of “double E2”” Coulomb 
excitation. Newton and Stephens,” using oxygen ions 
of 30 to 80 Mev, excited the 4+ rotational state in the 
even-even tugnsten nuclei. By making the reasonable 
assumption that the value for Bg2(2 — 4) is predicted 
by the theory of rotational states from the known 
B g2(0 — 2), they found that their observed yield agreed 
to within about +15% with a calculated yield based 
on the cross section given in formula (1). 

The coincidence spectrum for Cd"* shown in Fig. 10 
indicates a weak peak at 725 kev. We have observed 
this peak in several runs on Cd"*, This peak corresponds 
to the known decay of a 4* state in Cd" at 1280 kev. 
An estimate of direct £4 Coulomb excitation indicates 
that an unreasonably large B(E4).x is required to ac- 
count for the” observed intensity. We therefore have 
interpreted this excitation as “double £2” excitation. 
As mentioned above, the application of Formula (1) 
requires the knowledge of B(£2, 2 —> 4)... For Cd" this 


» J. O. Newton and F. S. Stephens, Phys. Rev. Letters 1, 63 
(1958). 
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quantity is not known. We have therefore, tentatively, 
taken B(E2, 2— 4)x= (18/25)B(E2, 0 — 2).x as pre- 
dicted by the model of Goldhaber and Weneser.*" An 
alternative value predicted by the Davydov-Filippov 
model in B(E2, 2 — 4)=0.50B(E2, 0 — 2),x.2' The cal- 
culated coincidence peak for double £2 excitation of the 
4* state is shown in Fig. 10 by the dashed peak. We 
conclude that to within the rough accuracy of the 
experiment (++-50%) the predicted yield agrees with the 
observed yield. Although this check of the “double £2” 
cross section lacks accuracy, it has value because the 
excitation conditions are essentially identical to those 
for “double £2” excitation of the second 2+ states. 

We now proceed to use formula (1) to estimate the 
expected number of excitations of the second 2* state 
by “double £2” excitation. Since the B(E2, 2 — 2').« 
is somewhat uncertain, we have initially taken 


B(E2, 2’ > 2)/B(E2, 2 0)=R=1. 

This means B(E2, 2 — 2’)..=+B(E2,0— 2)... and the 
values for B(E2,0— > 2), are taken to be those pre- 
viously published.* One can then obtain the number 
of “double £2” excitations for some other value of R 
simply by multiplying our values by R. We list in 
Table IV calculated values for the number of excitations 
of the second 2+ state by “double £2” for representative 
a-particle energies corresponding to those energies 
actually used for the measurements (see Table IT). 

An estimate of the importance of “‘double £2” exci- 
tation can now be made by comparing the numbers 
listed in Table IV to the observed number of excitations 
(cascade decay only) listed in Table II. The actual 
ratios are somewhat lower than the ratios obtained 
from the numbers in the two tables since the observed 


TABLE III. Best values for «B(£2),.x. The second column lists 
the observed excited state for the nucleus listed in Column 1. 
Column 3 lists the best values for «B(£2)ex on the assumptions 
discussed in the text. Column 4 lists an absolute percentage error 
for «B(E2)-x under the restrictive assumptions mentioned in the 
text. 








(1) 
Nucleus 


Ru 
Ru'® 
Ru™ 
Ru” 
Pdi 
Pd 
Pde 
Cd's 
Cd™ 
Cds‘ 
Cadi 
Cqu2 
Cato 
Te 
Mo! 


(3) (4) 
¢B(E2)exX10" Percentage 
error 


1120 
1217 
1200 
1363 
1295 
1455 
1466 
1256 
1050 





A. S. Davydov and V. S. Rostovsky, Nuclear Phys. 12, 58 
(1959), 
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excitations do not include crossover intensities whereas 
the numbers in Table IV are for total number of excita- 
tions. This comparison indicates that for the excitation 
conditions employed (8- to 10-Mev a particles) the 
“double £2” excitation of the second 2* state is a few 
percent of the observed excitation. Therefore, our orig- 
inal interpretation that the excitation of these states 
is by the crossover transition is roughly correct. 

If it were just a matter of subtracting the ‘double £2” 
contribution from the observed yield to obtain a better 
value for the crossover B(E2), a rather small, unimpor- 
tant correction would be required. However, one expects 
that the two modes of excitation, crossover and “‘double 
E2,” would be coherent. Consequently, the actual cross 
section for excitation of the second 2* state would be 
of the form 


a@+2ab cos6+6’, (2) 


where a? is the crossover excitation cross section, 6 is 
the “double £2” excitation cross section, and 2ad cos@ 
is an interference term. At the present time, the phase 
6 is an unknown quantity. This coherence of the two 
modes of excitation makes the small admixture of 
“double £2” excitation a much more serious source 
of uncertainty since it produces an unknown interference 
term which is considerably larger than the “double £2” 
cross section. The uncertainty introduced by this inter- 
ference term constitutes one of the principal sources 
of error for the quantities B(E2,2'’->0), and 
B(E2, 2’ — 2) obtained from our measurements. Since 
our errors are considered to be standard deviations, we 


Taste IV. The calculated number of “double £2” excitations 
are listed in Column 3 for the nuclei and a-particle energies listed, 
respectively, in Columns 1 and 2. We have taken R=1 (see text 
for 

(3) (1) 


Excitations 





Excitations 


6.24X 10% 6.24 10" 
Nucleus Va » (Mev) a particles Nucleus» Eq (Mev) a particles 


Rum caus 8.124 1.0X 108 
9.129 3.7X 10? 

10.133 10.046 9.5X 10? 

8.124 
9.129 
10.133 


Cd" 9.129 


10.046 


3.4X10 
8.6X 10? 
Ca* 10.046 6.5X 10 
9.129 
10.046 Ca™ 


10.046 3.7X10 


10.046 


8.124 
9.129 
10.046 


8.124 
9.129 
10.133 


1 9.112 


10.089 


1.8X 10? 
5.4X 10° 
Mo™ 8.013 
8.996 
9.965 


5.2X 10 
1.6X 10* 
3.8X 108 


9.129 
10.133 
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re 1G. 15. Expected coefficients Az and A, as a function of 

(E2/MAye} for ideal geometry for the triple correlation 

+ @)= =1+A2P2+A,P,. @ is the angle between the detector fixed 

at 0° and the second detector. For our case @=90°. 6 refers to the 
upper cascade transition. 


have taken 3 of the maximum value for the interference : 
term as the error to be assigned to the B(E2) from this 
source of uncertainty. 


C. Angular Correlation 


The coincident cascade y rays have an angular correla- 
tion which might introduce significant errors in the 
values for B(E£2). The spin and multipole sequence of 
interest is 

A B as 
0(£2)2(£2+ M1)2(£2)0. (3) 


Transition A is the initial H2 Coulomb excitation, 
transition B is the upper cascade y ray (measured at 
90° to the a-particle direction), and transition C is the 
lower cascade y ray (measured at 0° to the a-particle 
direction). Fortunately, with this geometry, it is feasible 
to calculate the expected triple correlation by the use 
of the Chalk River tabulations.” 

The initial Coulomb excitation stage of the correla- 
tion requires the introduction of the particle parameters 
(a2), and (a,);.25 To obtain representative numbers for 
these particle parameters, we have chosen the case of the 
thick-target Coulomb excitation of the 1200-kev state 
in Cd" with 10-Mev a particles. For this case (a2);= 
+0.910 and (a4),= —0.081. 

The triple correlation may be put into the form 
W (@)=1+A2P2(cosé)+A 4P4(cosé), where 6 is the angle 
between the detector fixed at 0° and the second detector. 
The coefficients A, and A, are plotted as a function 
of 6 [6=(E£2/M1)* for the mixed transition] for ideal 
geometry in Fig. 15. The coefficients are relatively large. 
The existence of a strong correlation offers the possibility 
of measuring 6 for the upper mixed transition. However, 


# W. T. Sharp, J. M. Kennedy, B. J. Sears, and M. G. Hoyle, 
Chalk River Report CRT 556 (unpublished); J. M. Kennedy, 


B. J. Sears, and W. T. Sharp, Chalk River Report CRT 569 
(unpublished); A. J. Ferguson and A. R. Rutledge, Chalk River 
Report CRT 615 (unpublished). 

*%F. K. McGowan and P. H. Stelson, Phys. Rev. 106, 522 
(1957). 
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this treatment of the correlation ignores the ‘double 
E2” complication of the Coulomb excitation. 

In our measurements, the detectors were placed as 
close to the target as possible to increase the counting 
rate and consequently the correlation is attenuated. 
The introduction of the coefficients for the finite geom- 
etry and the substitution of @=90° gives the result 
W (90°) = 1.044 for the case of pure E2 for the upper 
cascade. We have also worked out the expected correla- 
tion for two other representative cases and find results 
similar to the Cd" case. 

In conclusion, we state that although the expected 
angular correlation is rather strong, the detectors have 
been placed close enough to the target to attenuate 
this correlation to a large extent. From the point of 
view of reducing possible errors in the values for B(E2) 
this is an advantage since the value for 6 is not known 
for most of the transitions. For the purpose of applying 
a correction for the angular correlation effect, we have 
assumed pure £2 for the upper cascade transition and 
have applied a constant correction of —5% to the ob- 
served yields. We have taken the error associated with 
the angular correlation effect as +3%. 


3. Individual Cases 
Ruthenium-104 


Unfortunately, there is no information on the excited 
states of Ru' from radioactive decay measurements. 
A coincidence spectrum for Ru'™ is shown in Fig. 2. 
The real coincidence peak of 535 kev is quite strong 
and is somewhat too wide. This additional width is 
accounted for by an annihilation y-ray peak at 511 kev. 
When the window of the single-channel analyzer is 
moved off the 358-kev peak (above it), the annihilation 
peak remained. This peak is probably the result of the. 
buildup of activities produced by a-particle bombard- 
ment of light-element target impurities. 


Ruthenium-102 


A coincidence spectrum for Ru’ is given in Fig. 3. 
A real coincidence peak is observed at (625+7) kev. 
Information on the excited states of Ru’ can be ob- 
tained from the study of the decay of Rh’. This decay 
excites y rays of 630 and 1100 kev which may be inter- 
preted as the cascade and crossover of the second 2+ 
state. The interpretation of this decay scheme by 
Hisataki and Kurbatov™ gives a very high value for 
cascade/crossover. However, recent work at Oak Ridge 
on the decay of Rh'® shows that both 630- and 1100-kev 
y-ray peaks are complex.”® Coincidence and angular 
correlation measurements indicate that the cascade/ 
crossover for the second 2* state is 1.50.3. We have 
used this value to obtain the B(E2)’s listed in Table V. 
(19se) Hisataki and J. D. Kurbatov, Bull. Am. Phys. Soc. 3, 315 


2° F. K. McGowan and P. H. Stelson, Bull. Am. Phys. Soc. 5, 
448 (1960). 
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In addition, the Oak Ridge interpretation requires that 
a 4+ state be placed approximately at the same energy 
as the second 2* state. 

The calculation of the B(£2)’s listed in Table V 
ignores the contribution from the “double £2” excita- 
tion of a coincident 4* state. Although one does not 
yet know the B(E2,2—4).x, a reasonable estimate 
indicates that the inclusion of this contribution would 
reduce the values by about 10%. The B(£2, 2’— 2) 
listed in Table V is calculated on the basis of pure £2 
decay which is in agreement with the decay scheme 
results. 

Ruthenium-100 


100 


A coincidence spectrum for Ru'® is shown in Fig. 4. 
A real coincidence peak is observed at (817+10) kev. 
The peak centered at 520 pulse-height units is too broad 
to be attributed solely to the random peak of the 540-kev 
y ray. A random spectrum is also shown in the figure. 
The additional width on the low-energy side is assigned 
to annihilation y rays from activities produced in light 
element target impurities. 

Information on excited states of Ru’ is available 
both from the decay of Rh'®° and Tc!®°. Marquez** has 
measured the beta rays and internal conversion electrons 
produced in the decay of Rh'®°. From these measure- 
ments he was able to construct a level scheme for Ru'®’. 
The first excited state was placed at 535 kev and a 
second excited state at 1358 kev. The second excited 
state decays by both a cascade 823-kev y ray and a cross- 
over 1358-kev y ray which implies spin 2 for this state. 
These results agree well with what is found in our 
experiment. From the conversion electron intensities 
for the 823- and 1358-kev transition one can obtain a 
cascade/crossover ratio of 1.15 for the decay of the 
1358-kev state. However, Marquez did not give errors 
on his intensity measurements so that the accuracy of 
this value is not known. 

The decay of Tc! has been studied by O’Kelly et al.?7 
They found two strong y rays of 542 and 600 kev and a 
number of less intense y rays. The 542- and 600-kev 
Y rays are in coincidence. A weak y ray of 1140 kev is 
observed but it is not yet clear whether this is the cross- 
over y ray. The level at 1140 kev is not seen in our 
Coulomb excitation work. This suggests either that the 
spin of the state is not 2 or if it is 2, then the crossover 
B(E2) is considerably less than other observed cross- 
over B(E2) values. O’Kelley e/ al. also observed weak 
y rays with energies which could correspond to the 
crossover and cascade decay of the 2* state observed 
in the present work. They obtained a cascades/crossover 
value of 2.4+0.7. This value is considerably larger than 
the value extracted from the work of Marquez. Since 
errors are not given in the Marquez work, we have 
used the value obtained by O’Kelley e¢ al. in the calcu- 
lation of the B(£2) decays for the second 2* state. 

26 L. Marquez, Phys. Rev. 92, 1511 (1953). 


7G. D. O’Kelley, E. Eichler, and N. R. Johnson, Bull. Am. 
Phys. Soc. 3, 62 (1958). 
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Taste V. Summary of information on y-ray transition rates for the second 2+ state. Columns 1 and 2 list the nucleus and position 
of the second excited state. Columns 3 and 4 list the values for cascades/crossovers and E2/M1 taken from radioactive decay studies. 
Columns 5, 6, and 7 list the reduced electromagnetic transition rates for the second 2+ state. The errors assigned to these transition 
rates are considered to be absolute errors (standard deviations), i.e., possible systematic errors as well as errors assigned in Table III 


are included. Column 8 lists the quantity R= B(E2, 2’ — 2)/B(£2, 2 


viously listed information. 


(3) 
. F 
Cascades/ 
crossovers 





(1) 


Nucleus 
Rule 
Pd 
Rul 
( ‘dito 
Cdi2 
Cd™ 
Cd" 
Te 


© 


B(E2, 2’ — 2)a 
(cm*) 


1.5+0.3* 
2.1+0.3> 
2.4+0.7° 
1.50.34 
3.2+0.8° 
3.6+0.8! 
1.1+0.2¢ 
5.0+0.8" 


(0.91+0.27) x 10- 
(1.30+0.50) x 10-” 
(0.92+0.27) x 10- 
(1.30+0.41) x 10-” 
(1.6+0.6) x 10- 
(1.40.5) x 10-* 

< (0.24+0.06) x 10-* 
(3.51.6) x 10-* 


(1.00.5) x 107? 





* F. K. McGowan and P. H. Stelson, Bull. Am. Phys. Soc. 5, 448 (1960) 
> R. L. Robinson, F. K 
¢ G. D. O’Kelley, E. Eichler, and N. R. Johnson (private communication). 
4B. S. Dzhelepow and N. N. Zhukovskii, Nuclear Phys. 6, 655 (1958). 

e R. K. Girgis and R. Van Lieshout, Physics 25, 1200 (1959). 
fH. T. Motz, Phys. Rev. 104, 1353 (1956). 

* B. P. Adyasevich, B. D. Groshev, and A. M. Demidov, Pr: 


Energy Commission Report TR-2435, 1956]. 
b M. J. Glaubman, Phys. Rev. 98, 645 (1955); B. Farrelly, I 


Ruthenium-98 


At 10-Mev a-particle energy a somewhat poorly de- 
fined real coincidence peak is observed which corre- 
sponds to a y-ray energy of (748+10) kev. This places 
a second 2+ state at (1402+12) kev. The coincidence 
spectrum for Ru®*’is shown in Fig. 5. 

Both the decays of Tc** and Rh® excite states in 
Ru®’. However, the Rh® decay excites only the first 
2+ state at 654 kev. The interesting feature of the Tc®® 
decay is that 6 decay is not observed to the ground 
state or first excited state of Ru®* but only to a state 
at 1410 kev. Furthermore, the 1410-kev state only 
decays by cascade. O’Kelley*® has set a limit of less 
than 1% for the intensity of the crossover transition. 
These facts suggest that the beta decay of Tc®® excites 
a 4* state at 1410 kev in Ru”. 

The observed B(£2).x for the crossover transition 
in Ru® is somewhat smaller than that for most other 
nuclei, and this together with the evidence from the 
Tc decay suggests the possibility that the observed 
intensity might be accounted for by “double £2” excita- 
tion of a 4* state. Assuming the unknown B(E2, 2 > 4).x 
is given by the Goldhaber-Weneser model from the 
known B(E2, 0 — 2). one obtains the value 0.34 10-*8 


28 G. D. O’Kelley (private communication). 


. McGowan, and W. G. Smith, Phys. Rev. 119, 1692 


Koerts, N. Bencze 


~ 0). Column 9 lists the total mean life deduced from the pre- 





(5 
B(E2, 2’— 0)4 


(cm‘) 


(0.36+0.10) x 10-™ 
(0.29-++0.10) x 10-% 
(0.30-+0.09) x 10-* 
(0.45-++0.14) x 10-% 
(0.21+0.08) x 10-% 
(0.18-+0.06) x 10-% 
(0.16+0.04) x 10-% 
12+3% (0.39-+0.17) x 10-™ 
(8) (9) 
B(E2, 2’ > 2) 


B(E2,2— 0) 


0.62+0.19 
1.00+0.37 
0.80+0.24 
1.30+0.42 
1.50+0.57 
1.21+0.42 
< 0.20+0.05 
2.741.2 


R (Mean life) 
t (sec) 


(5.6+1.5) 10-2 
(5.141.9)« 10-2 
(1.7+0.5) X 10-2 
(1.1+0.3) x 10-” 
(2.6+1.0) 10-2 
(4.1+1.4)X 10-2 


(1.10.5) X 10-# 





(1960). 


ceedings of the Conference of the Academy of Sciences of the U.S.S.R. on the Peaceful Uses of 
Atomic Energy, Moscow, July, 1955 (Akademiia Nauk S.S.S.R., Moscow, 1955 I$ 


‘English translation by Consultants Bureau, New York: U. S. Atomic 


r, R. Van Lieshout, and C. S. Wu, Phys. Rev. 99, 1440 (1955). 

cm‘. Formula (1) can then be used to estimate the ex- 
pected yield and the value obtained is 3X 10° excitations/ 
6.25 10"a’s. The observed yield is 7.5X 10° excitations/ 
6.25 10"a’s, with an error of +16%. Therefore, the 
“double £2” excitation of a 4* state probably makes 
an appreciable contribution to the observed yield. One 
can conclude, either (a) there exists only a 4* state at 
1400 kev because there is sufficient uncertainty in the 
“double £2” estimate and the measured value to ac- 
count for the observed difference or (b) there is a close- 
lying doublet of 2+ and 4* states. We favor interpreta- 
tion (b). However, the subtraction of the yield of the 
“double £2” excitation of the 4+ state makes the B(E£2) 
for the crossover transition of the second 2* state even 
smaller and thus farther away from the average ob- 
served value for this type of transition. 


Palladium-110 


No information on the excited states of Pd*® is 
available from radioactive decay measurements. A co- 
incidence spectrum for Pd"® is given in Fig. 6. A rela- 
tively strong real coincidence peak is observed which 
corresponds to a y ray of (4386) kev. This locates the 
second 2* state at (8134-7) kev. Also shown in the spec- 
trum is the real coincidence spectrum which results 
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when the window of the single channel is moved below 
the 374-kev y-ray peak. Under these conditions an an- 
nihilation peak remains and this is presumably the 
the result of activities built up in light element target 
impurities. There is some evidence for a second real 
coincidence peak at 552 kev corresponding to a level 
at 926 kev. 


Palladium-108 


The decays of both Rh’ and Ag'®’ excite states in 
Pd'*s, At present there is only evidence for excitation 
of the first 2+ state in the decay of Rh’, Ag!8 decay 
excites two states in Pd! at 433 kev and 1040 kev. 
Recently, Bunker and Starner®® have established by 
angular correlation measurements that the 1040-kev 
state is a O* state. 

A coincidence spectrum for Pd! is given in Fig. 7. 
A real coincidence peak is observed which corresponds 
to a y ray of (508-6) kev and this places the second 
2+ state at (941+7) kev. Apparently this state is not 
excited in radioactive decay so no further interpretation 
to obtain B(E2) values can be made. 


Palladium-106 


A coincidence spectrum for Pd'®* is shown in Fig. 7. 
A real coincidence peak is observed which corresponds 
to a y-ray energy of (607+7) kev. A second 2+ state is 
therefore located at (1120-48) kev. 

The decays of both Rh'®* and Ag’ excite many states 
in Pd! and hence in this case a wealth of information 
is available. Furthermore, there is the interesting situa- 
tion that the spin of Rh'® is probably 1 whereas the 
spin of the 8.3-day Ag'®* has been measured to be 6. 

It has been known for some time that the decay of 
Rh’ excites a state in Pd!®* at 1137 kev which decays 
predominantly by cascade through the 513-kev state. 
Measurements of the angular correlation of the cascade 
y rays indicated that it was close to that expected for 
a 0-2-0 assignment. These facts locate a O* state at 
1137 kev and this is quite close to the 2+ state found 
in the present work. The cascade y rays from the decay 
of these two states would probably not be resolved with 
scintillation detectors and hence a small population of 
the second 2* state would explain the observed small 
deviation of the angular correlation from the pure 0-2-0 
case. 

Recently, Robinson e/ al.*° have re-examined the 
decay schemes for Rh'®* and Ag'®*. They have identified 
a crossover y ray of 1130 kev which confirms the fact 
that the decay of Rh'®* excites the second 2+ state in 
Pd'**, The population of the second 2* state is about 
10% of the population of the 0+ state at 1137 kev. 

In contrast to previous interpretations of the decay 
of Ag'®*, Robinson ef al. find no evidence for the excita- 

*M. E. Bunker and J. W. Starner, Bull. Am. Phys. Soc. 5, 
253 (1960). 


*®R. L. Robinson, F. K. McGowan, and W. G. Smith, Phys. 
Rev. 119, 1692 (1960). 


STELSON AND F. K. 


McGOWAN 


tion of the 0* 1137-kev state. Only the 2+ state of 1130 
kev is excited. Thus, from the decay of Ag'®* they ob- 
tained a cascade/crossover ratio of 2.1+0.3 for the 
second 2+ state in Pd'®*, An angular correlation meas- 
urement shows that the upper cascade y ray is greater 
than 99.5% E2. With this information we can then 
extract values for B(£2) for cascade and crossover and 
a limit on B(M1); these quantities are listed in Table V. 


Cadmium-110 


A coincidence spectrum for Cd''° is shown in Fig. 8. 
A real coincidence peak is observed which corresponds 
to a y-ray energy of (810+10) kev. This places the 
second 2+ state at (1466+12) kev. 

Both In" and Ag"® activities are observed to excite 
states in Cd"°, The decay of 4.9-hr In"™® appears to 
excite levels in Cd"™° at 656, 1540, and 2475 kev. The 
decay of the 253-day Ag" activity has been extensively 
studied. There is evidence for excitation of 7 states in 
Cd"; the first 3 states are 656, 1473, and 1540 kev, 
according to the most recent proposed decay scheme. 

Dzhelepow and Zhukovski* identified a y ray of 
(1480+4) kev which they interpreted to result from 
the decay of a state of this energy. It is reasonable on 
an energy basis to assume that this state is the same 
state we have observed. However, the decay scheme 
proposed by Dzhelepow and Zhukovski had no cascade 
decay for the 1480-kev state and furthermore contained 
a state at (1418+4) kev. Funk and Wiedenbeck,® and 
Taylor and Scott* have proposed an alternate interpre- 
tation of the results of Dzhelepow and Zhukovski which 
is in agreement with the present work. This decay 
scheme eliminates the state at 1418 kev and provides 
for cascade decay of 1480-kev state. Taylor and Scott 
have also obtained added information for the correctness 
of this scheme from the study of y-y coincidences. 

y-y correlations have also established that the 1540- 
kevstateis4*. Accepting this decay scheme, one can then 
use the intensities given by Dzhelepow and Zhukovski 
to obtain a cascade/crossover ratio of 1.50.3 for the 
decay of the second 2* state. The B(E£2) values ex- 
tracted for the cascade and crossover of the second 2+ 
state are given in Table V. It is assumed in obtaining 
the cascade B(£2) that this y ray is pure £2. 


Cadmium-112 

A coincidence spectrum for Cd" is shown in Fig. 9. 
Two real coincidence peaks were observed for this 
nucleus which correspond to y-ray energies of 685 and 
845 kev. This places excited states in Cd" at (129512) 
and (1455+14) kev. 

Excited states in Cd" are produced by both the decay 
of In"? (isomer) and Ag'”. A y ray of 617 kev has been 

31 B. S. Dzhelepow and N. N. Zhukovski, Nuclear Phys. 6, 655 
(1958). 

® E. G. Funk, Jr., and M. L. Wiedenbeck, Phys. Rev. 112, 1247 
(1958). 

#H. W. Taylor and S. A. Scott, Phys. Rev. 114, 127 (1959). 
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observed in the decay of In"; thus indicating excitation 
of the first 2+ state. There is also some evidence for a 
710-kev y ray which might be the 685-kev y ray we 
observe. A ratio of cascades/crossovers for the 1295-kev 
state is not yet available from the decay of In". 

Although earlier work on the decay of Ag" contained 
no evidence for the excitation of the 1295-kev state, 
recent work by Girgis and van Lieshout™ has shown that 
this state is excited. These workers were able to obtain 
a cascades/crossovers value of (3.2+0.8). Using this 
value we have computed the crossover and cascade 
B(E2)’s for the 1295-kev state and these are listed in 
Table V. 

Girgis and van Lieshout also observed a y ray of 
855 kev which is close in energy to the 845-kev y ray 
we have observed. In addition they found some evidence 
for a summing peak at 1460 kev. However, at this time 
it is not clear from decay scheme work that this is a 
2* state since the crossover has not been identified. 

If it is assumed that this state is a 2+ state, one obtains 
the eB(E2),x listed in Table III. This eB(£2).x is the 
smallest listed in Table III and this fact suggests that 
perhaps the observed yield could be attributed to the 
“double E2” excitation of a 4+ state. Assuming the 
B(E2, 2 — 4).x is related to the B(E2, 0 — 2).x by the 
Goldhaber-Weneser model, one finds that the “double 
E2” yield of a 4+ state would account for approximately 
50% of the observed yield. This result therefore favors 
a 2+ assignment for the state at 1455 kev (the “double 
E2” excitation of a 0* state is expected to have only 
3 the intensity of that for the 4+ state and hence 0+ 
assignment is quite unlikely). The existence of two 
2+ states at this excitation energy in Cd'” would be 
similar to what is observed for Cd!" (see below). 

Recently Cohen and Price® have reported evidence 
for 0+ states in Cd'” at 1.23 and 1.43 Mev. This evidence 
results from the (d,p) stripping reaction on Cd". 


Cadmium-114 

The Cd" nucleus is an unusually interesting one be- 
cause there is considerable information on the low-lying 
states from other types of experiments. This information 
fits in well with what is observed in the present work 

A Coulomb excitation coincidence spectrum for Cd! 
is shown in Fig. 10. Two real coincidence peaks are 
observed which correspond to y rays of 645 and 808 kev 
and therefore place excited states at 1200 and 1363 kev. 
In addition, as observed above, there is evidence for a 
third coincidence peak at 725 kev corresponding to a 
state at 1280 kev. 

The decay of an isomeric state in In™ excites a state 
in Cd" at 1280 kev, which in turn decays by cascade 
through the first 2+ state. Angular correlation and polar- 
ization measurements have shown that this state at 
1280 kev is a 4* state.** The intensity of the weak coin- 

*R. K. Girgis and R. Van Lieshout, Physica 25, 1200 (1959). 


35 B. L. Cohen and R. E. Price, Phys. Rev. 118, 1582 (1960). 
86 J. N. Brazos and R. M. Steffen, Phys. Rev. 102, 753 (1956). 
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cidence peak at 725 kev is reasonably well accounted 
for by the “double £2” excitation of this 4* state. 

Several groups of workers®.*7-* have studied the y rays 
in Cd" which result from the strong thermal neutron 
capture of Cd"*. Motz® has discussed this work in the 
interpretation of his results and it will therefore not be 
discussed here. By measuring the internal conversion 
spectrum, Motz found a 0* state at 130843 kev. In 
addition he observed y rays and conversion electrons 
which could be interpreted to result from the following 
states: 559 (2+), 1212 (2+ or 1+), 1286 (4+), 1386 (2+ 
or 1*), and 1860 (4* or 3*). Considering the assigned 
errors in energy, the states at (1212+3) and (1386+4) 
kev probably are the states found in the present work 
at (1200+16) and (136313) kev. Both Motz and 
Adyasevich et al. have determined cascades/crossovers 
values for these two states. The two sets of values agree 
reasonably well, and we have taken the values listed in 
Table V. On the assumption that the upper cascade 
transition is pure £2, one can extract values for 
B(E2, 2'— 2) in addition to B(E2, 2’-—+0) values for 
these states. The values are listed in Table V. It might 
be mentioned that the fact that these levels are Coulomb 
excited eliminates a 1* assignment, since the “double 
2” excitation of a spin 1 state requires an unreasonably 
large B(E2, 2— 1).x to account for the observed yields. 

Recently, Cohen and Price** have reported the exis- 
tence of a new 0* state in Cd" at 1150 kev. This state 
is excited by the Cd'"*(d,p) reaction. They also believe 
that the state at 1860 kev is 0* instead of 3+ or 4+. This 
requires a new location for the 576-kev y ray since it 
would then connect a 0* and 4+ state. They point out 
that this y ray would fit as an upper cascade y ray for 
the new 0+ state at 1150 kev. One peculiar feature of 
a OF state at 1150 kev is that Motz does not observe 
E0 electrons from the decay of this state. Judging from 
the curve given by Motz, the 20 decay intensity of the 
1150-kev state is at least a factor of 10 less than the 
E0 decay of the 1308-kev state. On the other hand, the 
cascade y-ray intensity of the 1150-kev state would be 
roughly 3 times that of the 1308-kev state.® 


37 B. B. Kinsey and G. A. Bartholomew, Can. J. Phys. 31, 1051 
(1953). 

88 B. P. Adyasevich, B. D. Groshev, and A. M. Demidov, 
Proceedings of the Conference of the Academy of Sciences of the 
U.S.S.R. on the Peaceful Uses of Atomic Energy, Moscow, July 1-5, 
1955 (Akademiea Nauk S.S.S.R., Moscow, 1955) [English 
translation by Consultants Bureau, New York: Atomic Energy 
Commission Report TR-2435, 1956], p. 195. 

39 Note added in proof. The recently reported work of L. V. 
Groshev (Proceedings of the International Conference on Nuclear 
Structure, Kingston, Canada, August 29-September 3, 1960, edited 
by D. A. Bromley and E. W. Vogt (University of Toronto Press), 
p. 568] confirms the existence of the 0* state at 1135 kev. The EO 
electrons from the crossover decay of this state have been de- 
tected. The lifetimes of the two O0* states (1135-, 1308-kev) are 
not known. Groshev points out, however, that if one assumes that 
the cascade £2 decays from these two states are enhanced as 
predicted by the vibrational model, then the £0 matrix element 
for the 1308-kev state is unreasonably large; whereas that for the 
1135-kev state is probably reasonable. This would rule out the 
1308-kev state as a collective vibrational state but still leaves the 
possibility that the new 1135-kev state is a collective 0* state. 





Po ORs 


Cadmium-116 


Figure 11 shows a Coulomb excitation coincidence 
spectrum for Cd""®. A real coincidence peak is observed 
which corresponds to a y-ray energy of 700 kev. This 
places the second 2+ state at 1217 kev. Alexander ef al.” 
have observed two y rays of 515 and 700 kev in the decay 
of 2.5-minute Ag"'®. These energies agree well with what 
is observed here. Unfortunately, the crossover y ray 
was not observed and therefore a value for cascades/ 
crossovers is not available. 


Tellurium-122 


A Coulomb excitation coincidence spectrum for Te™ 
is given in Fig. 12. A real coincidence peak is observed 
which corresponds to a y-ray energy of 692 kev. This 
places the second 2+ state at 1256 kev. 

The decay of Sb’ excites states in Te™ at 564 kev 
and 1250 kev. These energies agree with the Coulomb 
excitation results. Furthermore, two groups of 
workers**” have established the value for cascades/ 
crossovers. Angular correlation measurements*** have 
shown that the upper cascade y ray is (92+2)% E2 
and (8+2)% M1. With this information we can extract 
the values for B(E2,2’-+0), B(E2,2’—2), and 
B(M1, 2’ — 2). These are listed in Table V. 


Molybdenum- 100 


A coincidence spectrum for Mo! is shown in Fig. 13. 
The true coincidence peak for this nucleus almost co- 
incides with the random peak. The coincident y ray 
has an energy of (520-+-5) kev and this places the second 
2* state at (1050+7) kev. 

Nothing is known about excited states of Mo! from 
radioactive decay studies. Private communications of 
results obtained at the Bartol Foundation by inelastic 
neutron experiments indicated that the second 2* state 
of Mo!” was located at about 1050 kev.“ However, a 
cascades/crossovers value is not available from this 
work, so that further interpretation for this nucleus is 
not yet possible. 


III. CONCLUSIONS 


For the class of nuclei studied, viz., medium-weight 
nuclei with rather strongly enhanced 2+ > 0+ £2 tran- 
sitions, it is found that a second 2+ state systematically 
occurs with energy somewhere between 2 and 2.5 times 
that of the first 2+ state. The plot of the observed level 
positions in Fig. 16 shows the general tendency of the 


J. M. Alexander, U. Schindewolf, and C. D. Coryell, Phys. 
Rev. 11, 228 (1958). 

“1 M. J. Glaubman, Phys. Rev. 98, 645 (1955). 

“ B. Farrelly, L. Koerts, N. Benezer, R. Van Lieshout, and 
C. S. Wu, Phys. Rev. 99, 1440 (1955). 

“8 T. Lindquist and I. Markland, Nuclear Phys. 4, 189 (1957). 

“ Private communications from D. M. Van Patter; and S. S. 
Malik, C. E. Mandeville, N. Nath, M. A. Rothman, and D. M. 
Van Patter, Bull. Am. Phys. Soc. 4, 259 (1959). 
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Fic. 16. Summary of the Coulomb excited 2* states for the 13 
nuclei studied. The ratio of the energies of the first and second 2+ 
states shows a tendency to remain constant even though the 
actual energies change considerably. 


energy ratio to remain constant even though the actual 
energies change considerably from nucleus to nucleus. 

The possible systematic occurrence of 0* and 4t 
states with excitation energies near to that of the second 
2+ state has not yet been demonstrated. Clearly, this 
information would be of great value. Taking the limited 
amount of information on other states, as discussed in 
the previous section, we have plotted the positions of 
known states for seven nuclei in Fig. 17. 

Qualitatively, all the collective models predict a strong 
enhancement of the 2’ to 2 £2 transition. The present 
results confirm this expected enhancement. This infor- 
mation is summarized in Table V. The observed values 
for the ratio R are listed in the last column. These values 
fluctuate about unity indicating that the 2’ to 2 E2 
transitions have an enhancement comparable to the 
2+ to 0+ E2 transition. 

The B(E2) values for the crossover transition from 
the second 2+ state to the ground state exhibit some 
uniformity and are all small, being about single-particle 
value or a little less. This is in qualitative agreement 
with the predictions of all the collective models. 

The 4+ to 2+ E2 transition is expected to be enhanced 
according to collective models. In one case this has been 
confirmed; the observed excitation of the known 4+ 
state in Cd" by the “‘double £2” process requires about 
the expected enhancement of the 4* to 2+ £2 transition. 

For the three nuclei Te, Pd'®®, and Ru', informa- 
tion is obtained on the B(M1), for the 2’ to 2 transition. 
The B(M1)4q for Te! is about 1/100 of the single-particle 
value, and the limits set for Pd'* and Ru'® are less 
than 1.7X10~ and 1.1 10~ of the single-particle esti- 
mate, respectively. These small values are in qualitative 
agreement with what is expected for the different col- 
lective models. 

It is concluded that the observed properties of the 
nuclear states generally support a collective model in- 
terpretation. Since the different proposed types of col- 
lective motion represent quite different pictures of the 
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nuclear potential energy surface, it is of interest to try 
to weigh the evidence favoring each model. However, 
in order to illustrate some of the difficulties in such a 
comparison we first consider the nucleus Cd'". 

The positions of the known low-lying states of Cd'™ 
are shown in Fig. 17 and are labelled A, B, ---, G. 
An interesting feature is that more states are observed 
than would be expected on a simple collective model 
interpretation. In particular, two 2+ states, D and G 
are observed to be Coulomb excited. However, the 
B(E2) values for decay of these states to the first 2* 
state, B, are quite different. The state D has an R value 
of 1.21+0.42 whereas the upper limit for the value 
of R for state G is 0.20+0.05. This information suggests 
that state D is primarily the expected collective state 
and that state G probably results from a different 
nucleon configuration. The observed enhanced decay 
of the state E(4*) to the state B is additional evidence 
indicating that state E is the expected 4* collective 
State. 

It is not yet clear which, if either, of the 0* states, 
C and FP, is to be associated with a collective excitation. 
The determination of the £2 transition rates for decay 
of these states to the first 2+ state would be very useful.“ 

The level scheme of Cd" is quite instructive since 
it illustrates the problems associated with obtaining an 
understanding of collective motions in this type of 
nucleus. The collective excitation energies and possible 
intrinsic excitation energies are not sufficiently different 
to allow the rather clear-cut situation realized in the 
rotational collective case. As a consequence, it is, first 
of all, sometimes difficult to identify the primarily col- 
lective states, and, second, it is difficult to make signifi- 


TaBLeE VI. Comparison with Davydov-Filippov model. Column 
2 lists the quantity + (in degrees) for the nucleus listed in Column 
1. y is deduced from the positions of the first and second 2* states. 
Columns 3 and 4 show a comparison of the predicted and observed 
values for B(E2, 2’ — 2)/B(£2, 2-0). Columns 5 and 6 list the 
predicted and observed values for the ratio B(E2, 2’ —0)/ 
B(E2,2— 0). 


(4) (5) (6) 
B(E2, 2’ + 0) 





(1) (2) (3) 
B(E2, 2’ — 2) 


B(E2, 20) 


y B(£2,2— 0) 
Nucleus (degrees) Theory Exp. Theory Exp. 





1.43 0 

1.20 0.020 
0.82 0.051 
0.99 0.038 
0.84 0.050 
1.15 0.024 
1.17 0.024 
1.17 0.024 
1.08 0.030 
1.23 0.018 
1.18 0.023 
0.95 0.041 
1.09 0.029 


> 0.030 
50.010 
0.025-+.0.009 
0.025+-0.007 
> 0.013 
0.022-+0.008 
> 0.010 
50.011 
0.045-+0.014 
0.019-+0.007 
0.015-+0.005 
> 0.020 
0.033-+0.015 


Mo 
Ru® 

Ru 
Ru'® 
Ru 
Pdics 
Pdios 
Pdue 

Cd 
Cd! 
Cd™ 
Cdus 


Te™ 


~30 
27.1 
24.4 
25.6 
24.5 
26.7 
26.8 
26.8 
26.2 
27.3 
26.9 
25.3 
26.3 


0.80+0.24 
0.62+0.19 


1.00+0.37 
1.30+0.42 
1.50-+0.57 
1,210.42 


2.7 +:1.2 





44a See note added in proof under Cd" in Sec. II-3. 
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Fic. 17. Summary of the available information on 
the level position of seven nuclei. 


cant comparisons with the predictions of different 
collective models because of the possible distortions 
introduced by the mixing of the two types of states. 

Satchler* has considered the particular case of Cd! 
on the assumption that there is weak coupling between 
collective and intrinsic excitations, As a result of this 
interaction, the y-ray selection rules and the level 
spectrum of the harmonic vibration model are modified. 
There is good qualitative agreement with experiment. 

An alternative interpretation of the experimental in- 
formation on Cd' has been given by Tamura and 
Komai.** They ignore possible interactions of intrinsic 
states and, instead, consider a collective model which 
is of the Wilets-Jean type but modified to include some 
y stability. The positions of the observed collective 
states (taken to be A, B, D, E, and F) are well repro- 
duced. Quantitative predictions for both the cascade 
and crossover £2 transition rates from the second 2+ 
state are obtained and they agree well with what is 
observed. 

The models of Goldhaber-Weneser and Wilets-Jean, 
and possible modifications of these mentioned for the 
Cd"* case, predict a triplet of states Ot, 2+, and 4*. 
On the other hand, the Davydov-Filippov and the Raz 
models predict no 0+ collective state in this energy 
range. Therefore, the 0+ state offers the possibility of 
deciding between these models. 0* states at the ap- 
propriate energy are found in Pd!®*, Cd', Cd"™4, and 
Pd!°s, However, the strength of the evidence concerning 
the occurrence of a collective 0+ state would be greatly 
increased if it were shown that the #2 decay to the 
first 2+ state was in fact properly enhanced. 

The Davydov-Filippov model predicts the position 
of the 4+ state to be systematically higher than what 
is observed. The expected positions according to this 
model are shown in Fig. 17. The inclusion of a rotational- 


45G. R. Satchler, Comptes Rendus du Congres International de 
Physique Nucléaire; Interactions Nucléaires aux Basses Energies 
et Structure des Noyaux, Paris, July, 1958, edited by P. Guggen- 
berger (Dunod, Paris, 1959), p. 786. 

46T. Tamura and L. G. Komai, Phys. Rev. Letters 3, 344 
(1959). 
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vibration corrective term, which would seem to be a 
reasonable extension of the model, would move the 4* 
state in the right direction to agree with experiment.’ 

In the simplest approximation the models of Scharff- 
Goldhaber and Weneser and of Wilets and Jean predict 
that the quantity R should be 2. The fact that the ob- 
served values for R are mostly somewhat less than 2 is 
probably best interpreted as an indication that the 
models oversimplify the actual situation. 

The model of Davydov and Filippov makes quanti- 
tative predictions for both R and the ratio of the cross- 
over to cascade E2 decay of the second 2* state. Van 

47C. A. Mallmann and A. K. Kerman, Nuclear Phys. 16, 105 
(1960). 
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Patter has collected all available information of E2 
transition rates in nuclei and has made comparisons 
with the predictions of the Davydov-Filippov model. 
Fairly good over-all agreement is found. Preliminary 
values from the measurements reported here were in- 
cluded in this survey. In Table VI we have listed our 
final values and compared these to the predictions of 
the Davydov-Filippov model. There is generally good 
agreement. 

It is concluded that although the available informa- 
tion on the type of nuclei under discussion supports a 
collective model interpretation, it is, at present, difficult 
to draw conclusions concerning the shape of the nuclear 
potential energy surface governing this collective motion. 


 D. M. Van Patter, Nuclear Phys. 14, 42 (1959). 
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Nuclear Spins of Thulium-166 and 167} 


J. C. WALKER AND D. L. Harris 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 


(Received August 8, 1960) 


The spins of 7.7 hour thulium-166 and 9.6 day thulium-167 have been measured by the atomic-beam 
magnetic resonance method. Spin values are Tm'**, J=2; Tm'®, J = }. 


INTRODUCTION 


EASUREMENTS of ground-state properties of 

nuclei in the region 150<A <190 are especially 
interesting because of relatively large nuclear deforma- 
tions with consequent collective nuclear effects. These 
spin measurements are the beginning of a program of 
investigation at this laboratory of spins and hyperfine 
structure in this region. 


EXPERIMENTAL PROCEDURE 


Thulium-166 and 167 were produced both by (a,37) 
and (a,2n) reactions on 100% holmium-165 and by 
(p,m) reactions on 33% erbium-166 and 23% erbium- 


BEAM 


Fic. 1. Button and disk arrangement for collection of thulium 
atoms. Beam trajectories are schematic. 


1 This work was supported by the U. S. Atomic Energy Com- 
mission and the Higgins Scientific Trust Fund. 


167. The bombardments of holmium were made on the 
Brookhaven cyclotron and the erbium bombardments 
were made on the Princeton cyclotron. The alpha bom- 
bardments were more successful from the standpoint of 
the amount of activity produced. An alpha bombard- 
ment of 13 microampere-hours at 40 Mev produces ac- 
tivity sufficient for thirty five-minute exposures, each 
with beam counting rates of about 2000 to 3000 counts 
per minute. 

The radioactive material, either foil or metal filings, 
was placed in small cylindrical molybdenum ovens 
which were vacuum loaded and heated by electron bom- 
bardment. Beams were produced by evaporating the 
more volatile thulium from holmium at a brightness 
temperature of about 1075°C. 

The atomic beam machine used was the focusing 
six-pole magnet apparatus described elsewhere.! A 
type of flop-in detection was used which automatically 
compensates for variations in beam strength. This 
method utilizes collection simultaneously on a copper 
button of 0.6-inch diameter and a copper disk of 2.0- 
inch diameter arranged as in Fig. 1. The atoms which 
have undergone appropriate AF=O transitions are 
collected on the disk, and the main beam on the center 
button. Designating counts per minute (total counts 
minus counter background) on the disk as O and counts 


1A. Lemonick, F. M. Pipkin, and D. R. Hamilton, Rev. Sci. 
Instr. 26, 1112 (1955). 
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per minute on the button as J, one may form the ratio 
O/I. For nonresonance conditions with thulium-166 
this ratio normally had the approximate value 0.050, 
and at resonance rose to values from 0.10 to 0.20. These 
values of the ratio were insensitive to any but the 
largest fluctuations in the main beam. 

Carefully cleaned copper at room temperature was 
found to collect the thulium atoms reproducibly. Other 
materials tried, including cooled copper and flamed 
platinum, gave essentially similar results. Buttons and 
disks were separately counted in standard thin-crystal 
Nal scintillation counter systems. 


RESULTS 


The approximately 8-hour activity produced by 
alpha bombardment of holmium has been quite defi- 
nitely assigned to Tm'®*,? We have observed this isotope 
to have a spin of 2 as indicated by Table I. Table I 
records, in the case of J=2, the observed O/J (back- 
ground not subtracted) for the peak of a resonance 
curve based on several experimental points. For 
thulium, with the known atomic J of 7/2,3 and a given 
value of 7, resonances are expected for several different 
F’s at each value of the static field. The values of fre- 
quency indicated in Table I are the values to be ex- 
pected on the basis of the gy for thulium as measured 
by Lindgren e al.‘ As indicated in Table I, at wolf /2h 
=(0).35 to 0.37, Mc/sec, resonances were found at all four 
of the distinct frequencies associated with J=2. At this 
value of ol /2h a search at a selection of frequencies 


O13 
O12 


Olt 
Fic. 2. Typical Tm!* 
resonances in the Zee- alo 
man region. Expected 
resonance positions for 
I=2; F=11/2, 9/2, and 
7/2 are indicated. 
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TABLE I. Summary of resonance data for Tm!*, 


poll /2h v 

(Mc/sec) (Mc/sec) 
0.374 
0.374 
0.348 
0.348 
0.374 
0.374 
0.348 
0.348 
0.348 


~ 
~ 


O/T 
0.165+0.007 
0.114+0.006 
0.125+0.007 
0.113+40.007 
0.052+0.004 
0.060+0.004 
0.065+0.004 
0.060+0.004 
0.046+0.003 


_ 
_ 


0.545 
0.595 
0.640 
0.836 
0.612 
0.476 
0.348 
0.232 
0.740 
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0.800 
0.877 
1.018 


0.140+0.003 
0.119+0.005 
0.123+0.002 


bo hh 


1.461 
1.602 
1.860 


0.103+-0.003 
0.1014-0.003 
0.090+0.004 


to dS bh 


| 
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corresponding to other values of J yielded O/J values 
equal, within statistics, to the no-resonance level for the 
run involved. At both poff/2h=0.550 and 1.007, J=2 
resonances were looked for, and observed, at three sep- 
arate frequencies corresponding to different F levels. 

Figure 2 shows a typical resonance pattern for uoH/2h 

0.550 Mc/sec. It is seen that the line width is ~30 
kc/sec; there is no ambiguity in the assignment of spin 
2 to these resonances. Figure 3 shows a decay curve of 
a spin 2 resonance point with nonresonant background 
subtracted. The association of spin 2 with the 7.7-hour 
activity is clear. 


ban =0.550 Mc/sec 
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‘Ingvar Lindgren, Amado Cabezas, and William Nierenberg, Bull. Am. Phys. Soc. 5, 273 (1960). 





Cc. WALEZEER AND BD. LL. HARRIS 


Fic. 3. Decay of 
beam and resonance 
activity for J7=2, F 

2 resonance in 
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Resonances for the longer half-life Tm'®’ were ob- mediately after the run were quite prominent when the 


served by exposing button and disk and then setting counting was done at this later time. Table II gives a 
them aside for about 36 hours until the 8-hour Tm'*®* summary of the data from which we obtained a value 
had largely decayed away. Resonances not visible im- of } for the ground-state spin of Tm'®’, The main 
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Fic. 4. Decay of beam 
and resonance activity 
for J=1/2, F=4 reso- 
RESONANCE nance in Tm!'*, The 
solid resonance curve is 
the sum of the two 

dashed curves 
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beam is found to consist almost entirely of ~8-hour 
and ~9-day components so that the half-life identifica- 
tion for the spin 1/2 activity is already fairly clear 
from the way in which the spin 1/2 O/J values “grow” 
with time. A direct determination of the half-life of the 
activity associated with spin 1/2 is shown in Fig. 4. 
It can be noticed that the curve labeled “resonance” 
shows some ~9-hour activity along with the more 
abundant 9-day activity. This is probably due to in- 
complete resolution of the J=1/2, F=4 peak from the 
I=2,F=7/2 peak. The main beam contains 85% 
8-hour activity and 15% 9-day activity, while the 
“flopped” beam shows 29% 8-hour and 71% 9-day 
activity. We can thus clearly assign the spin } to the 
9-day activity. This activity has been definitely as- 
signed to Tm!®7,5 

There is some indication of 29-hour Tm'® both in 
the beam and in the spin 1/2 resonance, but in both 
cases the amount of this activity is so small as to make 
it difficult to get more than a rough estimate of the 
amount of activity or the half-life. Further work must 
be done on the production of this activity before con- 
clusive measurements can be made. 


DISCUSSION 


Interpretation of the observed spin of 2 for Tm!'® is 
unsatisfactory using a jj coupling model for the odd 
neutron and odd proton with appropriate shell model 
configurations® for the. proton and neutron. From the 
work of Mottelson and Nilsson,’ however, one expects, 
in the case of large nuclear deformations, a state of 
5/2—[523] (Mottelson’s notation) for the 97th neu- 
tron; and a state of 1/2+[411] for the 69th proton. 


If we designate these orbitals as 2, and Q,, then the 


5H. Narasimhaiah and M. L. Pool, Bull. Am. Phys. Soc. 5, 
255 (1960). 

®M. G. Mayer and J. H. 
Nuclear Shell Structure (John Wiley & Sons, Inc., New York, 
1955), p. 80. 

7B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskabs Mat.-fys. Skrifter 1, No. 8 (1959). 
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TaBLe II. Summary of resonance data for Tm!'®, 





poll /2h v 
(Mc/sec) (Mc/sec) 





O/I 
0.21540.040 
0.410+0.040 


0.383 
0.383 


0.983 


a 
Nm bd 


0.682 
0.682 


0.13340.020 
0.150+0.910 


—_ 


1.038 
1.038 
1.038 
1.038 


0.112+0.020 
0.164+0.020 
0.058+-0.006 
0.055+0.006 
0.052+0.006 


NNN bd bd 


work of Bohr and Mottelson® shows that an odd-odd 
nucleus with these odd proton and neutron orbitals 
should have a ground state of spin of J= |Q2,+0,| with 
the difference favored in the strong-coupling approxi- 
mation, i.e., assuming strong coupling of each odd 
nucleon to the nuclear surface relative to its coupling to 
the other odd particle. This offers a satisfactory in- 
terpretation of the observed spin of 2 for. Tm'®, 

While the spin 1/2 of Tm’ is not necessarily at odds 
with shell model predictions, it is definitely predicted 
by Mottelson and Nilsson. The 1/2+[411 ] state is the 
expected ground-state configuration for the 69th proton 
in all thulium isotopes. 
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Experimental Investigation of Parity Conservation in the 14.4-kev 
Gamma Transition in Fe*’+ 


LEE GRODZINS AND FRANK GENOVESE 
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An experiment using recoilless resonance scattering on the 14.4-kev M1 gamma rays of Fe*’ was performed 
to set a limit on the degree of parity impurities in the nuclear states involved. The anisotropies of the 
Am=+1 gamma-ray transition rates were examined towards and away from the direction of nuclear 
polarization. The use of recoilless resonance scattering allows the problem to be so overdetermined that 
instrumental anisotropies could be cancelled by appropriate summing of data. No parity-nonconserving 
anisotropy was observed. Taking into account the slowness of the M1 transition compared to a parity- 
admixed £1 transition of single-particle speed, a factor of 100 in amplitude, the limit on §, the relative 
strength of a parity-admixed wave function is, ¥ < 10~°. 


HIS letter reports on an experiment using recoil- 

less resonance absorption to test the conservation 
of parity in the 14.4-kev gamma-ray transition in Fe*’. 
We shall detail only the unique features of this experi- 
ment since Méssbauer scattering of Fe'’ gamma rays 
has been extensively reported in the literature.'? The 
magnetic hyperfine structure of the J=3--—> J=}- 
de-excitation consists of six lines corresponding to the 
+$—>+4, +4-— +}, and #}— +3} mz-state transi- 
tions (see accompanying figure). These hyperfine lines 
have the theoretical intensity ratio of 3:2:1, and will 
be so labelled in the following discussion; + and — 
superscripts will indicate positive and negative Doppler 
velocities. In principle the method is analogous to that 
used by Wu ef al.‘ who proved that parity was not 
conserved in the beta-decay interaction by detecting 
the spatial asymmetry of beta particles with respect 
to the direction of nuclear polarization. Similarly, 
parity nonconservation in the 14.4-kev M1 decay 
would exhibit itself as an asymmetric distribution of 
the Am=-++1 transitions with respect to the direction 
of nuclear polarization; the Am=—1 transitions must 
then have the opposite asymmetry pattern. An addi- 
tional and equivalent test of parity nonconservation is 
possible if equal populations of the polarized m states 
are originally available and if the hyperfine transitions 
can be effectively separated. In that case one need 
only detect a net difference in the counting rates of 
the Am=-+1 and Am=—1 transitions as observed in 
one direction of nuclear polarization. (Such a net 
difference is, of course, equivalent to the observation 
of a net helicity of the Am=|1| photons.) These 


+ This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
the Air Force Office of Scientific Research. 

1R. V. Pound and G. A. Rebka, Phys. Rev. Letters 3, 554 
(1959). 

2S. S. Hanna, J. Heberle, C. Littlejohn, G. T. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 

*The m-state ordering in the figure is reversed from that of 
Hanna ef al? and Kistner and Sunyar® who used a positive nH 
interaction. 

*C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and R. P. 

Hudson, Phys. Rev. 105, 1413 (1957). 


conditions are readily obtained via Méssbauer scatter- 
ing. (At room temperature, the m state populations of 
the J=} state differ by u«xH/kT~10-5.) The procedure 
was, therefore, to compare the 3+ and 3~ transition 
rates parallel and antiparallel to the direction of nuclear 
polarization. 

The experimental arrangement was as follows: A 
1-millicurie Co” source, plated and annealed onto an 
Armco iron foil which formed the return path of an 
electromagnet, was viewed tangentially (15°-20°) by 
a 1-mm thick NaI(Tl) detector. (Attempts to polarize 
the source perpendicular to the foil failed.) A 0.001-in. 
stainless steel (type 304) absorber, placed between the 
source and detector, was moved to and fro (~1 cycle 
per sec) driven by a constant velocity, “heart-shaped” 
cam.5 The degree of polarization of the m states was 
determined by the diminution of the No. 2 transitions 
which have a sin’@ distribution with respect to the 
nuclear polarization direction. In the accompanying 
figure the absorption spectrum at positive velocities for 
an unmagnetized source is shown. With the polarizing 
field used during the experiment, curve B, the nuclear 
polarization was 60%. Curve C shows the result of 
reorienting the Armco foil so that the grains were 
aligned with the magnetic field; the intensity of the 
No. 2 transitions is consistent with 100% polarization 
of the source. 

The counting rates in the 14.4-kev photopeak, 
approximately 300 per sec, were recorded separately 
for forward and back motions; every twenty minutes 
the magnetization of the source was automatically 
reversed and the counts stored in separate scalers. 
As discussed above, reversal of the field direction should 
reverse an asymmetry in the 3~ to 3* intensity ratio 
due to parity nonconservation. By appropriate summing 
of the data it was thus possible to cancel systematic 
asymmetries due both to a net zero displacement of the 
velocity curve and to possible magnetic perturbations 
on the counter. The former effect arises from a small 


*’ Manufactured by the Allou Corporation, Waltham, Mas- 
sachusetts. 
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Fic. 1. Hyperfine structure of 
the 14.4-kev gamma-ray transition 
in Fe*’, The stainless steel absorber 
moves; the Co* source plated onto 
Armco iron is stationary. Results 
for positive velocity (absorber 
moving towards the source) are 
shown. Curve A, the source is 
unmagnetized. Curves B and C 
show the diminution of the 
+3—-+4 transition resulting from 
the source being magnetized paral- 
lel to the detection direction. 
Curve C corresponds to orientation 
of the magnetic field parallel to 
oe grain direction of the Armco 
oil. 
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chemical isomer shift® as well as a slight difference 
between plus and minus velocities of the absorber; the 
effect of this net zero displacement was first reduced to 
less than an 0.1% asymmetry by running at the 
crossing point (0.534 cm/sec) of the 3+ and 3- absorp- 
tion curves. No asymmetries (<10~*) due to magnetic 
field effects on the photomultiplier were observed as 
determined by counting without an absorber on the 
slopes of the 14.4-kev peak. Over a three-week period 
approximately 3X10* counts were registered, divided 
equally between the two field directions (denoted by 
¢ and J) and plus and minus velocities. No asymmetry 
was found within statistical error, the gross result 
being 


(st+y-J—-Gat +l] 
A= —= (1.2+1.7) 10. 
ytth-+htt+h~ 





After correction for the 83% absorption (i.e., 91.5% 
background) of the No. 3 line and the 60% polarization 
of the source, the net asymmetry becomes 


Anet< 2X 107. 


This number implies parity conservation in both the 
electromagnetic transition and in the nuclear potential. 
Assuming that the former interaction conserves parity, 
it is possible to use the above number to set a limit on 
the degree of parity nonconservation of the nuclear 
states. The conditions of the experiment have been 
analyzed by Blin-Stoyle.’ The asymmetry arising from 
admixtures of positive-parity states in the nuclear 


*O. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 

7R. Blin-Stoyle, Phys. Rev. 120, 181 (1960), and private 
communication. 


40 50 60 7.0 
+ V (mm/sec) 


wave functions is given by 
A=2C5M./Ma, 


where & is the relative strength of the parity-admixed 
wave function, M, and M ,, are the matrix elements for 
the electric and magnetic transitions, and C is a ratio 
of Clebsch-Gordan coefficients; C=1 for this experi- 
ment. Thus a limit for F involves an assumption of the 
strength of the parity-admixed (/1) transition. There 
are, unfortunately, no electric dipole strengths known 
in this region of the periodic table so that an ad hoc 
estimate must be made. [It would be unwise to estimate 
the /1 transition strength from known transitions in 
the heavier (42150) or lighter (A<20) elements 
since the collective effects in the former region and the 
isotopic spin selection rules in the latter region do not 
apply to the 14.4-kev transition in Fe'’.] Assuming 
single-particle speed for the £1 transition, then M./M » 
~10? and, hence, F< 10-°. This limit is of the order- 
obtained in other sensitive tests of parity conservation 
in strong interactions®® and lends further weight to 
Blin-Stoyle’s conclusion’ that the present experimental 
limit on F is FC 10-*—10-. 

The technique used for this experiment is clearly 
restricted in application by the limited number of 
suitable sources, yet for those few the technique has 
the important advantage of measuring § directly 
with minimum systematic errors. 
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High-Energy Alpha Particles and Tritons from the Spontaneous 
Fission of Californium-252* 
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The energy spectra of alpha particles and tritons emitted in the spontaneous fission of californium-252 
have been measured using an E—d£/dx cesium iodide scintillator-proportional counter detector. The 
alpha-particle energy spectrum peaks at 16 Mev, with a full width at half maximum of about 15 Mev. The 
tritons peak at about 8 Mev, with a half-width of 7 Mev. One alpha particle is observed per 345420 


fission events, one triton per 4500+900 fission events. 





INCE first reported by Alvarez in 1944,' the high- 

energy, low-mass particles emitted in connection 
with the fission process have been studied by several 
experimenters.*~* A summary of these results is the 
following; In the neutron-induced fission of uranium 
and plutonium, alpha particles are emitted with a 
strong angular correlation near 90° to the fission axis, 
and with energies approximately determined by a 
Gaussian with a peak at 10 Mev, and full width at 
half maximum of about 10 Mev. The frequency of 
emission is about one alpha particle per 300 fission 
events. Recently, a nuclear emulsion study on the 
alpha particles from californium-252 was reported.® 

The detector used in this experiment was the 
E—dE/dx detector described previously by Anderson 
et al.® It consists of a cesium iodide crystal and photo- 
multiplier mounted directly behind a gas proportional 
counter. Pulses are extracted from both counters, 
amplified, and displayed on the x and y axes of a fast 
oscilloscope from which the trace is normally blanked 
off. A coincidence between the two pulses is arranged 
to provide a pulse which momentarily unblanks the 
oscilloscope trace at a time when the two amplified 
pulses reach their maximum values, and the resulting 
spot is photographed for later analysis. Since the 
product of E and dE/dx is approximately constant for 
a given particle, different particles plot as separated 
near-hyperbolas. 

The californium source was generously loaned by 
A. Friedman of Argonne Laboratory. It was mounted 
in an evacuated chamber about one inch in front of 
the 900-ug/cm? nickel proportional counter window. 

Calibration was accomplished in the following 
manner. With the proportional counter evacuated, the 
pulse heights in the cesium iodide of alpha particles 


* This work has been supported by the U. S. Atomic Energy 
Commission. 

as Farwell, E. Segré, and C. Wiegand, Phys. Rev. 71, 327 
(1947). 

2K. W. Allen and J. T. Dewan, Phys. Rev. 80, 181 (1950). 

*D. L. Hill, Phys. Rev. 87, 1049 (1952). 

*E. B. Fulmer and B. L. Cohen, Phys. Rev. 108, 370 (1957). 

5 E. W. Titterton and T. A. Brinkley, Nature 187, 229 (1960). 

*C. E. Anderson, A. R. Quinton, W. J. Knox, and R. Long, 
Nuclear Instr. and Methods 7, 1 (1960). 


from a thorium C-C’ source, after correction’ for the 
nickel window, provided two calibration points. The 
published curves of relative pulse height versus energy® 
were then used to determine the rest of the energy 
scale. The energy scale for tritons is based on the 
assumption that the pulse-height response for tritons of 
these energies is the same as for protons. The energy 
scale was then determined by straightforward applica- 
tion of the range energy and pulse height curves. 

The thickness of the foil and gas were such as to 
prevent fission fragments from reaching the crystal. 
However, the counting rate of the proportional counter 
for the fission fragments was measured. The counting 
rate for alpha particles and tritons was determined 
from the number of spots and known exposure times 
(typically a few hours) of the pictures. The quoted 
errors in the resulting ratios of alphas and of tritons 
are largely statistical and due to the low counting rates. 

The energy distributions for alpha particles and 
tritons are shown in Figs. 1 and 2. These represent a 
total of 34 tritons and 445 alpha particles. The identi- 
fication of the tritons was made from the location of 
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Fic. 1. Energy spectrum of alpha particles emitted in 
the spontaneous fission of californium. 
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the locus of the spots. The resolution of the system 
in this region is sufficient to resolve without ambiguity 
a triton curve from the possible neighboring H? and 
He? curves. 

The ratios of counting rates were: 


one alpha particle per 345+20 fission events; 


one triton per 4500-+900 fission events. 


The highest observed alpha particle energy (31 Mev) 
is approximately equal to twice the barrier of one of 
the fission fragments for an alpha particle. This, 
together with the observed angular correlations with 
the fission axis, suggests a mechanism for the emission 
of the particles.? They are pictured as being formed in 
the neck of the nuclear matter at the time of scission. 
The particle is left behind by the two departing frag- 
ments. Immediately afterwards, the particle is at a 
high electrostatic potential in the fields of the two 
fission fragments. It then accelerates down the potential 
hill, the path of steepest descent providing the cor- 
relation with the fission axis. The relatively high 
binding energy of the alpha particle, and its consequent 


®D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 
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Fic. 2. Energy spectrum of tritons emitted in 
the spontaneous fission of californium. 


greater probability of pre-existence in the nucleus at 
least qualitatively explain the higher number of alpha 
particles. 
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The heat output of tritium has been determined by calorimetry as 0.3240+0.0009 watt/gram. This 
value is about 1 to 4% higher than those previously reported. If the half-life of tritium is 12.43.0.04 


years, then its average beta energy is 5.73-+0.03 kev. 


E have measured the value of the heat output 

of tritium in the course of numerous investi- 
gations. This value was consistent with the value 
obtained from the data of Jenks ef al.' Other investi- 
gators** have recently published values that are 
appreciably lower than our value. In view of the 
disagreement and the availability of a large quantity 
of pure tritium gas, a new, carefully controlled determi- 
nation was made with an associated analysis of all 
sources of error. 

High-purity tritium gas was used to flush and 
pressurize a loading manifold and four attached calo- 
rimeter sample containers. The purity of the gas was 
studied by mass spectrometry before sealing off three 
of the containers (hereinafter referred to as samples or 
sample containers) and after, by expanding the contents 
of the fourth container; gas was introduced to several 
mass spectrometers from the loading manifold through 
viscous flow leaks. A summary of these analyses is 
given in Table I. In addition, a P.O; electrolytic water 
analyzer was used to determine that the water vapor 
content was less than 100 parts per million, by vol- 
ume. The purity of the gas was thus found to be 
(99.86_o0.12+°)% tritium, by weight. 

The weight change in each sample container, which 
was due to the addition of about 10 grams of the gas, 
was determined with a precision of better than +0.10% 
with 95% statistical confidence. In these determinations 
the sample containers and spare containers, which 
were similarly processed except for gas filling, were 
weighed before and after processing; National Bureau 
of Standards Class S weights were employed as stand- 
ards and all weighings were corrected to in vacuo, 
including correction for the studied effect of sample 
heat output within the balance chambers. 


*The information contained in this article was developed 
during the course of work under contract with the U. S. Atomic 
Energy Commission. 

1G. H. Jenks, F. H. Sweeton, and J. A. Ghormley, Phys. Rev. 
80, 990 (1950). 

2D. P. Gregory and D. A. Landsman, Phys. Rev. 109, 2090 
(1958). 

*M. M. Popov, Iu. V. Gagarinskii, M. D. Senin, I. P. Mik- 
halenko, and Iu. M. Morozov, Atomnaya Energ. 4, 296 (1958) 
(translation: Soviet J. Atomic Energy 4, 393 (1958) ’]. 


TABLE I. Summary of gas analyses by mass spectrometry. 


Precision at 95% 
confidence limit 
(wt %) 


0.001 
0.003 
0.002 
0.012 
0.002 


Concentration 
Mass number (wt %) 


2 0.000 
( (Hea) 
34 (HD)s 
4 {tHT) 

(D2) 
4 (He) 
» 


0.070 
0.000 
0.050 
0.000 
0.000 
0.096 

6 99.761 
24 0.016 
28 0.002 
32 0.000 
40 0.003 
44 0.002 


Total T 


0.003 
0.012 
0.014 
0.020 
0.022 
99.865 0.091 = Total error 
at 95% confidence 
limit 


* Calculated using equilibrium constants [W. M. Jones, J. Chem 
17, 1062 (1949) ]. 


The heat power output from each sample container 
was determined with a high-precision (0.02% repro- 
ducibility) isothermal twin calorimeter of the type‘ 
developed by Mound Laboratory. The calibration 
standard was known, i.e., conventionally measured, 
electrical power that was dissipated in a resistance wire 
heater which was distributed throughout the sample 
cavity of a spare container. All calorimetric work was 
completed within 130 days after sample assay; correc- 
tion for the concurrent beta decay was made using a 
half-life of 12.262 years.® If this half-life value were in 
error by +2%, then the additional error in the final 
result. would be about 0.0001 watt/gram. The accu- 
racy of these power determinations, which was esti- 
mated to be within limits of +0.10%, was confirmed 
to within limits of +0.11% as described in the next 
paragraph, in which the statements of the preceding 
two sentences also apply. 

The power output from each sample container was 


4J. R. Parks, Mound Laboratory Report MLM-595, August 
15, 1951 (unpublished); S. R. Gunn, University of California 
Radiation Laboratory Report UCRL-4547, July 1, 1955 (unpub- 
lished). 

5 W. M. Jones, Phys. Rev. 100, 124 (1955). 
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TABLE II. Heat of decay of tritium. 





Tritium heat output 
(watt/gram) 
0.321 +0.003* 
0.319 +0.001 
0.312 +0.001> 


Reference 
Jenks et al.) 
Gregory and Landsman* 
Popov et al.4 
Present work Sample No. 1 
Sample No. 2 
Sample No. 3 


0.3239 _0.0011 70.0018) 
0.3241 +0.0010 }0.3240 +-0.0009 
0.3240+0,0010 | 





* Calculated from entries on the third and fourth lines within Table VIII 
of reference 1. 

» Calculated from entries on the fourth and fifth lines within Table II 
of reference 3 


also determined locally using two other isothermal 
twin calorimeters, which are similar, but lower precision 
instruments having separate precision electrical instru- 
mentation; for each sample, the average of these two 
values and that value obtained with the high-precision 
calorimeter agreed with the latter value within limits 
of +0.10%. In addition, the first sample, No. 1 in 
Table II, was sent to the Mount Laboratory for an 
independent power measurement; the value obtained 
was 0.11% lower than our determination. 


RESULTS 


rhe results obtained in this experiment are compared 
with values obtained by others in Table ITI. 

The result of the present work agrees with our 
previous investigations and is consistent with the value 
obtained by Jenks ef al.' A significant disagreement 


exists between the value obtained in the present work 
and that of Popov ef al.* and, to a lesser degree, that 
of Gregory and Landsman. 


DECAY 


ENERGY 


OBSERVATIONS 


The value for the heat output of tritium determined 
in the present work, together with the most precisely 
reported half-life value, 12.262+-0.004 years,® leads to 
an average beta energy of 5.65+0.02 kev. Use of the 
method of Slack et al.* yields a maximum beta energy 
of 18.46+0.06 kev. However, it should be noted that 
longer half-life values have appeared in the literature. 

If the grand average half-life value, 12.43+-0.04 years, 
which is given by Popov ef al.,5 is used instead of 
12.262+0.004 years, then, similarly as above, one 
obtains an average beta energy of 5.73+0.03 kev and 
a maximum beta energy of 18.7+0.1 kev. This latter 
value for the maximum beta energy is in somewhat 
better agreement with the value, 18.61+0.1 kev, given 
in the work and summary of Porter’; hence, we have 
given the grand average half-life? precedence in the 
abstract. 
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The binding energy of the deuteron has been determined by measuring the energy of the neutron-proton 
capture gamma ray with a 2-meter bent quartz crystal spectrometer in the Cauchois geometry. A polyethy]- 
ene target in the through-tube of a reactor supplied the n-p capture gamma rays. The 411.77-kev gamma ray 
of Hg" and the annihilation radiation were used to calibrate the spectrometer. The average of the results of 
four plates gives 2.225+0.003 Mev for the binding energy of the deuteron. 


NE of the most direct methods to determine the 

binding energy of the deuteron consists of meas- 
uring the energy of the neutron-proton capture gamma 
ray. The use of a bent quartz crystal spectrometer for 
this purpose affords high absolute precision. We have 
employed a 2-meter spectrometer'? in the Cauchois 
geometry to diffract the »-p capture gamma rays from 
a polyethylene target in the through-tube of the 
Livermore pool-type reactor. The present measure- 
ments are a continuation of earlier work® done in this 
laboratory. 

The experimental arrangement is illustrated in Fig. 1. 
The polyethylene provides an effective source strength 
of one kilocurie. The beam is defined by a lead collimator 
which reduces from a width of 1.2 cm at the source to 3 
mm at the crystal. This collimator remains fixed to 
insure that the same portion of the bent crystal is used 
throughout the experiment. The spectrometer is aligned 
with the center of the crystal and the conjugate focus on 
the axis of the collimator. The focussed gamma-ray line 
is produced at twice the Bragg angle from the beam axis. 
600 uw Ilford G-5 emulsions mounted on glass are used to 
record the lines. The spectrometer is then rotated about 
the center of the crystal to reflect the gamma rays from 
the other side of the (310) crystal planes, forming the 
line pattern shown in Fig. 2. Each deuteron line required 
an exposure of ~ 140 hours. 

A gold target was used to provide calibration lines. 
The gamma rays were the 411.770+0.036 kev gamma 
ray* from Hg"®* and the 510.976-kev’ annihilation radia- 
tion. The latter is presumably the result of pair produc- 
tion by high-energy gold-capture gamma rays in the 
gold target. The distances between the lines were 
measured with a precision comparator. For the small 


* This work was performed under auspices of the U. S. Atomic 
Energy Commission. 

t Now at Aerospace Division, Boeing Airplane Company, 
Seattle, Washington. 

1 E. L. Chupp, A. F. Clark, J. W. M. DuMond, J. F. Gordon, 
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Bragg angles involved here, the energy of the deuteron 
formation gamma ray Ep may simply be calculated 
from 

Ep= EcAc Ap, 


where Ec is the energy of the calibration gamma ray, 
and Ac, Ap are the separations of the lines as shown in 
Fig. 2. The binding energy /z is obtained by adding 1.3 
kev to Ep to account for the deuteron recoil energy. 

The results from our usable plates are listed in 
Table I. 

In the absence of instrumental errors the line pattern 
on each plate would be symmetrical. In other words, the 
pair of deuteron lines and the pair of calibration lines 
would have a common center. Actually, the line patterns 
are found to have a varying amount of asymmetry. In 
Table I we have listed the error in Eg which would re- 
sult if the measured asymmetry were attributed com- 
pletely to a shift of a deuteron line. If the asymmetry 
were due to a shift of a calibration line, the error in Eg 
would be only ~} as great. Therefore, the asymmetry 
error listed is probably overestimated. The fluctuation 
of Eg from plate to plate could be due to emulsion 
movements on development, judging from tests we have 
made. The large asymmetry on D-18 indicates the 
presence of a line shift due to an unknown cause. 

A straight average of the results on all the plates 
gives Eg=2.225 Mev. A weighted average based on the 
possible asymmetry errors and other smaller errors 
yields the same value. We therefore adopt as our over- 
all result: 

Ex=2.22540.003 Mev. 


The calculated probable error is less than 2 kev. How- 


TABLE I. Measured values of the binding energy of the deuteron. 


Possible error 

from 
Calibration asymmetry, 

Plate No. gamma ray kev 
D-13 
D-18 
D-19 
D-20 


Hg" 
Hg 
Hg"®, ann. rad 
annihilation rad 


6 
16 
38 7» 
“9 


“Ns 


ho bh ht bh 
OO te 


hr NM Nh DO 
bho DN DO bt 
Nm 





® For deuteron lines compared to annihilation lines 
b+ For deuteron lines compared to mercury lines. 
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Fic. 1. Experimental arrangement. 
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ever, we have arbitrarily increased the estimated error 
to 3 kev because of the few plates and the presence of 
asymmetries on some of them. The 3-kev uncertainty 
corresponds to a determination of Ap to 6% of a line- 
width. It is to be emphasized that negligible uncertainty 
is introduced into the result by the calibration of the 
spectrometer. This is the principal advantage of the 
present technique. 

By comparison, Bell and Elliot® used a beta-ray 


. 4c 


























Fic. 2. Line pattern on plate (approximately full size). 


®R. E. Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950). 


PARAFFIN 


WY MASONITE 
spectrometer to measure the energy of the n-p capture 
gamma ray, obtaining Eg=2.230+0.007 Mev. Meas- 
urements based on determining the threshold for 
photodisintegration of the deuteron have yielded 2.226 
+0.003 Mev,’ and 2.227+0.003 Mev.® Motz, Carter, 
and Fisher,’ using a magnetic Compton spectrometer, 
have obtained a preliminary value of 2.2243 Mev.” 

We are continuing in an effort to improve our data. 
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Inelastic scattering of N“ by carbon was studied at 27.3 Mev using two surface-barrier counters to detect 
both the scattered and the recoil particle in coincidence. The cross section for excitation of C™ to the first 
excited state (4.43 Mev) varies only slightly with angle and averages about 0.5 mb/sr. This is about 15 
times greater than the theoretical cross section for Coulomb excitation. The cross sections for scattering 
to the second, third, and fourth excited states in N“ were found to be only 15 to 25% of that for the 4.43-Mev 
excitation in C™. Scattering to the first excited state of N“ was not observed, which is consistent with 


conservation of isotopic spin. 





I. INTRODUCTION 


HE general question of how complex nuclei can 

interact inelastically by means of the nuclear 
force, yet retain their original identity, is of great 
interest. Heavy-ion inelastic scattering has not pre- 
viously been studied at energies above the Coulomb 
barrier. It therefore seemed worthwhile to extend our 
recent studies of elastic scattering of 27-Mev nitrogen 
ions by beryllium,' carbon,? and aluminum‘ to inelastic 
scattering as well. 

Experimental problems, however, for a while seemed 
to rule out the possibility of such measurements. 
Excitation of the projectile as well as the target can 
occur, and even with the widely spaced levels of a 
target such as C® (see Fig. 1), better energy resolution 
is needed than was obtained with scintillation counters. 
The coincidence method' helps enormously but cannot 
entirely supplant the requirement of good resolution. 

With the development of surface-barrier counters 
counters and their application to heavy-ion detection,‘ 
it became clear that it was practical to study inelastic 
scattering. The principal advantages of these counters 
over scintillation counters for this experiment are 
excellent pulse-height resolution and _pulse-height 
response proportional to particle energy regardless of 
the type of particle or its velocity. 

Carbon was chosen as the target for several reasons. 
First, the elastic cross section has been measured; this 
simplifies the determination of the inelastic cross 
section and also permits a comparison of the results 
with theories which connect elastic and inelastic 
scattering. Second, the inelastic scattering of protons, 
neutrons, deuterons, and alpha particles by the same 
states in C” has been studied and comparisons might 
be informative. Third, C” is a favorable target because 
its excited states are widely spaced. Finally, a test of 
the isotopic-spin conservation rule is possible for this 


* Operated for the U. S. Atomic Energy Commission by Union 
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target since the initial system has T=0, but the first 


excited state of N“ has 7=1. 


II. EXPERIMENTAL DETAILS 


The coincidence method for scattering has been 
described elsewhere.' In this method both the scattered 
particle and the recoil particle for each event of interest 
are detected. The counter with the smaller center-of- 
mass aperture is known as the defining counter. Its 
output is displayed on a multichannel analyzer which 
is gated by pulses from the second counter (known as 
the conjugate counter). Only those conjugate-counter 
pulses within a certain pre-selected amplitude interval 
are used for gating. Thus, for any pair of reaction 
products, precise information is obtained on the pulse 
height of the particle which entered the defining 
counter and on its angle of emission from the target; 
similar though less precise information is obtained for 
the other particle. This is usually sufficient to identify 
the reaction unambiguously. 

The use of the coincidence method was of particular 
importance in this experiment because of the large 
counting rate from other events. Ungated spectra al- 
ways showed many counts in the regions where none 
at all should have been expected, and even the most 
probable inelastic event was almost completely sub- 
merged in this background. The coincidence method 
practically eliminated the background. The effectiveness 
of the method was such that in one case it was possible 
to set an upper limit on one inelastic cross section of less 
than 10~* of the elastic. 

Although the basic method of taking data remained 
the same as outlined previously,' a number of important 
changes have been instituted. These will now be 
described. 


A. Apparatus 


The defining counter is a silicon surface-barrier 
device made of 50 ohm-cm n-type silicon. Bias is 
provided by a 45-volt mercury battery. A 0.094-in. 
diameter aperture placed 8.0 in. from the target limits 
the angular acceptance to a cone of half-angle 0.34 deg. 

During the early portion of the experiment, a CsI (T1) 
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scintillation counter was used as the conjugate counter. 
It was replaced by a 150 ohm-cm surface-barrier 
counter as soon as one of sufficient area (~1 cm?) 
became available. This counter was normally operated 
with 5 volts bias. Usually a }-inch diameter collimator 
located 2.0 in. from the target was placed in front of 
this counter, making its half-angle of acceptance 3.5 
degrees. Occasionally, for certain experimental checks, 
this counter was used with a different collimator. 

The solid-state counters required no magnetic 
shielding even though the scattering chamber was 
located in the fringing field of the cyclotron. The iron 
tubes formerly used to shield the paths of the particles 
from the magnetic field were found to be unnecessary 
and were not used, except that the tube shielding the 
path of the incident beam was retained because it 
holds the entrance collimator. 

The signal from each counter was amplified by a low- 
noise preamplifier. Pulses from the defining counter were 
amplified further by a modified A-1D linear amplifier 
and were then sent to a 256-channel analyzer. The 
conjugate-counter pulses were amplified by a DD-2 
amplifier. A single-channel pulse-height analyzer on 
the output selected the pulses for gating the multi- 
channel analyzer. The resolving time (27) was 0.7 usec. 

When tested with ThC alpha particles (6.06 Mev), 
the resolution of the defining counter was 1.3% (full 
width at half maximum). The N™ and C® particles 
entering the counter in this experiment had two to 
four times as much energy, depending on the angle of 
scattering. At first sight, it would seem that the 
resolution for the heavy ions should have been much 
better than 1.3%. Actually, it was not; at best the 
elastic peak was 2.5% wide. A large fraction, if not all, 
of the excess width may be attributed to factors such 
as beam-energy spread, target nonuniformity, multiple 
scattering, and the finite geometry. The last two are 
important because the target is lighter than the 
projectile and the variation of energy with scattering 
angle is therefore quite marked. 

Figure 2 shows a series of coincidence-gated spectra 
for the thinnest target with the defining counter at 
18.4 degrees (lab). Each was run for the same integrated 
beam current ; somewhat more than an hour of cyclotron 
time was required per spectrum. The conjugate counter 
position was varied from 50.2 to 56.2 degrees. The 
arrows indicate, to an accuracy of +3 channel, the 
expected peak channel for some of the inelastic events. 

The most prominent peak appears to be scattering 
with Q=—4.43 Mev. To verify this, the number of 
counts in the main peak was added up carefully for 
each spectrum and plotted as a function of conjugate 
counter angle, as in Fig. 3. Here the arrows indicate 
the angles at which the recoil C” ions are emitted for 
various values of —Q. The uncertainty in setting the 
conjugate counter angles was less than 0.2 degree. The 
experimental data clearly indicate that the prominent 
peak is indeed due to the 4.43-Mev scattering events. 
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Fic. 1. Energy level diagram for N“ and C, based on the 
compilation of F. Ajzenberg-Selove and T. Lauritsen, Nuclear 
Phys. 11, 1 (1959). All states except the 2.31-Mev state in N™ 
have T=0. 


B. Beam Energy Measurement 


The energy of the incident beam was determined in 
two ways. In one method’ the beam entered a chamber 
containing hydrogen. Protons recoiling in the forward 
direction were stopped in a nuclear emulsion. From the 
length of the proton tracks, the beam energy was 
calculated to be 27.7+0.3 Mev. 

The other method was based on the use of a surface- 
barrier counter to measure the relative pulse height of 
nitrogen ions from the beam and of alpha particles of 
known energy from a radioactive source. The beam 
passed through a self-supporting evaporated gold film 
about 100 ug/cm? thick oriented at 45° to the beam 
direction. Nitrogen ions which were scattered through 
90° and passed through the gold were detected. The 
alpha source was placed near the counter. 

To obtain the greatest accuracy in comparing the 
two rather different pulse heights, a null method was 
adopted which made it unnecessary to establish the 
linearity or true zero of the multichannel analyzer. 
The accuracy depended only on the linearity of the 
preamplifier and of a precision helical potentiometer as 
a voltage divider in the pulser. First, an alpha spectrum 
was obtained. Then the test pulses were fed to the 
preamplifier input and the potentiometer was adjusted 
so that the test pulses were counted in the same channel 
of the analyzer. Next the cyclotron was turned on. By 
reducing the amplifier gain the pulses from the scattered 
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Fic. 2. Coincidence-gated spectra with defining counter at 
18.4°. The conjugate counter angle for each spectrum is shown. 
The arrows indicate the expected peak positions for inelastic 
events having —Q corresponding to the low-lying states of C” 
and N*, 


N"™ were placed in the same channel. The cyclotron 
was then turned off and the attenuator adjusted so 
that the test pulses matched the N™ pulse height 
exactly. The ratio of the two dial readings on the 
attenuator gave the ratio of pulse heights, from which 
the beam energy could be calculated. 

By this method the beam energy was found to be 
28.1+0.2 Mev. The average of the two energy measure- 
ments was taken to be 27.9 Mev. 


C. Targets 


Most of the experimental data were obtained with 
two carbon films made from a suspension of colloidal 
graphite as described earlier.? One of these was weighed 
after bombardment and found to be 0.17+0.03 mg/cm? 
thick, corresponding to an energy loss for the beam of 
about 1.2 Mev. The other one fell apart before it could 
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be weighed, but judging from the counting rate was of 
the same thickness. For these targets the mean energy 
of scattering was therefore 27.3 Mev. 

These targets, although of appreciable thickness and 
fairly nonuniform, were satisfactory when the energy 
of the coincident particles was greater than a few Mev. 
At the extremes of the angular range studied, however, 
good data could not be obtained from them because 
the initial energy of the coincident particles was 
comparable with their energy loss as they left the target. 
In the later stages of the experiment a carbon film on 
the order of 0.05 mg/cm? thick, prepared by evapora- 
tion,® was used. This made it possible to study scatter- 
ing at angles for which the coincident-particle energy 
was as low as 2 Mev before leaving the target. With this 
target, the peaks in the spectra from the defining 
counter were somewhat sharper. The energy loss in the 
thin target is estimated at about 0.4 Mev, making the 
average energy of these scattering events about 27.7 
Mev. 


D. Effect of y Decay 


The mean lifetime of the 4.43-Mev state in C” is 
6.5X10-" sec,’ so the de-excitation to the ground 
state occurs essentially at the point of scattering. Should 
the de-excitation ray be emitted at an angle to the di- 
rection of motion of the recoiling C” ion, the carbon ion 
will be deflected slightly. The largest deflection occurs 
for perpendicular emission from a slow-moving carbon 
ion. This amounts to a 1.2-degree change in direction for 
a C” ion of 2 Mev. Since the acceptance angle of the con- 
jugate counter was considerably larger, no difficulty 
from this effect was expected and none was found. 


E. Method of Taking Data 


The energy of the coincident particle from inelastic 
scattering is almost the same as from the elastic. To 
save time, the elastic scattering with its higher counting 
rate was used wherever possible for the necessary 
experimental checks. In detail the procedure was as 
follows. 

For a given defining-counter angle the conjugate 
counter was first positioned to select elastic scattering 
only. The window of the single-channel analyzer was 
narrowed and the intensity variation of the N™ elastic 
peak in the defining-counter spectrum was measured 
as the window was moved across the C” recoils detected 
by the conjugate counter. From these data, the expected 
window position for the inelastic recoils was determined. 
The window was then opened wide enough to include 
all the elastic and inelastic recoils with a generous 
margin of safety and a spectrum obtained for a definite 
amount of integrated beam current. 
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This elastic spectrum in the defining counter served 
three purposes. First, it was useful as a standard against 
which later elastic runs could be compared as a 
check that the operating conditions were stable. Such 
checks were needed because at least half a day and 
frequently several days were required to collect the 
inelastic data at one angle. Second, from the position 
of the elastic peak, the expected pulse heights of the 
inelastic peaks could be accurately determined. Third, 
the inelastic counting rate could be easily converted to 
an absolute cross section since the elastic cross section 
is known.? At the two smallest center-of-mass angles 
this method of normalization could not be applied 
because the elastic cross section at these angles had 
not been previously measured. In these cases the defin- 
ing counter was simply moved to an angle at which 
the elastic cross section was known. 

The conjugate counter was next moved to the 
expected angle for the inelastic event under study. 
Spectra were obtained at this angle and at other 
nearby angles as described previously for Fig. 2. The 
number of counts in the peak was summarized as in 
Fig. 3. This procedure, although very time consuming, 
was repeated at every scattering angle to confirm the 
identification of the excited states and also to guarantee 
that all the coincident particles were being counted 
(indicated by the plateau of Fig. 3). 


III. RESULTS 
4.43-Mev state in C® 


The predominant inelastic-scattering event at all 
angles is that leaving N“ in its ground state and C” in 
its first excited state. The differential cross section is 
given in Fig. 4 with the 27.3-Mev elastic data? shown 
for comparison. The solid dots were obtained with the 
thin target. 

The particle detected in the defining counter from 
36.2° to 96.0° was the scattered nitrogen. For the point 
at 95.8° and the others beyond, the defining counter 
was positioned to accept the recoil carbon ion because 
it had the higher energy. The two portions of the data 
are in good agreement in the vicinity of 96 degrees. 
The angular resolution was approximately one degree 
(c.m.). 

Since the data were normalized to the 27.3-Mev 
elastic cross section at each angle, both the systematic 
and the relative error in the elastic scattering measure- 
ment enter. The former makes the magnitude of the 
cross section uncertain by about 9%, while the latter 
introduces a 5 to 10% error in the relative cross sections. 
The standard error in the relative angular distribution 
for inelastic scattering is perhaps best judged from the 
scatter of the experimental points, and is about +10%. 
Probably most of this uncertainty can be traced to the 
ambiguities in assigning the counts in the spectra to the 
various excited states. 

The energy sensitivity of the elastic cross section may 
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have an important effect on the normalization of the 
inelastic curve. Between 23.5 and 27.3 Mev it had 
previously been found? that on the average a 1% 
increase in energy decreased the cross section by roughly 
20%. Since the mean energy of scattering for the 
thin-target data (27.7 Mev) was about 1.5% higher 
than for the other data (27.3 Mev), the elastic cross 
sections used to normalize these points may have been 
on the order of 30% too large. However, no attempt 
was made to incorporate such a correction since it 
cannot be calculated with sufficient accuracy. In the 
first place, the 30% figure may not apply to energies 
higher than 27.3 Mev. Secondly, do/dE varies appre- 
ciably with angle because of the structure, and this 
should not be ignored. Furthermore, the energy 
dependence of the inelastic cross section is unknown. 
At angles where the two sets of data overlap, the 
agreement is usually good. Since the thin-target points 
include data on angles that could not be studied with 
the thick targets, it was decided to include these points 
on the same graph (Fig. 4), but in such a way that 
they could be easily distinguished from the 27.3-Mev 
points. 

The total area under the experimental curve is 
5.1 mb. If the differential cross section is assumed to 
be flat from 0° to the smallest angle measured, and 
also from the largest angle out to 180°, then the total 
cross section is 5.8 mb. 


3.95-Mev staie in N4 


As is clear from Fig. 2, scattering to the 3.95-Mev 
state occurs with a much smaller probability. This is 
true at most angles. At the largest angles studied the 
3.95-Mev state appeared to be somewhat more import- 
ant, but the 4.43-Mev state was still dominant. The 
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Fic. 3. Area of 4.43-Mev peak with defining counter at 18.4 deg, 
as a function of conjugate countér angle. The arrows indicate the 
angles at which the recoil C” ions are emitted for the inelastic 
events having the values of —Q shown. 
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Fic. 4. Differential cross section (center-of-mass system) for 
inelastic scattering of N“ to the first excited state of C*. The mean 
energy of scattering for the open circles was 27.3 Mev. The solid 
dots represent data obtained with the thinnest target, for which 
the mean energy was 27.7 Mev. The upper curve is the experi- 
mental cross section for elastic scattering of N“ by C® at 27.3 
Mev’. 


intensity of scattering to this state is in general on 
the order of 15% of that to the 4.43-Mev state, so 
that the differential cross section is approximately 0.07 
mb/sr and the total cross section about 0.9 millibarn. 


4.91- and 5.10-Mev states in N™ 


These two states could not be resolved. Their 
intensity was usually somewhat larger than that of the 
3.95-Mev state, very roughly 25% of that for the 
4.43-Mev state. Therefore for these states together 
da/dw~0.12 mb/sr and or4~1.5 millibarn. 


2.31-Mev state in N4 


All states mentioned so far had isotopic spin zero. 
A systematic search for scattering to the T=1 first 
excited state of N™ was made at practically all angles 
at which the 4.43-Mev scattering was studied. At the 
proper conjugate-counter angle for Q=—2.31 scatter- 
ing, counts in the correct portion of the gated spectrum 
were extremely rare and appeared to be randomly 
distributed rather than peaked at any one pulse height. 
To set an upper limit on the cross section, all counts 
found in a 5%-wide section of the spectrum bracketing 
the pulse height expected for the 2.31-Mev events were 
assumed to represent scattering from this state. 

The upper limit obtained in this way is 5 ub/sr at 
most angles, so that the total cross section is <60 ub. 
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It should be mentioned that the spectra had to be 
extremely clean to set this limit. At some angles one 
count per hour in the correct portion of the spectrum 
corresponds to a cross section of 2 wb/sr. It did not 
seem likely that the upper limit could be decreased by 
longer runs since, as was mentioned, the same density 
of counts was found in portions of the spectrum where 
no states can contribute. 


Other States 


Scattering to the 5.69-Mev and higher excited states 
was detected, but no attempt was made to measure the 
cross sections since the states lay too close together in 
both energy and angle to be resolved. 


IV. DISCUSSION 


The scattering from the 4.33-Mev state in C®, 
with the N“ remaining in its ground state, shows a 
notable lack of structure, in marked contrast with the 
elastic scattering. The little structure that is present 
shows much larger separation of the maxima than 
does the elastic cross section. 

A comparison of the differential cross section for 
excitation of the 4.43-Mev state by other medium energy 
projectiles is given in Fig. 5. In addition to the present 
results, curves are shown for 14-Mev neutrons,’ 
19.4-Mev protons,’ 19.1-Mev deuterons,'® and 41-Mev 
alphas." Where data at several energies were available, 
as for protons, deuterons, and alphas, only the highest 
energy curve was included. The cross sections at lower 
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Fic. 5. Comparison of cross sections for excitation of the 
4.43-Mev level in C” by various projectiles, as follows: n, 14-Mev 
neutrons®; p, 19.4-Mev protons’; d, 19.1-Mev deuterons”; a, 
41-Mev alphas"!; N“, 27.3-Mev nitrogen-14 (present results). 
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energies are generally larger and, for alpha particles, 
show more pronounced structure. 

The most striking feature of Fig. 5 is the large gap, 
corresponding to a factor of approximately 10, between 
the N™ cross section and all the others. This may be 
due to the larger number of additional reactions 
possible with the nitrogen ions than with simpler 
particles. The number of inelastic scattering processes 
is larger since the projectile as well as the target can 
be excited. Furthermore, many transfer reactions are 
possible with N'*. Under favorable conditions the total 
cross section for each such reaction may be as high as 
a few millibarns." This point of view implies that a 
limit exists on the sum of the cross sections for final 
states consisting of two heavy ions, and that competi- 
tion is responsible for the small cross section to any one 
final state. 

Another qualitative explanation may be given. The 
probability of excitation is likely to be larger for close 
collisions than for distant ones. Simple projectiles can 
come close to the C nucleus, excite it, and successfully 
escape, but if the N™ passed close to the C” it would be 
less likely to be re-emitted. 

An obvious mechanism for inelastic scattering is 
Coulomb excitation. In Fig. 6 the semiclassical theory 
for £2 excitation is compared with the measured 
cross section. The parameters for this case are n= 4.73 
and =1.15. The reduced transition probability for 
excitation, B(£2), was obtained from the measured 
lifetime”? of the 4.43-Mev state, r= (6.541.2)K10-" 
sec, by means of a formula“ adjusted for the statistical 
weight of the final state: 

B(E2)=5 (75/41) (hc/AE)*h/r. 

From this formula B(£2)=(37+47)X10-"e? cm‘. To 
make the curve coincide with the experimental points, 
as it does in Fig. 6, it was necessary to multiply the 
theoretical cross section by a factor of 15. That is, 
Coulomb excitation is about 15 times too small to 
explain the data. The total cross section for £2 excita- 
tion, calculated quantum mechanically,” is 0.34+0.06 
mb, 17 times smaller than the experimental value of 
5.8 mb. It thus seems clear that Coulomb excitation is 
a relatively unimportant mechanism for scattering to 
the 4.43-Mev state in C™. 

Blair has developed a model for inelastic diffraction 
scattering which is successful for some alpha-particle 
scattering data.!® This theory connects the elastic and 
inelastic scattering through a nuclear deformation and 
predicts that the maxima of the inelastic pattern 
appear at the same angles as the minima of the elastic 
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Fic. 6. Comparison of experimental cross section for excitation 

of 4.43-Mev level in C® by N™ (dots and circles) with 15 times 

the theoretical cross section for E2 Coulomb excitation (solid 
line). 


when there is no change of parity. In the data of Fig. 4 
the broad inelastic maximum at 120 deg does come at 
about the same angle as an elastic minimum, but 
otherwise there is little evidence to bear out the 
prediction. However, the present result should prob- 
ably not be regarded as an adequate test of the theory. 
Considering the approximations needed in its develop- 
ment, it is doubtful whether the theory is really applic- 
able here. For example, the Coulomb field should not 
be neglected for N“ on C” since »=4.73. Furthermore, 
the theory is basically a small-angle theory, but 
here is must be applied to angles considerably greater 
than one radian. 

The predominance of the 4.43-Mev state may be 
connected with its collective properties. For the rms 
charge radius R= 2.50 10— cm from electron scatter- 
ing by carbon,'® the single-particle reduced transition 
probability is 5.6X10-*e? cm‘. This is about 7 times 
smaller. than the value calculated above from the 
lifetime, indicating collective enhancement. On the 
other hand, the excited states observed in N™ are 
commonly thought to be single-particle states. It is 
interesting to note that the cross section for exciting the 
single-particle 3.95-Mev level is in fact about 1/7 that 
for exciting the collective 4.43-Mev level. A similar 
result has been found in the inelastic scattering of 
9.5-Mev protons by carbon” and nitrogen.'® 

It was hoped that the upper limit on scattering to 
the first excited state of N' would provide a test of 
the validity of the isotopic-spin conservation rule. 
Ordinarily, one wishes to compare the cross section 
for a transition allowed by this rule with that for the 
forbidden transition. For this purpose the allowed 
transition should be as similar as possible to the 
forbidden one, but all of the other measured processes 
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go to final states of spin and parity different from the 
O+ of the 2.31-Mev state. Perhaps the most similar 
allowed transition is the Q=—3.95-Mev transition, 
which leaves the C” in its ground state and the N" in 
its second excited state (1+). The cross section for 
scattering to the 2.31-Mev state is <1/15 that for 
scattering to the 3.95-Mev state. A similar upper limit 
(6%) for this intensity ratio was obtained by Watters" 
with 31.5-Mev alphas scattered by N™. 

It was pointed out by Hashimoto and Alford” in a 
similar problem that the angular momentum and parity 
conservation rules should be considered. In this case 


19 H. J. Watters, Phys. Rev. 103, 1763 (1956). 
2 Y, Hashimoto and W. P. Alford, Phys. Rev. 116, 981 (1959). 
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they would inhibit the 2.31-Mev transition by a factor 
of about 3. It appears then that although a stringent 
test of the isotopic-spin conservation rule must be 
sought elsewhere, within the sensitivity of this experi- 
ment the rule is not violated. 
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Lifetime of the First Excited State of N'+ 
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The mean life of the first excited state of N™ has been measured by nuclear resonant scattering. The 
N"(p,p’) reaction with an N™ enriched gaseous ammonia target was used as the source of Doppler- 
broadened y radiation. The value of (7.31.8) X10~ sec obtained is a factor of two longer than theoretical 
predictions based on the wave functions used to explain the anomalously slow C 8 decay. 


INTRODUCTION 


HE slowness of the C“ 8 decay seems to be most 
satisfactorily explained by the chance cancellation 
of terms in the matrix element.’ Since the electro- 
magnetic decay of the first excited state of N™ involves, 
in the approximation that isotopic spin is a good 
quantum number, the same nuclear wave functions, a 
measurement of this decay rate should be of interest. 
Elliott® and Visscher and Ferrell* have calculated this 
rate using wave functions consistant with the 6 decay. 
They predict mean lives of 3.75X10-“ and 2.88 10" 
sec, which may be compared to the extreme j-7 coupling 
prediction of 7.4 10~"* sec. 

Sherr ef al.® and Thirion and Barloutaud® attempted 
to measure this lifetime by the Doppler-shift method. 
Neither group was able to find a target dense enough 
to give a detectable reduction in. the Doppler shift of 
the y ray. They give upper limits for the mean life of 
5X 10-" and 3X10~" sec, respectively. 


+ This research was supported by the U. S. Office of Naval 
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esearch. 
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6 J. Thirion and R. Barloutaud, Compt. rend. 240, 2136 (1955). 


Previous efforts to measure this lifetime by the 
nuclear resonance fluorescence techniques served only 
to establish a lower limit of 6.6X10-"® sec, as quoted 
by Warburton and Pinkston.’ Thus the theoretical 
values are within the experimental limits, but these 
limits are so wide as to be of little significance. 

The theoretical lifetimes are well within the range 
of lifetimes previously measured by the resonance 
fluorescence technique, and one might expect it to be 
easily measurable. That this is not the case is the result 
of two unfavorable circumstances. First, the statistical 
weight factor in the resonance cross section for this 1-0-1 
transition is only } compared, for example, to 5 for the 
favorable 0-2-0 case. Second, the most suitable source 
of the 2.31-Mev y ray appears to be the N"(p,p’)N™* 
reaction which gives a rather low yield even at proton 
energies several hundred kev above the N'(p,n) 
threshold. The presence of neutrons in this case is 
particularly troublesome because of the 2.22-Mev 
gamma ray resulting from neutron capture in the 
hydrogen of hydrogenous materials. Indeed, this 
measurement was only possible because we were able 
to obtain from F. H. Spedding nitrogen depleted in 
N’* by a factor of about 30. The low y-ray yield along 


ase) Warburton and W. T. Pinkston, Phys. Rev. 118, 733 
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with the natural background—specifically a 2.6-Mev 
y ray attributed to ThC"—in the concrete of the target 
room was the limiting factor in our earlier measure- 
ments. With the construction of a low-background 
target room® for the Bartol-ONR Van de Graaff ac- 
celerator, a measurement of much improved sensitivity 
became possible. 


EXPERIMENTAL METHOD AND DETAILS 


Nuclear resonance fluorescence techniques, including 
the case where the y-radiation results from a nuclear 
reaction, have been discussed in a review article by 
Metzger’ and in previous publications.!°-'® Only details 
of special importance will be mentioned here. 

The excitation function for the N\(p,p’)N“* reaction 
shows a 82-kev wide resonance at a proton energy of 
3.9 Mev and a narrow (<15 kev) resonance at 4.0 
Mev.'® The yield below these resonances is negligible, 
and the next resonance, at 4.8 Mev,'® is enough higher 
in proton energy to give a large increase in neutron 
background. 

Gaseous NH; in the cell shown in Fig. 2 of reference 
11, was used as the target. Platinum foils of 8 mg/cm’ 
nominal thickness were used for the entrance window 
since they contained fewer neutron-producing con- 
taminants than the tantalum foils used previously. 
Figure 1, showing the yield curve for the 2.31-Mev 
y ray in the region of interest, was obtained with an 
NH; pressure of roughly 1} cm of Hg in the cell. For 
the resonance fluorescence studies about 30-cm pressure 
of NH; was used. A yield of about 10® 2.31-Mev y 
rays per ucoul was obtained at the optimum proton 
energy. The energy region spanned by the target is 
indicated in Fig. 1. 

The NH; dissociated under bombardment (presum- 
ably into N2 and Hp) at first rather rapidly, and then 
at the expected steadily decreasing rate. Unfortunately, 
the equilibrium pressure was higher than the breaking 
pressure of the foils, so that after a few hours bombard- 
ment with a 4-va beam it was necessary to replace the 
gas, even though the neutron-producing contaminants 
(presumably from outgassing of the cell) had not 
become unacceptably large. The use of N» would have 
given higher yield, but it was found that the greater 


§ C. P. Swann, V. K. Rasmussen, and H. O. Albrecht, J. Franklin 
Inst. 268, 226 (1959). 

*Franz R. Metzger, Progress in Nuclear Physics, edited by 
O. R. Frisch (Pergamon Press, New,York, 1959), Vol. 7. 
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Rev. 110, 154 (1958). 
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Rev. 110, 906 (1958). 
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Fic. 1. Excitation function for the 2.31-Mev radiation from 
the N"*(p,p’)N™* reaction. The target was gaseous NH; less than 
10 kev thick for 4-Mev protons. The horizontal arrow indicates 
the region covered by the target used in the resonance scattering 
measurements. Because of suspected thickness variations in the 
entrance window (nominal thickness 220 kev), the curve is prob- 
ably somewhat less sharp than the true excitation function for the 
amount of NH; used. 


efficiency of Hz in cooling the entrance foil was of 
importance, so that the net gain was insignificant. 
The ammonia also had the advantage that it could be 
transferred by freezing with liquid nitrogen, and that 
the neutron-producing contaminants it picked up 
under bombardment could be pumped off when it was 
frozen. 

After considerable investigation it was decided that 
liquid nitrogen was the most practical scattering 
material. The construction of the ring scatterer and 
other details of the experimental arrangement are 
illustrated in Fig. 2. The scatterer was made about as 
large as is feasible when the general scale of the experi- 
mental arrangement is considered, the scattering 
volume proper being 33.0 cm i.d. 48.3 cm o.d., and 
10.2 cm long and containing 7920 g of liquid nitrogen. 
The loss by boiling was about 35 g per minute, which 
required adding nitrogen every 8 min or so, but had 
the advantage that the gas flow through the vented 
cork was high enough to obviate any possibility of 
contamination by condensation of atmospheric oxygen. 
It was also established that the amount of water vapor 
condensed was unimportant. The comparison scatterer 
was an identical container filled with 6120 g of flake 
graphite. This amount of graphite represents simply 
the amount which could be easily put in the container, 
although it is also of the magnitude necessary to 
match the scatterers for neutron scattering, as suggested 
by noting that around 1 Mev the total neutron cross 
section is somewhat higher for carbon than for nitrogen. 

As noted in previous publications, when y radiation 
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Fic. 2. Scatterer construction 
and geometry used in the reso- 
nance scattering measurement. 
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is excited in a nuclear reaction such as N"(p,p’), the 
resultant Doppler broadening is very large compared 
to that necessary to compensate for the nuclear recoil 
in the emission or absorption of photons. Photons of 
resonant energy are thus emitted only at approximately 
89° to the N'* velocity. Since the inelastic scattering 
gives N"* only in a forward cone, resonant scattering 
is expected only when the scatterer is within a cone 
centered around 89° to the proton beam. If the scatter- 
ers are placed outside of this “allowed cone,” the 
scattering angle being kept constant, the matching of 
the scatterers for effects other than resonant scattering 
(e.g., neutron scattering) may be verified. In general, 
the validity of such a measurement depends on the 
velocity of the nucleus remaining constant until the 
photon is emitted—in the present case the use of a 
gaseous target and the observation®® of the full 
Doppler shift with a solid target is ample assurance 
that this condition is satisfied. 

Also as noted in previous papers, the calculation of 
the resonant scattering cross section from a scattering 
measurement requires, for the y-ray source used, a 
knowledge of the number of photons per unit energy 
interval at the resonant energy and the variation of 
this number as the angle with the proton beam is 
changed. This function, N (£r,8), depends on both the 
angular distribution of the recoil nuclei with respect 
to the beam and the distribution of the y radiation 
with respect to the recoil nuclei. The spin of the first 
excited state of N™ is well established as zero, so that 
it was only necessary to measure the distribution of 
the recoil nuclei (or the protons). This was done using 
the variable-angle target chamber, NalI(Tl) proton 
counter, and gas cell described in reference 11. 


Spectroscopically pure nitrogen was used as the target 
gas. The 1.4 mg/cm? aluminum windows in the cell 
give 2.2-Mev y rays so that integration of the incident 
proton beam, rather than monitoring the y-ray yield, 
was necessary. Measurements were made at five 
laboratory angles between 35.5° and 145°, and at nine 
proton energies in the neighborhood of the two reso- 
nances. Since only the integral of N(Ep,8) over the 
target thickness is needed, and since calculation of the 
dependence on 8 involves an averaging over a range 
of center-of-mass angles of the proton with respect to 
the beam direction, these measurements did not have 
to be made with great care. 


RESULTS 


The value of N(£p,8) obtained from the angular 
distribution measurements did not differ much from 
the value that would be given by an isotropic proton 
distribution, the largest difference being only 8%, and 
integration over the scatterer (which covered almost 
the whole range from the smallest allowed value of 
B to B=x/2) gave N(Er)exp=0.975 N(Ep)isotropice AS 
for the inelastic proton distributions, we only comment 
that they showed a general forward peaking, that 
there appeared to be interference between the two 
resonances, and that at the peak of the 3.9-Mev 
resonance our results are not in disagreement with 
those of Olness ef al.!’ 

The resonant scattering effect is shown in Fig. 3, 
which gives the difference between the pulse-height 
distribution with the nitrogen scatterer and that with 
the graphite scatterer. The solid curve is the direct 


17 J. W. Olness, J. Vorona, and H. W. Lewis, Bull. Am. Phy 
Soc. 2, 51 (1957). eon ere 
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beam distribution, obtained by exposing the same 
NalI(Tl) counter, at a distance of 117.5 cm to the 
direct y radiation from the target. The rather poor 
statistics reflect the smallness of the resonance effect, 
and indicate why a self-absorption measurement was 
not attempted in this case. Taking the sum of counts 
from 36 volts to 55 volts as representing the resonance 
effect, we get 2.130.36 counts per 10° monitor counts. 
With the scatterers in a position that corresponds to 
interchanging the counter and source, none of the y 
radiation incident on the scatterer is of resonant 
energy, as mentioned above. The nitrogen-graphite 
difference is then —0.09+0.40, giving a net effect of 
2.22+0.54 per 105 monitor count. The direct beam 
measurement gives 4.0210* per 10° monitor count. 
It may also be pointed out that the equivalence of the 
two scatterers for nonresonant effects is supported by 
the observation that the difference in counting rates 
for energies greater than 2.31 Mev, for both geometries 
is —0.3340.86 per 10° monitor count. Since the source 
itself gives essentially no higher energy y rays, any 
difference here would indicate a neutron effect. 

The calculation of the resonant scattering cross 
section and thus of the natural width of the level from 
the information given requires (in addition to the 
consideration of such things as the electronic, non- 
resonant, attenuation of y radiation in matter) a 
correction for the self-absorption in the scatterer, 
i.e.,—the removal of photons of the resonant energy 
from the beam striking a scatterer element by resonant 
scattering in elements already traversed. This depends 
not only on the scattering cross section but also on A, 
the Doppler width of the absorption line due to thermal 
motion of the scattering nuclei. The value of 2.34 ev 
used for A is that for atomic nitrogen at 77°, i.e., no 
correction for chemical binding'*:’ has been applied. 
Since the average self-absorption correction in the 
present case is only about 5%, any change in A will 
have only a small effect on the final result. 

We get then, for the natural width of the first excited 
state of N“, = (8.6+2.1) X 10- ev, which corresponds 
to a mean life of r= (7.341.8)X10-" sec. The error 
given is the same as the statistical error in the data, 
the other experimental errors being much smaller. 


DISCUSSION 


The experimental mean life for this transition is 
longer by a factor of two than the longest of the 
theoretical predictions given in the Introduction, a 


18 W. E. Lamb, Phys. Rev. 55, 190 (1939). 
19 M. S. Nelkin and D. E. Parks, Phys. Rev. 119, 1060 (1960). 
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Fic. 3. Pulse-height distribution of the resonance scattered 
radiation. The individual points were obtained as the difference 
between the liquid nitrogen and graphite scatterers. The dashed 
curve gives the pulse distribution of the primary radiation. 


difference well outside the experimental error. The 
matrix element for this M1 transition (see, e.g., Sherr 
et al.®) contains both a spin-dependant and an orbital 
part, Cancellation in the C™ 8-decay matrix element 
results in the vanishing of the spin part of the y-decay 
matrix element. Our experimental result imposes 
limitations on the intermediate coupling coefficients of 
the ground and excited state wave functions for N™. 
For example, a value for the matrix element lying 
within our experimental error can be reproduced only 
if the amplitude of the S component of the ground- 
state wave function is limited to the values either 
below 0.05 or between 0.4 and 0.6. 
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The differential cross sections of the Be®(Li*,«)B" reaction have been measured as a function of energy 
and angle. The a particles leaving the B" in the ground state, ao, in the first excited state, a1, and in the 
second and third excited states, a2+as, were observed at 10° intervals from 10° to 160° (lab system) at 
Li® energies of 3.00, 3.25, and 3.50 Mev, and at 20°, 60°, 90°, 120°, and 160° (c.m. system) at Li® energies 
of 2.00, 2.50, 3.75, and 4.00 Mev. The angular distributigns of the ao and a groups are asymmetric about 
90° c.m. Relative maxima occur at both large and small angles for each of the a-particle groups, with the 
yields at large angles being comparable to those at small engles. In all cases the angular distribution varies 
slowly with bombarding energy and the yields at each angle increase monotonically with increasing energy. 
At 3.50 Mev the total cross sections are 0.970.38 mb for a and 0.65--0.26 mb for a:. The experimental 
results suggest that the reactions proceed mainly by direct-interaction mechanisms. The similarity of the 
angular distributions of the Be*(Li®,«)B"™ and the Be®(He*,)B" reactions is pointed out. 





I. INTRODUCTION 


NCREASING sophistication in the art of nuclear 
experimentation, both in the means for inducing 

reactions and in the techniques for detecting the results, 
has disclosed a vast and hopefully fertile field of 
investigation: the study of nuclear reactions resulting 
from the bombardment of light nuclei with the so-called 
complex nuclei (4>5). At present the only reactions 
of this kind which have been studied below 4 Mev have 
been induced by bombardments with Li® and Li’ 
nuclei.'? 

Because of iarge Coulomb barriers the classical 
distance of closest approach in such low-energy bom- 
bardments may be several nuclear diameters. Under 
these circumstances compound nucleus formation 
should be severely inhibited. Nonnegligible cross 
sections are observed nevertheless, so other interaction 
Direct-interaction 


mechanisms must be considered. 


processes’ such as stripping,‘ pickup,® and heavy- 


particle stripping® and nucleon transfer processes’ 


* A preliminary report was presented at the Second Conference 
on Reactions Between Complex Nuclei, Gatlinburg, Tennessee, 
May 2-4, 1960 (unpublished). 
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may contribute significantly. Coulomb effects’ may be 
large. An understanding of the relative importance of 
the various processes is clearly desirable. 

Theoretical understanding of the mechanisms by 
which reactions induced by low-energy complex nuclei 
proceed is presently limited by the paucity of experi- 
mental data. In only a few cases have angular distri- 
butions for such reactions been obtained, and only one 
of these’ has been subjected to theoretical calculations 
on a possible reaction mechanism.* With this in mind, 
investigations have begun at this laboratory which we 
hope will provide both data and stimulation for a fuller 
understanding of nuclear interaction mechanisms. 

The present report provides differential cross sections 
and excitation functions for the Be®(Li*,a)B" reactions 
going to the ground and the first excited states of B" 
and to the second and third excited states combined. 
The reaction leading to the ground state has a Q= 14.35 
Mev. Bombarding energies from 2.00 to 4.00 Mev and 
laboratory scattering angles from 10° to 160° were 
studied. 


II. EQUIPMENT 

The Minnesota 4-Mv electrostatic generator acceler- 
ates beams of either Li* or Li’ ions produced by 
separate, remotely selected filaments in a multifilament 
source. After acceleration the beam passes through a 
differentially pumped gas stripping cell containing 
argon at a pressure of ~8u Hg at the midpoint of the 
cell. The stripping gas increases the ionization of some 
of the incident singly ionized lithium atoms. Following 
the stripping the beam is analyzed by a 90° magnet of 
16-inch radius to select the component of the beam 
having the desired mass and ionization. The resulting 
beam is focused by two strong-focusing electrostatic 
lenses. 

In the experiment reported here a Li**+ beam enters 


Reactions Between Complex Nuclei, Gatlinburg, Tennessee, 
May 2-4, 1960 (unpublished) ; Phys. Rev. 119, 1975 (1960). 
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Fic. 1, Cross-sectional view of 
target chamber and counters. The 
lettered components are identified 
in the text. 


INCHES 


the target chamber,"® shown in Fig. 1, through two 


circular apertures A of 0.125-inch diameter. After 
passing through a thin beryllium target T in a rotatable 
mounting, the ion beam is collected in the Faraday 
cage C. A bias ring B at a potential of —180 volts 
suppresses secondary electrons arising from the target 
and the Faraday cage. The collected current is con- 
ducted to a current integrator which automatically 
terminates the bombardment period after the accumu- 
lation of a selected quantity of charge. 

The differential cross section of the Be*(Li®a)B" 
reaction was studied by observing the a particles. To 
do this successfully requires a detection system which 
unambiguously identifies a particles of several energies 
in the presence of products from other reactions, 
particularly the (Li®,p), (Li®d), (Li§¢), and (Li*,He°) 
reactions. Each of these reactions has a positive Q 
value and produces charged particles of several energies 
corresponding to the various excitation states of the 
residual nuclei. 

The detection system used in the present experiment 
incorporates a proportional counter and a scintillation 
counter in tandem. Figure 1 shows a cross-sectional 
view of the counters, mounted on the rotating lower 
part of the chamber, in the position corresponding to a 
laboratory scattering angle of 160°. Reaction products 
from the target JT enter the proportional counter 
through a 0.00025-inch Mylar window M. The 0.200- 
inch aperture S defines the solid angle of (1.390.04) 
x<10-* steradian subtended by the counters. The 
proportional counter filling is ~8 cm Hg of argon and 
2-3 mm Hg of carbon dioxide. W is the high-voltage 
anode wire. Having passed through the proportional 
counter, the particles stop in the 1-mm thick CsI(TI) 
crystal X, whose face is covered by a 0,00035-inch 
aluminum foil for light shielding. Z and P are a Lucite 
light pipe and a photomultiplier tube, respectively. 
Not shown in Fig. 1 is a ThC-ThC’ a-particle source 
which can be rotated to a position in front of the 
counters when they are at the 90° position. This test 


10 The basic chamber has been described previously. H. D. 
Holmgren et al., Phys. Rev. 95, 1544 (1954). 


source is used for calibration of the scintillation counter 
and for adjustment of the particle identification circuit 
described below. 

The amplitude of the output pulse of a proportional 
counter is proportional to the amount of energy AE 
that the particle loses in the counter gas. AE is essen- 
tially proportional to the rate of energy loss d&/dx. The 
output of the scintillation counter is a pulse whose 
amplitude is proportional to the remaining kinetic 
energy E (= &—AE) of the particle. 

It is known that the product &°-°(d&/dx) should de- 
pend only on the mass and the nuclear charge of the 
particle.'' Figure 2 shows a block diagram of the elec- 
tronic circuit used in this experiment to select only 
pulses due to a particles by utilizing the constancy of the 
above product for a particular kind of particle. After 
suitable amplification the E and the AE pulses are fed 
into the “log” circuits, whose outputs are proportional to 
the logarithms of the input pulse heights. The “add” 
circuit forms the sum of the logarithm of the AE pulse 
and a fraction n <1 of the logarithm of the £ pulse, pro- 
ducing an output pulse whose amplitude is proportional 
to log(E"AE). The circuit is adjusted by varying » until 
the 6.05- and 8.78-Mev a particles from the ThC-ThC’ 
source produce the same “‘add” output. (When carefully 
adjusted for selection of a-particle pulses, 2 is found to 
be approximately 3 rather than 0.8.) The discriminator 
following the ‘‘add”’ circuit rejects pulses whose ampli- 
tude is less than that corresponding to a particles. An 
additional discriminator is used to select only E pulses 
larger than a minimum size, thus eliminating pulses 
due to He® nuclei from the relatively low Q (1.94 Mev) 
reaction Be*(Li®,He®)B". Coupled with the other dis- 
criminator and the coincidence circuit, the £ discrimi- 
nator also reduces the background counting rate to 
essentially zero by preventing large AE pulses, resulting 
from particles stopping in the proportional counter, 
from opening the gate. Thus, finally, when the occur- 
rence of a coincidence establishes the presence of an 
a-particle E pulse of sufficient amplitude, the gate 


4K. B. Mather and P. Swan, Nuclear Scattering (Cambridge 
University Press, New York, 1958), p. 99. 
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Fic. 2. Block diagram of particle 
identification and energy-analyz- 
ing circuit. 
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circuit’? passes the E pulse to an amplifier and the re- 
sulting pulse is sorted in a 20-channel pulse-height 
analyzer. A typical pulse-height spectrum of a particles 
from the Be®(Li'a@)B" reaction obtained with this 
system is shown in Fig. 3. The peaks labelled ao, a, 
and a2+a; are due to the a particles leaving the B" in 
the ground state, the first excited state (2.13 Mev), 
and the second and third excited states (4.46 and 5.03 
Mev), respectively. The separate contributions from 
a2 and a3 cannot be resolved with the present scintil- 
lation counter. Figure 3 also shows a calibration peak 
due to the 8.78-Mev a particles from ThC’. 


III. PROCEDURE 


Thin beryllium targets without backing were pre- 
pared by evaporating beryllium onto soaped glass 
slides.* The resulting beryllium foil is floated off the 
slide in water and picked up on a wire target frame. 
Four targets were used in this experiment, ranging in 
thickness from 11623 kev to 256+36 kev for Li’ ions 
incident at 3.25 Mev. The yields from the various 
targets were normalized to that of one of them by 
comparing the yields at the laboratory scattering angle 
of 90° and the laboratory bombarding energy of 3.25 
Mev. 
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Fic. 3. Typical pulse-height spectrum of the four highest energy 
a-particle groups from the Be*(Li*,«)B" reaction. The broken 
curve is a superimposed calibration peak due to the 8.8-Mev a 
particles from ThC’. 


2 Fred F. Forbes (to be published). 
8G. Dearnaley, Rev. Sci. Instr. 31, 197 (1960). 
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Calibration of the electrostatic generator energy 
scale is accomplished by determining the inflection 
point in the thick target yield of y rays from the 
H'(Li’,y)Be® reaction, the hydrogen being provided by 
an ice target which can be mounted in place of the 
counters at the 0° position. The inflection point is 
taken to occur at the Li’ energy of 3.072 Mev, based 
on the resonance energy’ E,=0.4412 Mev for the 
reaction Li’(p,y)Be®. Target thicknesses can be deter- 
mined by doing the calibration procedure with a 
beryllium target ahead of the ice target, observing the 
increase in bombarding energy required to produce the 
inflection point. By comparing the relative y-ray yields 
per unit charge of collected beam at the respective 
inflection points with and without the beryllium target, 
the equilibrium charge attained by the Li’ ions in 
passing through the target can be ascertained at the 
calibration energy. Because of the limited resolution of 
the y-ray detector and the background of y rays caused 
by reactions in the beryllium target, this equilibrium 
charge determination is not precise. Of the two determi- 
nations of equilibrium charge which we have made in 
this way one gave 2.68 electrons in excellent agreement 
with published results'® but the other gave only 2.18 
electrons. 

In determining the angular distributions of the a 
particles from the Be*(Li*)B" reaction, the high 
voltage on the scintillation counter and the channel 
width and threshold level of the 20-channel analyzer 
were adjusted to enable the three groups ao, a, and 
a2+az to be observed simultaneously while eliminating 
most of the large quantity of lower energy unresolved 
a-particle groups. At the laboratory bombarding 
energies of 3.00, 3.25, and 3.50 Mev, the yields were 
measured at 10° intervals from 10° to 160° in the 
laboratory system. Three to ten runs were made at 
each angle. At 2.00, 2.50, 3.75, and 4.00 Mev the yields 
were measured at the laboratory angles corresponding 
to the center-of-mass angles 20°, 60°, 90°, 120°, and 
160° for the ao group. For these latter energies at least 
three runs were made at each angle with the exception 


4“ F, Bumiller, H. H. Staub, and H. E. Weaver, Helv. Phys. 
Acta 29, 83 (1956). H. H. Staub, Suppl. Nuovo cimento 6, 306 
(1957). 

16Ta. A. Teplova et al., J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 974 (1955) [translation: Soviet Phys.—JETP 5, 797 (1957) ]. 
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of 2.00 Mev where the small yield dictated only one 
run at each angle. For a given energy the yields at all 
the angles observed were measured with the same target 
and with the same total collected beam. 

When measuring yields at scattering angles less than 
90°, it was found necessary to insert an additional 
0.00025-inch Mylar foil at M’ in Fig. 1 to prevent 
pulses due to Li® scattered by the target from jamming 
the electronic circuits. 

The target normal was always maintained at an angle 
of 45.9°+0.4° with respect to the beam, lying in the 
first quadrant for scattering angles less than 90° and 
in the fourth quadrant for angles greater than 90° at 
3.00, 3.25, and 3.50 Mev but in the fourth quadrant 
only for the 120° angle at 2.00, 2.50, 3.75, and 4.00 Mev. 
Both target orientations were used at 90° at the energy 
of the angular distribution and/or at the 3.25 Mev 
target thickness normalization energy. A difference in 
the yields for the two orientations was observed. This 
difference is probably due to target wrinkles but could 
also be due to the most intense portion of the beam 
failing to be parallel to the geometrical beam axis. We 
have assumed that the effect is permanent enough to 
allow the yields taken with the target normal in the 
fourth quadrant to be multiplied by the ratio of the 
yields at 90° for the two target orientations. These 
ratios are: 1.15 at 4.00, 3.75, and 2.00 Mev; 0.89 at 
2.50 and 3.00 Mev; 1.12 at 3.50 Mev; and 1.09 at 
3.25 Mev. The ratios may be in error by as much as 
15% but this possible error has not been incorporated 
in the errors associated with the points in the figures 
which follow. 


IV. RESULTS 


The principle results of the experiment are presented 
in Figs. 4-6 showing the angular distributions of a 
particles from the Be*(Li',@)B" reaction and in Figs. 
7-9 showing the excitation functions at five selected 
center-of-mass angles. The experimental points in Figs. 
4-6, and at the energies 2.00, 2.50, 3.75, and 4.00 Mev 
in Figs. 7-9, are the averages of the several runs at the 
corresponding energies and scattering angles. The error 
bars associated with these points are either the root- 
mean-square deviation from the average or the square 
root of the total yield of the several runs divided by the 
number of runs, whichever is larger. The former type 
of error bar is preponderant. The points at 3.00, 3.25, 
and 3.50 Mev in Figs. 7-9 were interpolated, with 
estimated errors, from the curves in Figs. 4-6. The 
curves drawn through the points were fitted only by 
eye, and may be considered qualitative at 2.00, 2.50, 
3.75, and 4.00 Mev in Figs. 4-6 because of the small 
number of measured points. 

One unit of relative yield has the same meaning in 
all the figures, and is proportional to the yield per unit 
of collected beam charge, normalized to a particular 
target thickness. 
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1G. 4. Angular distributions of a particles leading 
to the ground state of B". 


If Z is the average (i.e., equilibrium) charge, in units 
of the charge of an electron, of the lithium ions leaving 
the beryllium target, then one unit of relative yield is 
equal to a differential cross section S=(3+1)2X10~ 
mb/sr. The principle uncertainties involved in deter- 
mining S are: 16% in the measured energy thickness 
of the normalizing target, 10% in the stopping power of 
beryllium for lithium ions, and 6% in the normalization 
factors relating the various targets to the normalizing 
target. The equilibrium charge Z may be interpolated 
from the curve given in reference 15, using the appro- 
priate velocities for the Li® ions. Approximate values 
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Fic. 5. Angular distributions of @ particles leading to the first 
excited state of B"™. The error bars for the yields near 60° and 
120° at bombarding energies of 4.00 and 3.75 Mev, which were 
omitted for clarity, can be obtained from Fig. 8. 


of Z thus obtained are 2.50, 2.63, 2.71, 2.73, 2.76, 2.78 
and 2.80 at the energies 2.00, 2.50, 3.00, 3.25, 3.50, 
3.75, and 4.00 Mev, respectively. 

Total cross sections were obtained from the 3.00, 
3.25, and 3.50 Mev angular distributions by mechanical 
integration of the angular distributions plotted against 
the cosine of the center-of-mass scattering angle. The 
results, using the values of § and Z given above, are 
shown in Table I. The uncertainty in these total cross 
sections is +40%. 
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V. DISCUSSION OF RESULTS 


Several features of the results presented in Figs. 4-9 
may be pointed out. All the angular distributions show 
a peaking of the yield in the forward directions, although 
the ao yield begins to decrease as the angle becomes 


less than about 15°. The ao yield is also markedly 


peaked in the backward direction at all the energies 
measured. The degree of backward peaking in the a; 
and the a2+az; yields increases with energy, the back- 
ward yield becoming nearly as great as the forward 
yield near 4.00 Mev. The angular distributions are 
distinctly asymmetric about 90° with the exception of 
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Fic. 6. Sums of angular distributions of @ particles leading to 
the second and the third excited states of B™. 
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the ag+a; distribution. (The latter of course should 
not be invoked in symmetry considerations since it is 
the sum of yields of reactions leading to different states 
of the residual nucleus.) On the other hand, the rates 
of change with energy of the excitation functions do 
appear to be symmetric about 90°. The latter feature 
is particularly apparent when comparing the 20° and 
160° excitation functions for a; with the 60° and 120° 
curves, as shown in Fig. 8. 

Although we have not yet attempted to fit any 
theoretical interaction model to the experimental 
results, some comments on their possible interpretation 
will be made. 

The forward and backward peaking and the asym- 
metry of the angular distributions about 90° suggest 
that the Be*(Li’a)B" reaction proceeds by direct or 
surface interaction processes. Since the Li® nucleus may 
be viewed as an a-particle “core” to which a deuteron 
is coupled relatively loosely, it would not seem unrea- 
sonable to expect that the Be® strips the deuteron from 
the incoming Li® to leave an outgoing a@ particle, in a 
manner analogous to (d,p) and (d,m) stripping reactions. 
A theory of two-nucleon stripping, such as might occur 
in the (Li®) reactions, has been given by el Nadi.'® 
Forward peaking is predicted by this theory just as it 
is in the usual single-nucleon stripping theories.‘ 
Moreover, considering the Be® target nucleus to be a 
neutron coupled to a core composed of two a particles, 
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Fic. 7. Excitation functions for Be®(Li*,a)B" reactions leading 


to the ground state of B™. 


16M. el Nadi, Phys. Rev. 119, 242 (1960). 


Be® (Li 


‘.a)B!! REACTION 





300 


es 


Qs 


T 


T 
~™ 








! 1 
3.00 3.50 
E. ag (MEV) 





oreo 


~m 
oO 


l'ic. 8. Excitation functions for Be*(Li‘,«)B" reactions leading 
to the first excited state of B™. 
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Fic. 9. Sums of excitation functions for Be®(Li®,z)B" reactions 
leading to the second and the third excited states of B". 
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TABLE I. Total cross sections in millibarns of the Be®(Li®,a) B™ 
reactions at three laboratory bombarding energies. The notation 
for the a-particle groups follows the text. 








E (Mev) 


3.00 
3.25 





it may be possible for an outgoing a particle to have 
come from the Be®. This process of “heavy-particle 
stripping,” introduced by Madansky and Owen,® pre- 
dicts a backward peaking which tends to increase with 
increasing energy until the bombarding energy reaches 
the Coulomb barrier height. Single-nucleon stripping 
and the heavy-particle stripping have been combined, 
with interference between the two mechanisms playing 
a significant part in the resulting angular distributions.” 
It may be possible to similarly extend the two-nucleon 
stripping theory to include the heavy-particle stripping 
process. 

It is difficult to reconcile the compound nucleus 
model with the results of the present experiment. If 
the height of the Coulomb barrier is V=Z,Z,e"/R, 
where R=ro(A,'+-A,'), then the largest bombarding 
energy used in this work (4.00 Mev) is less than the 
Coulomb barrier unless ro is larger than 1.85 10-" cm. 
Since determinations of nuclear radii do not require 
such large values of ro, it seems that compound nucleus 
formation contributes little to the reaction cross section. 
If the N'® compound nucleus were formed, it would be 
highly excited (27.4 Mev if the laboratory energy of 
the incident Li® were 3.25 Mev). At such high excita- 
tions the statistical model should apply, resulting in 
angular distributions symmetric about 90°.!* Finally, 
since the shape of the angular distributions changes 
only slowly with energy in the range from 2.00 to 4.00 
Mev and the excitation functions are monotonic and 
relatively smooth, there appears to be no resonance in 
the total cross section. Such behavior would not be 
expected if the compound nucleus model applies. The 

17 G, E. Owen, L. Madansky, and S. Edwards, Jr., Phys. Rev. 
113, 1575 (1959). 

18 L. Wolfenstein, Phys. Rev. 82, 690 (1951). 
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observed angular distributions may, of course, be due 
to a small compound nucleus contribution superimposed 
on a direct interaction contribution. Coulomb effects 
may alter the simplified interaction models consider- 
ably. 

To conclude, we would like to point out the marked 
similarity between the angular distributions of the 
Be*(Li*,a)B" reaction at bombarding energies of 3 to 4 
Mev and those of the Be*(He*,p)B" reaction at the He’ 
bombarding energy of 4.50 Mev." (The latter reaction 
has also been studied at other energies.”’) Both reactions 
may be viewed as the stripping of a deuteron from the 
incident nucleus by the Be® target to form B" and a 
light particle. The angular distributions of the ap and 
po groups from the respective reactions have almost 
identical shapes, with maxima and minima occurring 
at the same center-of-mass angles. The p; and potps; 
distributions have the same general shape as the a; and 
the a2+a; distributions, respectively, but are pushed 
more towards the forward angles. The total cross 
sections of the (Li®«) reactions at 3.50 Mev are about 
8.6% of the corresponding cross sections for the (He*,p) 
reactions at 4.50 Mev when the B" is left in its ground 
or first excited state. These similarities are at present 
rather surprising since the incident and outgoing par- 
ticles are so different and because the He’ is incident 
at an energy approximately 1 Mev above the Coulomb 
barrier while the Li® is incident at an energy approx- 
imately 1 Mev below the Coulomb barrier. 
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Least-squares analysis of alpha counting data has yielded a half-life of 7.214++0.007 hr for At™, in good 
agreement with previous results. From the gamma activity remaining after the decay of an extremely active 
At™ preparation, the half-life of Bi?’ has been found to be 38-+3 yr. This agrees with the highest of the 


values hitherto reported. 





INTRODUCTION 
| cutacacaiene decays in the following manner'!: 


At®"(7.2 hr)—> (a, 41%) Bi®’— (EC, 7; >8 yr) 
\ \ 


(EC, 59%) — Po?! — (a, 0.5 sec) > Pb®”. 


The literature values for the half-life of its Bi?’ daughter 
span a remarkable range. Neumann and Perlman,’ not- 
ing the lack of decay of a sample over 33 months, set a 
lower limit of 40 yr. In addition, from comparison of the 
initial alpha activity of an At?" sample with the x-ray 
activity remaining after it had decayed, they estimated 
the Bi’ half-life to be about 50 yr, consistent with their 
limit. However, Cheng ef al.5 counted a Bi?’ sample for 
eleven years and reported a half-life of 8.00.6 yr, 
while Sosniak and Bell* determined the half-life to be 
28+3 yr by measuring the Bi*’ activity left after the 
decay of a Po*’ sample. Harbottle> measured the decay 
of Bi’ for 280 days in a balanced ion chamber, ob- 
taining a half-life of 30.20.5 yr, in good agreement 
with the results of Sosniak and Bell. 

The decay of Bi®’ produces a 569-kev gamma ray in 
essentially 100% abundance.* This gamma ray may be 
used to determine accurately the absolute Bi’ ac- 
tivity resulting from the decay of a known amount of 
At*" and hence, if the half-life of the astatine is known, 
to evaluate the half-life of the bismuth. Such a deter- 
mination is reported here. In conjunction with it, an 
extremely accurate value of the half-life at At®™ has 
been obtained. 


PROCEDURE 


The At?" was produced by bombardment of bismuth 
with alpha particles of energy less than 29 Mev in the 
60-in. cyclotron of the University of California, and was 
separated from the bismuth by distillation. 

In the preparation of samples for the determination 
of the astatine half-life the distillation was carried out 


+ Based on work performed under the auspices of the U. S 
Atomic Energy Commission. 

1D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 

? HH. M. Neumann and I. Perlman, Phys. Rev. 81, 958 (1951). 

§L. S. Cheng, V. C. Ridolfo, M. L. Pool, and D. N. Kundu, 
Phys. Rev. 98, 231 (1955). 

4 J. Sosniak and R. E. Bell, Can. J. Phys. 37, 1 (1959). 

5G. Harbottle, J. Inorg. Nuclear Chem. 12, 6 (1959). 

6D. E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 


in a nitrogen-flow system, and the astatine was col- 
lected on an ice-coated cold finger.’ Aliquots of the 
resulting aqueous solution were evaporated to dryness 
on platinum plates under an infrared heat lamp, giving 
nearly weightless samples of the order of 10° alpha dis- 
integrations per minute. Extensive heating of the dried 
plates under the lamp caused no detectable loss of 
activity. 

The half-life of At?" was determined by alpha count- 
ing the samples in either a methane-flow proportional 
counter or an argon-flow ionization chamber, each with 
closely 51% geometry. Long-lived standards were 
counted along with the samples. Coincidence correc- 
tions, which never exceeded 1.5%, were applied when 
necessary, as were corrections for the fact that in long 
counts the true “time” of the count is not precisely the 
midtime. The samples were subjected to alpha pulse- 
height analysis, and the only “foreign” activity found 
was Po?®, which never exceeded 5X10~* the original 
alpha activity of the sample. This residual Po” ac- 
tivity was subtracted from each count along with the 
natural background. 

Samples were counted at least once every half-life, 
and were almost always counted long enough to ac- 
cumulate more than 10* counts. The samples were 
followed for intervals ranging from seven to sixteen 
half-lives. The counts taken of each sample were 
weighted inversely as the squares of their statistical 
uncertainties and were fitted to a simple exponential 
function by the method of least squares, using Argonne 
National Laboratory’s IBM 704 digital computer. 

To determine the half-life of Bi®’, an astatine sample 
of about 310° alpha disintegrations per minute was 
prepared by rapidly heating a target in air to 650°C 
and collecting the astatine on a water-cooled silver 
plate suspended above it. The plate was masked in 
such a way that the astatine was deposited within a 
j-in. radius of its center. The sample was counted at 
once in an evacuated low-geometry alpha counter 
utilizing a zince sulfide scintillation detector. This 
counter had been calibrated against a high-precision 


7M. Parrott, W. Garrison, P. Durbin, M. Johnston, H. Powell, 
and J. Hamilton, University of California Radiation Laboratory 
Report UCRL-3065, 1955 (unpublished). 

§ G. Barton, Jr., A. Ghiorso, and I. Perlman, Phys. Rev. 82, 13 
(1951). 
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low-geometry counter,’ and its geometry had been 
determined to be 0.00366%. Repetition of the astatine 
count established that no appreciable amount of asta- 
tine was evaporating in the counter. 

Immediately after it had been counted, the plate was 
covered with i mil cellophane to prevent the loss of 
Bi?’ recoils. After twenty-five astatine half-lives the 
gamma spectrum of the sample was measured. The 
cover was then removed, and the sample was counted 
in an alpha proportional counter of 50.9% geometry 
which had also been calibrated against a high precision 
counter. The count obtained was that expected from the 
decay of pure At?" (apparent half-life: 7.248 hr). Alpha 
pulse analysis at this time detected no foreign activity, 
and less than one disintegration per minute of long-lived 
activity remained after the astatine had entirely 
decayed. 

The gamma spectrum was taken with the sample 
mounted 1.0 cm below the face of a 3-in. diameter by 
3 in. deep cylindrical thallium-activated sodium iodide 
crystal. A ‘“‘Penco” Model IV 100-channel pulse-height 
analyzer was used. Coincidence corrections were made 
using the direct-reading dead-time meter of the 
instrument. 

The spectrum obtained was characteristic of Bi’. 
The area under the 569-kev photopeak was measured 
after subtracting off the continuum resulting from 
scattering of more energetic gamma rays, the correction 
amounting to about 20%). The counting efficiency of 
this photopeak was taken to be 35.6% of the physical 
geometry of the counter." 

The physical geometry of the gamma counter was 
determined from the observed ratio of alpha to 60-kev 
gamma activity of a sample of chemically and radio- 
chemically pure Am™', using Magnusson’s" intensity 
data. The alpha activity of the americium was deter- 
mined in the calibrated proportional counter described 
previously. The gamma spectrum was measured first 
without added absorber and then through 130 mg/cm? 
of lead to eliminate x rays and the 26-kev gamma. In 
this way the fractional contribution of the escape peak 
of the 60-kev gamma could be evaluated. Using Allen’s” 
absorption data, the absorber present in the crystal 
housing was determined from the attenuation of the 
x rays and the 26-kev gamma to be equivalent to 550 
mg/cm? of aluminum. Absorption corrections were ap- 
plied to both the americium and bismuth spectra. 
Allowance for this thickness of aluminum was also in- 
cluded in the sample-to-crystal distance. From the 
americium data the physical geometry of the counter 


*H. P. Robinson, National Research Council Publication No. 
573, 1958 (unpublished). 

10 R. L. Heath, Atomic Energy Commission Research and De- 
velopment Report IDO-16408, TID-4500, Ed. 13, 1957 (un- 
published). 

4 L. B. Magnusson, Phys. Rev. 107, 161 (1957). 

2S. J. M. Allen, Handbook of Chemistry and Physics (Chemical 
Rubber Publishing Company, Cleveland, Ohio, 1952), p. 2235. 
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TABLE I. Half-life of At?", in hours. 


7.239+0.011 
7.259+0.020 
7.212+0.0068 
7.191+0.0095 
7.196+0,.0086 
7.215+0,.0029 
7.216+0.0050 
7.196+0.018 
7.213+40.013 
7.214+0.0035 
+0.007 


Weighted mean: 
95% confidence level: 





~~ 


was calculated to be 37.3%. The theoretical value for a 
point source at exactly 1 cm distance is 37.1%." 

The 1.06- and 1.77-Mev gamma rays of Bi’ have 
respective abundances of 79% and 9%,° and their re- 
spective total absolute counting efficiencies in our 
counter were 18.2% and 15.6%." Since these rays are 
coincident with the 569-kev gamma ray,® we may calcu- 
late that 15.8°% of the intensity of the latter has been 
lost due to ‘‘coincidence summing.’’” 


RESULTS 


The results of nine determinations of the half-life of 
At*" appear in Table I. Uncertainties are standard de- 
viations unless otherwise specified. The uncertainty of 
each determination arises from the scatter of the 
points in the least-squares analysis. It reflects the length 
of time the sample was followed and the length and 
frequency of the individual counts in the determination. 
The uncertainty of the weighted mean was computed 
from the deviations of the individual values from the 
mean." It is 1.7+0.4 times that which would be 
calculated solely from the individual uncertainties." 
Hence the individual uncertainties are probably reason- 
ably indicative of the reliability of the half-life values 
to which they pertain. 

The absolute ratio of initial At®'+Po*" alpha ac- 
tivity to residual Bi’ 569-kev gamma activity was 
found to be 1.16X10°. Using our 7.214-hr half-life for 
At®", a 40.9% abundance for its alpha branch,’ and a 
2.2% total conversion coefficient for the 569-kev Bi”? 
gamma ray,® we shall set the half-life of Bi’? at 38243 
yr. The uncertainty has been estimated at the 95% 
confidence level by assigning a 5% uncertainty to each 
of the three principal sources of error: integration of 
the Bi? gamma peak, determination of the physical 
geometry of the gamma counter, and evaluation of the 
counting efficiency of the Bi”? gamma ray. 


DISCUSSION 


Our half-life for At?" is in perfect agreement with 
Gray’s value of 7.20+0.05 hr, and in reasonable 


18 Raymond T. Birge, Phys. Rev. 40, 207 (1932). 
4 P. R. Gray, Phys. Rev. 101, 1306 (1956). 
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Seleaseitnbedial National Laboratory Applied Mathematics Division. 
18). Corson, K. MacKenzie, and E. Segré, Phys. Rev. 57, 459 I wish to thank Professor I. Perlman and Dr. Frank 
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The properties of O'*, Ca, and Zr® have been determined, using the Brueckner-Gammel-Weitzner theory 
of finite nuclei. Self-consistent solutions of the Hartree-Fock equations as modified by Brueckner and 
Goldman have been obtained. The properties computed include binding energy, mean proton and neutron 
radii, separation energies, spin-orbit splittings, nonlocal and state-dependent single-particle potentials, 
surface depth of density and potentials, potential-density relation. The predictions of the theory are in 
semiquantitative agreement with experiment. 


I. INTRODUCTION matter, but give only a brief summary of the present 
N a series of previous papers,! methods have been Status of the methods. 
developed for the study of many-fermion systems The results of this paper are based on the K-matrix 
and applied in detail to the determination of the proper-  4pproximation' for the ground-state energy of nuclear 
ties of nuclear matter. Approximate extensions of these matter, which is 
methods to the study of finite nuclei have also been 
proposed? It is the purpose of this paper to review E=>° tA; (Kiz.i3- (2.1) 
briefly the formulation and present status of the i 2m 
methods as applied to nuclear matter, to describe the 
theory of finite nuclei, and to give the results of a The A matrix determines the interaction of pairs of 
numerical study of the properties of finite nuclei. nucleons moving in the nuclear medium, taking account 
of the exclusion principle and the binding effects of the 
Il. NUCLEAR MATTER average nuclear field. The determining equation for K is 
In this section we shall not attempt to review the 
basis of the procedures used in the study of nuclear K=0+0GK, 


*Supported in part by a grant from the Atomic Energy in which the propagator G describes motion in the 
Commission. 


‘lear fle Takino matrix elements ; 9 : 
1 See K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 nuclear field. Paking matrix elements of Eq. (2.2) with 

(1958), for a list of references. respect to the eigenstates of the unperturbed medium, 
2K. A. Brueckner, J. L. Gammel, and H. Weitzner, Phys. Rev. we rewrite Eq. (2.2) as 

110, 431 (1958); R. J. Eden and V. J. Emery, Proc. Roy. Soc. 

(London) A248, 266 (1958); and R. J. Eden, V. J. Emery, and S. , J wets 

Sampanthar, Proc. Roy. Soc. (London) A253, 177 (1959). Kxij>= Vkl,ijtd~mn Vkl,mnGma(tj)Kman,iiy (2.3) 
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with the propagator given by 
Gmn(ij) —_ (E*+E;*—E,,*—E,*)! ; Pm, pn= pr 


=0, otherwise. 


(2.4) 


The energies of virtual particle and hole excitations in 
Eq. (2.4) are determined by the equations of the form 


Rent4y (Kij,i3— Kis, 51). (2.5) 
2m 3 

The energy as determined by these coupled equations 
is a function of both the set of basis functions chosen 
and the manner in which the states are filled. The 
former problem is relatively simple in nuclear matter 
since the eigenstates are plane waves and hence need 
not be solved by a separate procedure such as will be 
required in the finite nucleus. The problem of choosing 
the optimum unperturbed state or equivalently the 
manner of filling the states is, however, nontrivial. The 
original assumption of Brueckner® and of Goldstone,‘ 
that the best choice was the fully degenerate Fermi 
gas, can lead only to the lowest “‘normal state” of the 
nuclear matter. The presence of attractive forces at the 
Fermi surface leads to an alteration of level structure 
and a slight increase of the mean binding energy. 
These effects may be very important in certain nuclear 
properties such as the low-lying collective nuclear 
states, but have a negligible effect on the total energy. 
Thus in determining average nuclear properties, these 
effects can be neglected. This approximation has been 
adopted in the results of this paper. 

Other sources of error in the K-matrix approximation 
of Eq. (2.1) result from higher order corrections in 
the linked cluster expansion® for the total energy. The 
“ring diagrams,” which are essential in some of the other 
applications of many-body theory,® perturb the nu- 
clear system only very weakly. Numerical estimates 
of the leading cluster corrections show that the mean 
energy is shifted by a fraction of an Mev per particle. 
Other more important corrections arise from improve- 
ments in Eq. (2.5) for the single-particle energies. The 
effects of ‘‘off-energy-shell” propagation’ change Eq. 
(2.4) when the energies of virtual excitations are 
determined. This effect has been introduced into Eq. 
(3.3) and Eq. (2.1) only approximately so that a 
residual error of a few tenths Mev probably remains in 
the ground-state energy per particle. Another correction 
to Eq. (2.5) arises from rearrangement effects in the 
single-particle energy.’ Explicit calculations of these 
effects show that the ground-state energy is shifted 
3K. A. Brueckner, Phys. Rev. 100, 36 (1955). 

4 Goldstone, Proc. Roy. Soc. (London) A235, 408 (1956). 

5 A. Bohr, B. R. Mottelson, and D. Pines, Phys. Rev. 110, 936 
i: Gell-Mann and Keith A. Brueckner, Phys. Rev. 106, 
364 (1957); K. Sawada, Phys. Rev. 106, 372 (1957); K. A. 
Brueckner and K. Sawada, Phys. Rev. 106, 1117 (1957). 

7K. A. Brueckner, Phys. Rev. 110, 597 (1958); N. M. Hugen- 
holtz and L. van Hove, Physica 24, 363 (1958). 
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by the order of an Mev.’ The rearrangement corrections 
to the single-particle energies are much larger and 
cannot be neglected. It has been shown by Brueckner 
and Goldman,* however, that these corrections can be 
included in the treatment of finite nuclei so that the 
first-order error is eliminated. 

To summarize: The K-matrix approximation of Eq. 
(2.1) for the total energy gives a result for the mean 
energy per particle with an error of about one Mev. 
If the same order of approximation could be maintained 
in finite nuclei, a similar error might be expected. We 
shall see, however, that certain additional approxi- 
mations introduce further errors into the actual 
calculations for finite nuclei. 


Ill. METHOD FOR FINITE NUCLEI 


The detailed discussion of the theory of finite nuclei 
has been previously given.2? We only summarize the 
theory here. We consider Eq. (2.2) for the K matrix. 
The form of Eq. (2.2) does not depend on the represen- 
tation except through the implicit dependence of the 
propagator G on the energies of the single-particle 
states. To obtain a self-consistent solution in the sense 
of the nuclear matter calculations, in which the coupled 
equations [Eq. (2.3), Eq. (2.4), Eq. (2.5) ] were solved 
by iteration, it is therefore necessary to redetermine the 
single-particle energies appropriate to the eigenstates 
of the finite system. These in turn can be determined 
only by a method similar to the self-consistent Hartree- 
Fock procedure. Consequently, a double self-consistency 
problem arises. To avoid this extremely difficult and 
probably at present insoluble problem, the approxi- 
mation described previously has been adopted in this 
paper. This is based on the relative insensitivity of the 
propagator G of Eq. (2.4) to the representation. The 
energy differences entering into Eq. (2.4) are typically 
of the order of 50 to 100 Mev and not appreciably 
different in the finite system or nuclear matter. Thus 
the K-matrix dependence on G can be expressed only 
through the dependence of K on the local density of 
the finite nucleus, the self-consistent propagator G as 
determined in nuclear matter at the local density being 
used to evaluate K. This approximation would introduce 
a vanishing error if the correlation range in the K 
matrix were small compared to the distance over which 
the density changes appreciably. The correlation range 
is somewhat less than 10~" cm, while the nuclear 
density drops at the nuclear surface from 90% to 10% 
of the central value in about 2.4x10-" cm. Thus the 
correlation range is considerably less than the nuclear 
surface depth, and our basic approximation cannot be 
qualitatively in error, at least in determining mean 
properties. The error is probably more important in the 


®K. A. Brueckner, J. L. Gammel, and J. T. Kubis, Phys. Rev. 
118, 1438 (1960). 

®*K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207 
(1960). 





PROPERTIES OF 


surface properties and surface energy ; we shall return to 
this point in the discussion of our results. 

Without giving more details of the K-matrix evalua- 
tion for the finite nucleus problem (we refer to the 
original papers for further discussion), we assume that 
the coordinate space operator 


(rire K(p) | ri'r2'), 


is given. This has been derived, starting from the 
Gammel-Thaler two-body potentials with parameters 
given in Table I. The numerical values of K are tabu- 
lated in reference 2. Our problem is to determine a 
set of single-particle energy functions so that Eq. (2.1) 
gives the lowest energy for the finite nucleus. We start 
from a set ¢;(r;) and the product function for the V 
nucleons of the nucleus, 


(3.1) 


V(1,- ‘ - N) =A,(r;)++> on(ry). (3.2) 
The operator A is the usual antisymmetrizing operator, 


A=), (-—1)?, (3.3) 
with the sum carried out over all pair permutations of 
the identical nucleons. The appropriate modification 
of Eq. (2.1) then is 


e N eg 
E “fi W*(1,- oe, N) py W(1,- m -,N)dr- ‘ -dtn 


i=1 2m 


1 
+- fra. +N) 2X (rirs| K (0) |1,'7;’) 
? 


‘J 


xv (1’, ee -N’)dr; oe -drydry'- ° -dry’. (3.4) 
This is the basic equation which we use to determine 
the optimum form of the single-particle energy functions 
gi. To do this, we ask that E be stationary with respect 
to variations of the form of ¢;*(r), i.e., 

6E/s¢;*(r)=0 (for all 2). (3.5) 
To carry out this variation, we first simplify Eq. (3.4) 
to the form 


P 
E=> fer gi(r)dr+3 do | oi* (11) 95*(r2) 
F 2m 


tJ 


x (rire! K (p) | ry'r2')(1 — P,P.) ¢: (r1’) ¢;(r2’) 


Xdr,'dro'dridr2, (3.6) 


with P, and P, the spin and isotopic spin exchange 
operators. The variation with respect to ¢,*(r) then 
gives the result 


Rptien aly 


2m 


rf Vurle)e(r)d’+Valre(r), (3.7) 
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TaBLeE I. Parameters of the Gammel-Thaler potentials. The 
potentials all have the Yukawa form outside of a repulsive core 
of radius 0.4 10-* cm. 











Strength Inverse range 
(Mev) (10+ cm) 


Triplet central even — 877.39 2.0908 
Tensor even — 159.40 1.0494 
Spin-orbit even — 5000 3.70 
Singlet even —434.0 1.45 


State 


—14.0 1.00 
0.80 


3.70 


Triplet central odd 
Tensor odd 
Spin-orbit odd 
Singlet odd 





with the two interaction terms V yr and Vz the Hartree- 
Fock and rearrangement potentials. The former is 
given by the expression 


Var(r,r) =>. feed ¢i*(ri)(rri| K (p) | r’ry’} 
P] 


X(1—P.Pr)ei(r') (3.8) 
which is a generalization of the usual Hartree-Fock 
potential. 

The rearrangement potential Veg results from the 
dependence of the K matrix on the density. The density 
is related to the single-particle functions: 


e(R)=D:; ¢i*(R) ¢i(R), (3.9) 
so that 

5p(R) 5¢;*(r) = gi(r)b(r—R). (3.10) 

The density as it appears in the K matrix is evaluated 

at the center-of-gravity point, so that R in Eq. (3.10) is 


R=3(r,4 To). (3.11) 


We further have used the approximation that the range 
of interaction in the density-dependent part of the K 
matrix is sufficiently short so that we can set r=f2 in 
Eq. (3.11). In this approximation the variation of E 
with respect to ¢;(r) gives the rearrangement term, 


fe) 
V2(r)= f dradry'dry gi* (r) 93* (r2)—(rire| K(p) | r1’r2’) 
Op 


x (1 = P,P, Yi (ry’) 95(r2'). (3.12) 
The evaluation of Eq. (3.12) has been given by 
Brueckner and Goldman,’ who show that a good 
approximation to V(r) is 


V r(r) = 240[p(r) P Mev(10—* cm)®. (3.13) 
We shall describe the effect of this term in discussing 
our results. 

The single-particle functions are finally determined 
from Eq. (3.7) and Eq. (3.8). The method of solving 
these coupled equations is described in the following 
sections. 
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IV. SOLUTION OF THE MODIFIED 
HARTREE-FOCK EQUATIONS 


The details of the angular momentum reduction of 
Eq. (3.7) have been given by Brueckner, Gammel, and 
Weitzner? (we refer to this paper as BGW). We sum- 
marize the relevant formulas and refer to this paper for 
further discussion. 

To determine the Hartree-Fock term in the potential 
of Eq. (3.7), an expression of the form [see Eq. (77) 
of BGW ] 


(r1| V[11’) 
=> fceaie’ ¢3* (re) (ti2| K | tio’) 9; (r2’), (4.1) 
; 
must be evaluated. To do so, we first separate the 
angular dependence of the wave function; writing 
Rats (re) 


y; (fre) = me 
a 


F y1.™(t2), (4.2) 


where Fy;,”"(r2) is an eigenfunction of the total angular 
momentum. The sum over azimuthal quantum numbers 
then gives for a filled shell 
+1 
> F sie” (t2)*F y1.™(82') = (- _ 
m 4 


} 
) Y,°(to,te’). (4.3) 


The remaining sum over n, J, J is used to introduce new 
functions, i.e., 


+1\3 
H(ro,re’) = > (= ~) V :°(ro,r2’) 


nJl 4or 
Rasi(re) Rasi(re’) 
—————, te 


re rs 


so that Eq. (4.1) becomes 
(r:| Vn) = f deadty (r2| K| tu) (to) (4.5) 


To evaluate Eq. (4.5), we first make use of the delta 
function in the K-matrix representing conservation of 
the center of mass, so that the integration over ry,’ 
can be carried out and the replacement 

ro’ =r,+r2.—r;’, (4.6) 
made. We then change variable from rz to riz. and define 
(4.7) 


x=r,'—r}. 


Equation (4.5) then becomes 


(r| V|r,+x) + f aes(rie] K] tie 2x) 


X A(ri—fi, t1—8i2—X). (4.8) 


To evaluate Eq. (4.8), the space and time limitation 
set by the computing capacity of the IBM 704 require 
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certain simplification. This was done by retaining only 
the first two terms in the dependence of (r,| V|1r,+x) 
on the angle between r, and x, i.e., by assuming that the 
dependence can be represented approximately as 


XT, 
: J 0(71,x) +} 1(71,%) -, 
XT} 


(r,| Vj} ri+x) (4.9) 


This approximation is based on the short range of the 
nonlocality in the nonlocal potential (r,|V{r,’). The 
term Vo represents the spherically symmetric part and 
V, the part resulting from the variation of the nuclear 
density over the nonlocal range. 

To determine Vo and V;, in Eq. (4.9), it is sufficient 
to evaluate (r,|V|r,+x) for x parallel and antiparallel 
to r;. Calling these two values 


V4.(ri,") = (r,|V |r: +27,), 


a, ; (4.10) 
V_(r1,x) = (t1| V | r1—-7)), 
we find 

Lr 


V o(r1,4) =4[ Va.(ri,4) + V_(r1,x) |, 
iterate eeape: (4.11) 
=4f] +(71,%) — I 


Vi(ri,x) =3 (r;,x) |. 


For this restricted choice of the relative direction of x 
and r,, we can also replace r; in Eq. (4.8) by +xri/x 
with the sign determined by the choice of parallel or 
antiparallel orientation. 

We now return to Eq. (4.8). We choose x as the 
polar axis and can immediately carry out the integration 
over the azimuthal angle of rj. since for our choice of 
the direction of x, the integral is independent of the 
azimuthal angle. We then introduce a new variable by 
the transformation 


(4.12) 
(4.13) 


with @ the angle between rjz. and x. We also introduce 
the angular momentum decomposition of the K matrix, 
which is 


(tie! K | ri2+2x)= 20 (2/+-1) (ri2| Ki|ri2+s) 
l 


4x°— 5? 
xP(1 — ——__—— -), (4.14) 
2ri2(riots) 


where we have used Eq. (4.12) and Eq. (4.13). Equation 
(4.8) then becomes 


(ri| V{r.+x) 


Tr a 2zr 
_— f rudriaf 
x ) 7 


v 1712 


(rio+s)ds(2/+1) 


2 r12 


4x°— 5? 
X (ris! Kilrets)Pi(1-—— — ). (4.15) 
2r12(ri2+5) 
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The variables re, r.’, and the angle between these are, 
in terms of x and s, 


ro) =(re+nieF 2ririe cosd J}, 
re” | =[(aFry2)?+1122+ 212 cosd (xFr;) |! 
To" r, = ri (ry x) +r32%+1r10 cos? (x¥ 2r,), 


with cos? given by Eq. (4.13). 

In evaluating Eq. (4.15), we encountered consider- 
able difficulty with the D-state contributions. The rapid 
variation of P, with s was difficult to represent ac- 
curately with the finest spacing of mesh points used in 
the calculation. We therefore replaced the /=2 part 
of the K matrix by a local approximation, i.e., 


(r12| Ke|ri2ts) — F(r12)6(s). 


This is a very good approximation since for the range 
of K for which the D state contributes appreciably, the 
K matrix is nearly local. 

To complete the angular momentum reduction of the 
Hartree-Fock equation, the spherical harmonic ex- 
pansion of (r;|V|r,’) is required [see Eq. (92) of 
BGW |. This is 


(r, V r)=>1 (21 £1)Vi(ryr1')Pilfi Fy’), (4.16) 


1 7! 
Valrunt) == [ duP(u)(m|V |r’), (4.17) 
~t 


2 
with 
= P,°F;'. (4.18) 
Since (r,|V|1,’) is given in Eq. (4.15) as a function of 
r, and x, it is convenient to make the transformation 


retr,?—2 
.=—————_-. (4.19) 
2riry’ 
In these variables, we also have the relation 


r:x=n,- (r,'—1) 


=43(r,"—r2—2°). (4.20) 


Equation (4.17) then becomes, using Eq. (4.9), 


. 1 prt’ xdx retry? —x2 

Vilriri’) =- ——P, —— 
9 , 
2rir i 


Ini —ri’| rr,’ 
72 —re— x 
X| Vole) +V alr) Hao “| (4.21) 


Qrix 


< 


To summarize the procedure used in determining the 
nonlocal potential V yr, the following steps are required : 
(a) Starting from an initial set of eigenfunctions, 
determine H(r.,r.’) from Eq. (4.4); (b) for each value 
of r; and x=-+tr,x/r;, evaluate the s and rj. integrals 
in Eq. (4.15); (c) evaluate the x integral in Eq. (4.21) 
to determine the matrix elements V;(r;,7,'). To this 
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nonlocal potential must be added the local rearrange- 
ment potential Vg and the Coulomb potential. These 
are functions of the density and do not present any 
problem. 

The second problem encountered in the numerical 
calculations is the solution of the eigenvalue equation 
[Eq. (3.7) ] for the eigenvalues and eigenfunctions. 
This is complicated by the nonlocal potential which 
changes the usual Schrédinger equation into an integro- 
differential equation. A simple iterative method for 
solving such an equation is described by BGW. We 
again only give the required formulas. 

The equation for the radial function Ry» of Eq. (4.2) 
is of the form 

R(r) 
(E;— H\)——=44 f rar V(r,r’)R(r’). (4.22) 
r e 

The BGW procedure is to evaluate the right-hand side 
of Eq. (4.22) using a solution resulting from a previous 
iterate or from an initial guessed input. The result is to 
replace Eq. (4.22) for the (m+1)st iterate by the 

differential equation 


R"t!(r) 
(E;— Ho) _ 
r 
R™*"(r) G(r) dR"*(r) 
- —, (4.23) 
dr 


The functions F"(r) and G(r) are defined by the 
equations 


V (r,r’) 
F*(r)= tar f rar’ — 
D*(r) 


dR"(r’) dR"(r) 
x[ RR) +e se ge —|, 


dr dr 
V (r,r’) 
rate f rr — 
D*(r) 


dR"(r) 
[ron 


(4.24) 


R"(r)——— 
dr dr 


dR" ] 


(4.25) 


dR*(r)7P 
D*(r)=(R"(r) P Z| | 


dr 


The constant @ was chosen in the numerical calculations 
to be 10- cm, which is the order of the range of the 
nonlocality of V (r,r’). 

The form chosen for Eq. (4.23) and Eq. (4.24) is 
based on the two important features that the form is 
exact if the (v+1)st iterate is equal to the mth or if the 
range of the nonlocality in V (r,r’) is reduced to zero. A 
more detailed discussion of the derivation of Eq. (4.23) 
is given by BGW, 
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V. COMPUTATIONAL DETAILS 


The program which performed the calculation on 
the IBM 704 consisted of two parts called HI and HII. 
HI takes a given set of radial wave functions R,:;(r) 
together with the K-matrix tables given in BGW for the 
attractive part [as well as the core contribution which 
itself depends on the local density and therefore on the 
R,uj(r)] and carries out the integrations described 
previously to produce the V;;(ri,r:’). HII takes the 
potentials V,;(ri,r:‘) and the wave functions Raj, 
generates the local equivalent-potentials Fyz;(r1), 
Gaij(ri) [the Coulomb and rearrangement potentials 
being added into F,:;(r1) | and solves the BGW equa- 
tion, [Eq. (4.23)] for a new set of wave functions 
Unij(71). 

The solutions of the modified Schrédinger equation 
[ Eq. (4.23) ] were obtained as follows. For a given trial 
energy, a Runga-Kutta scheme was used to integrate 
the wave function outward from the origin and inward 
from an external point (r,) far outside the nucleus 
(10-12 fermis). The logarithmic derivatives were then 
compared at a point (ro) which was outside the range 
of the nuclear forces (6-8 fermis). The initial conditions 
at r, for the outer wave function were a small arbitrary 
value Ryi;(r.) and a logarithmic derivative equal to 
that which the appropriate Hankel function solution of 
the Schrédinger equation without Coulomb interaction 
would have. (Actually this refinement was not really 
necessary; a vanishing logarithmic derivative suffices.) 
The integration inward of the outer wave function was 
then carried out with the Coulomb interaction included. 
The comparison point ro was sufficiently far out so that 
the logarithmic derivative of the inner wave function 
was a very steep function of the trial energy in contrast 
to the logarithmic derivative of the outer wave function 
which is a slowly varying function of the trial energy. 
It is therefore necessary to have the trial energy search 
pattern converge quite accurately to the energy which 
matches the inner and outer logarithmic derivatives. 
After the energy eigenvalue has been found, the outer 
wave function is then renormalized to join smoothly 
to the inner wave function and then the entire wave 
function is normalized. 

Since the initial wave functions were not those 
appropriate to the potentials V;;, this process, which 
we call minor iteration, is repeated several times using 
the same V;; until the Pasj, Garj, Rnzj have converged 
to their proper values. In preliminary calculations in 
which the rearrangement energy was not included, the 
minor iterations converged quite well without any 
additional help. The rapid density dependence of the 
rearrangement energy the convergence to 
become much slower and sometimes to fail entirely. 
Therefore, the input and output wave functions in each 
minor iteration cycle were averaged and rapid con- 
vergence was obtained once again. The effect of the 
rearrangement energy on the convergence of the major 


caused 
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cycles was not marked and no averaging was done 
between wave functions of consecutive major iterations. 

After convergence of the minor iteration cycle, the 
Ry are then fed back into KI to produce a new set of 
nonlocal potentials V;;. (This is called major iteration.) 
The whole procedure is started by introducing an 
essentially arbitrary local equivalent-potential F,.;(r1) 
=Vinit(ri) (with G,.;=0 usually) into HII and gener- 
ating an initial set of wave functions R,»;. The only 
requirement on Vjinit(r1) is that it accommodate the 
appropriate number of wave functions as bound states. 
The number of major iterations necessary to obtain 
convergence naturally depends on how close the initial 
set of wave functions is to a self-consistent set. It was 
found that even if this initial set was rather far away 
(say corresponding to a nuclear radius 1} times as 
large) not more than about 8 major iterations were 
necessary for self-consistency. On the other hand, if 
one had a self-consistent solution for one set of param- 
eters and wished to vary one or more of these slightly 
(for instance vary the strength or slope of the core 
contribution to the K matrix), only two or three 
iterations were necessary. 

The machine time required for these operations was 
as follows for the case of Zr®, the largest nucleus 
studied. Each minor cycle took approximately 10 
minutes, of which most of the time was used not in 
solving for the 21 wave functions but rather in a large 
amount of data shuffling on magnetic tapes due to lack 
of space in the fast memory of the machine (32 000 
words in the 704). Most of the time was spent in the 
calculation of the V,;(HI), the amount depending on 
the fineness of the meshes used in the integrations. 
Original hopes of being able to study many nuclei had 
to be abandoned when it was found that the meshes 
had to be considerably finer than those used in some 


of the earlier calculations. With the mesh finally 


settled upon, the time required for a single major 
iteration in the case of Zr® became 43 hours. 


TaBLe II. Variation of calculated quantities in O'* with 
iteration of major and minor Hartree-Fock cycles. 





Neutron 
energy 
in 1s; 
state 


— 38.18 
2 — 37.74 
3 —37.72 
+ —37.74 


Proton 

energy 
in 1; 
state 


—6.69 
—6.75 
— 6.80 
— 6.82 


Rms 
radius 
(fermis) 


Binding 
energy per 
particle 
—2.18 
—2.24 
—2.24 


Major Minor 
iteration iteration 


I 1 


NmMNNNY 
uananu 
mNmN Pe 


— 37.03 
— 37.19 
—37.22 


— 6.30 
—6.41 
— 6.44 


NNN 
mun 
mun 


— 36.87 
— 36.96 
— 36.97 
— 36.97 


—6.36 
—6.40 
—6.41 
— 6.42 
— 6.42 


NNNNNK 
Aununnn 
AAANAO 
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As an indication of the rate of convergence of the 
minor and major iteration cycles, we give in Table II 
for O'* the variation of two’of the energy eigenvalues, 
of the total energy, and of the rms radius through 
several minor and major cycles. The convergence is 
clearly very rapid. 

A large amount of experimentation was necessary in 
order to find a mesh which was both accurate and kept 
the time within reason. The necessity for a fine mesh is 
due to the detailed structure of the K matrix and the 
rapid dependence on the angle between rj. and 19’ 
in the relative D-state contribution. The final choice 
of mesh was set by the structure of the K-matrix tables 
and by the requirement that the results be unaffected by 
the coarseness of the mesh. The values taken were as 
follows (in fermis) : 


s mesh 17 points —0.60(0.05)0.20 
0.4(0.1)1.0(0.3)1.6(0.5)3.6 
0.0(0.5)2.1 


— 2.0(0.025)2.0 


ry2 mesh i3 points 


x mesh 43 points 


r,’ mesh 161 points 


r,; mesh up to 40 depending on nucleus, interval (0.2). 


VI. RESULTS 


Before discussing the results, we shall describe some 
of the difficulties encountered in the calculations. The 
first problem was that we found it impossible to obtain 
values for the total energy which agreed with observed 
values. To see if this was due to a possible error in the 
K matrix obtained by BGW by transformation of the 
operator determined in the study of nuclear matter, 
the BGW procedure was inverted and the energy of 
nuclear matter redetermined. This involved evaluating 
the single-particle potential energy using Eq. (3.8) 
with plane waves for the single-particle eigenstates, 
and then taking appropriate matrix elements of 
(r|V |r’). The results for the potential energy agreed 
within a few percent with those obtained by Brueckner 
and Gammel! and also gave the correct binding energy 
for nuclear matter at a density corresponding to 
ro= 1.02 10-* cm. Additional checks also verified both 
the strength of the repulsive core contribution and its 
density variation. Consequently, the incorrect values 
obtained for the energy of the finite nucleus could not 
be attributed to an incorrect K matrix. It is instead 
probable that the basic approximation made by BGW, 
that the correlation structure of the wave function is 
unaffected by density gradients (see Sec. III), is 
quantitatively in error. This affects most strongly the 
repulsive core contribution, apparently overestimating 
the many-body enhancement of the core energy. We 
have, therefore, slightly adjusted the parameter 
determining the core contribution, a decrease in 
strength of 10 to 20% being necessary to increase the 
binding energies to more reasonable values. (The actual 
changes made will be given below in discussing the 
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numerical results.) We shall not attempt to give here 
any further justification for this change. 

We also found it essential to include the rearrange- 
ment potential Vez of Eq. (3.12) in the single-particle 
potential. The effect appears first through a considerable 
shift in the single-particle energy, the inclusion of Vr 
being necessary to bring the energy eigenvalue of the 
last particle into approximate agreement with the 
separation energy. Another effect, which was not 
expected before the calculations were carried out, was 
that the nuclear density became much too high when 
the rearrangement potential was omitted. It was found 
that in the absence of this term, the nuclear density 
failed to stabilize near the density for which the 
energy of nuclear matter was a minimum, correspond- 
ing to ro= 1.02 10-" cm. 

This can be easily understood since the single- 
particle potential energy, if the rearrangement potential 
is absent, is too large and the wave functions are pulled 
toward the origin. This effect, which occurs only in the 
finite nucleus where the form of the wave functions 
must be determined, offsets the tendency of the system 
to adjust itself to minimize the energy. Another way of 
stating this result is that the Hartree-Fock self- 
consistency requirement in the wave functions and 
potentials is not necessarily the same as the requirement 
of minimum total energy in the sense of the nuclear 
matter calculation. Consequently, the rearrangement 
potential has a large effect on the results although the 
effect is only through the change of the wave functions, 
the energy still being given by the K-matrix expression 
of Eq. (2.1). 


A. Energy Eigenvalues and Binding Energy 


We first give the results for the energies of O'*, Ca®, 
and Zr in Table III. The modification of the repulsive 
core contribution is indicated for each case. We also 
include the expectation value of the potential energy, 
including the rearrangement energy and Coulomb 
energy for each case. These tables show that even with 
the adjusted core strength the magnitudes of binding 
energies and separation energies are too small.” It is 
interesting to note, however, that the calculated 
differences between separation energies show better 
agreement with experiment. This is shown in Table IV. 
This agreement shows that the Coulomb and symmetry 
energies have reasonable values. 

The spin-orbit splitting we find is due almost entirely 
to the odd-state spin-orbit force in the Gammel-Thaler 
potential. As was shown by BGW, this gives a single- 
particle spin-orbit potential which is not of Thomas 
form, although the potential does reduce to this form 
if the range of the two-body L-S potential is assumed 
to be very small. Figure 3 shows that the actual Z-S 
potentials do not appear to be limited to regions of 
density gradient so that a Thomas form is incorrect. 


10 A. H. Wapstra, Physica 21, 367 and 385 (1955). 
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TABLE III. Calculated and experimental energies for O'*, Ca®, and Zr®. The core strength has been reduced to 0.825 of the 
norma! value for O'*, and to 0.90 of the normal value for Ca® and Zr®. The energies are in Mev. 








Potential energy 


State Neutron Proton 


Element Neutron 


Eigenvalue 


Experimental 
separation energy 


Neutron Proton 


Total energy 
per particle 


Proton Calc. Expt. 





of — 58.0 — 53.0 
—40.1 —35.2 


— 34.4 —29.7 


—44.3 
—19.0 
—14.9 


Isi/2 
lpsye 
lpia 
—82.4 —72.1 
—55.1 
— 49,3 
—38.2 
—30.0 
— 29.6 


—70.1 
—44.7 
— 38.6 
— 20.6 
— 16.0 
—13.4 


lsiye 
1 ps2 
lpise 
Id5/2 
2si/2 
1d3/2 


—72.0 
—62.3 
—60.2 
—51.4 
— 46.5 
— 48.6 
—40.2 
— 36.0 
—31.0 


—79.5 
—62.8 
—59.8 
—44.5 
—38.6 
—40.2 
— 26.2 
—20.5 
—17.0 
—8.5 


Isi/2 
pas 
lpiy2 
Ids/2 
2siy2 
1d3/2 
1 fre 
1 fsv2 
2Pia 
1go/2 


—39.6 
— 14.6 
—10.7 


— 60.0 
—35.1 
—29.2 
—11.6 
—7.3 
—4.9 


—4.41 —7.98 


— 64.0 
—47.7 
—44.9 
—29.9 
—23.8 
—25.7 
—12.0 

—6.6 

—3.2 








The calculated Z-S splittings are given in Table V. 
It is not easy to compare these directly with experiment 
although the order of magnitude is certainly correct. A 
more direct comparison with experiment can be made 
by using the separation energy in Zr™. In this case the 
difference of 5.3 Mev between the last neutron in a 
1go/2 state and the last proton in a 21/2 state is largely 





POTENTIAL ENERGY (MEV) 











2 x 
KINETIC ENERGY (MEV) 


Fic. 1. Potential energy as a function of kinetic energy for the 
neutrons in Zr®, The straight line corresponds to an effective 
mass of 0.39, 





a result of the shift of these levels due to the spin-orbit 
force. In the absence of this force, the 21/2 level would 
drop about 1.0 Mev and the 1g9/2 level would rise about 
4.1 Mev, so that the separation energies would now be 
nearly the same, in disagreement with the observed 
difference of 3.57 Mev. 

We have investigated in some detail the effects on 
the energy and mean radius of changes in the core 
repulsion. We changed not only the core strength but 
also the rate of variation of the core energy with 
density. The core contribution has a density dependence?” 


1—b To 
K wre= Constant——- —, (6.1) 
1—b/ro 

with 
$rro’=p™! (6.2) 


where p is the density, and 7) the mean spacing in 


TaBLE IV. Difference in separation energy for 
neutrons and protons. The energies are in Mev. 








Calculated Experimental 


3.49 





TABLE V. Spin-orbit splitting in Mev. 





or Ca” Zr™ 
Neutron Proton Neutron Proton Neutron Proton 


\pus—lpaz 4.1 3.0 
6.7 4. 
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3.9 6 
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nuclear matter, i.e., 79=1.0710-" cm. The density 
variation of Keore can therefore be changed by varying 
the parameter } in Eq. (6.1). We give in Table VI the 
mean binding energy and also the rms radius for several 
cases. These results show that the answer is only 
slightly changed by variations in the core density 
dependence, but that the mean energy and rms radius 
change quite appreciably with change in the core 
strength. The increase in binding energy as the core 
is weakened is accompanied by a decrease in rms radius, 
the greater attraction associated with larger binding 
energy pulling in the wave functions. This tendency 
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Fic. 2. Nonlocal potential for the /=0 state. (a) Ca, r=1.0 
fermi; (b) Ca”, r=2.0 f; (c) Ca®, r=3.0 f; (d) Ca®, r=4.0 f; (e) 
Zr™, y=1.6 f; (f) Zr™, r=2.0 f; (g) Zr, r=3.0f; (h) Zr™, r=4.0f; 


(i) Zr, r=5.0 f. The function plotted is 44+r’ Vo(r,r’). 


TABLE VI. Effects on mean energy and rms radius of changes 
in core strength, core density variation, and rearrangement 
energy. 


strength* 


1.00 
0.825 1.00 
1.00 
0.90 
1.00 


1.00 
1.00 
1.30 


*® Measured in units of normal values. 
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Fic. 3. The potential functions F and G defined in Eq. (4.24). (a) F for O'*; (b) G for O"*; (c) F for the protons in Ca®; (d) F for the 
neutrons in Ca®; (e) G for the protons in Ca®; (f) G for the neutrons in Ca; (g) F for the protons with j=/—4 in Zr™; (h) F for the 


2 


protons with 7=/+4 in Zr™; (i) F for the neutrons with j7=/—4 in Zr™; (j) F for the neutrons with 7=/+-} in Zr™; (k) G for the protons 


with j=/—} in Zr™; (1) G for the protons with 7 =/+4 in Zr™; (m) G for the neutrons with j=/— 


j=1++4 in Zr™. The plotted functions are rF(r) and rG(r). 


can be offset by an increase in the rearrangement energy 
which is repulsive and acts to prevent increase of the 
density. We have not, however, explored this possibility 
further. 

Another interesting feature of the single-particle 
energies is the variation of the expectation value of the 
potential energy as the state is changed. In Fig. 1, we 
plot the potential energy including the rearrangement 
energy and eigenvalues against the kinetic energy for the 
neutrons in Zr”. The straight line which gives an 
approximate fit to the computed values corresponds to 
an effective mass of m*/m=0.39 which is much less 


+ in Zr™; (n) G for the neutrons with 


> 


than the value of about 0.65 found in nuclear matter.” 
This difference is an effect of the finite nucleus and of 
the greater extension of the wave functions of the more 
weakly bound nucleons. 

Before we end our discussion of the energy, we wish 
to re-emphasize the quite indirect connection between 
the energy eigenvalues and the total energy. Not only 
half of the potential energy but also the rearrangement 
energy must be subtracted in going from the eigenvalues 
to the total energy. This is apparent from a comparison 
of Eq. (3.4) for the total energy with Eq. (3.7) for the 
single-particle eigenvalue. 
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B. Single-Particle Potentials and 
Wave Functions 


We now turn to a discussion of the structure of the 
nonlocal potential in which a particle moves. We choose 
the same K-matrix parameters as in Table III. The 
nonlocal potential is most easily given in terms of the 
angular momentum decomposition of Eq. (4.16). 
Except for the effect of the spin-orbit force, the succes- 
sive terms V;,(r,r’) depend only weakly on / since the 
distance over which the spherical harmonics vary 
rapidly as in general large compared to the range of the 
nonlocality in V(r,r’). If for example, V(r,r’) is a local 
potential, then V,(r,r’) is independent of /. Thus we 
content ourselves with giving on the case /=0. 

To express the form of the nonlocal potential most 
simply, we give Vo(r,r’) in Fig. 2 for Ca® and Zr® for 
several values of r. The values of r are chosen to give 
representative points in the density variation, including 
central and surface points for which the potential has 
quite different structure. 

The nonlocality in V,(r,r’) is due to two quite 
different effects. First, even for a local two-body 
potential, the effects of exchange can be most easily 
represented in the Hartree-Fock equations as a non- 
locality. This is evident from Eq. (3.8) since even for a 
local interaction, the single-particle potential is non- 
local. This effect has a range of the order of the full 
range of the two-body interaction. Added to this effect 
is that due to the nonlocality in the K matrix. This is 
due to the great strength of the two-body interaction 
which strongly polarizes the wave function at small 
distances, this appearing in the K matrix as a non- 
locality. The range of this effect is less than 10-" cm 
and in this region contributes more strongly to the 
nonlocality of V;(r,r’) than the exchange effect. 

The nonlocal character of the single-particle po- 
tential also can be exhibited in a way analogous to the 
“effective mass” concept of nuclear matter,’ where it is 
known that the nonlocality manifests itself through the 
velocity dependence of the single-particle potential 
energy. In the finite nucleus, this is most easily exhibited 
by making a local replacement of the nonlocal single- 
particle potential. We first give in Fig. 3(a) through 
(m) the functions F and G which appear in Eq. (4.23). 
The equivalent potential F plays the same role in the 
Schrédinger equation as the usual shell-model potential 
with which it is most directly compared. It is apparent 
from these figures that both F and G change consider- 
ably as either J or the principal quantum number, is 
changed. 


TABLE VII. Root-mean-square radii in fermis. 


Nucleus 


or 2.38 
Ca” 2.84 
Zr” 3.64 


Neutron 


Proton 
2.41 
2.91 
3.56 


Total 
2.40 
2.88 
3.600 


Experiment 


2.57 
3.49 
4.24 
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The radial functions determined by solution of the 
eigenvalue problem are given in Fig. 4. These differ 
from conventional wave functions largely as a result 
of the state dependence of the potential. The inner-shell 
wave functions are pulled in more strongly than for a 
conventional shell model and also fall off more rapidly 
near the nuclear surface since the eigenvalues are much 
lower than for a static potential. 


C. Density 


In Table VII we give the rms radii for neutrons, 
protons, and for the total density, together with the 
values deduced from experiment.'! The computed values 
are too small by 6% in O'* and 20% in Ca® and Zr™. 
It was found to be very difficult to eliminate this error 
by any simple changes in the K matrix, considerable 
variations in core structure and in rearrangement 
energy having only slight effect on the mean radius. 
This difficulty is particularly marked when it is realized 
that our binding energies were also too small, and that 
attempts to increase the binding led to further decrease 
in radius. It is likely that this problem can be partially 
attributed to the short range of the Gammel-Thaler 
two-body potentials and possibly to our treatment of 
the correlation structure in the surface. 

We give the densities as a function of the radius in 
Figs. 5(a), (b), (c). These results together with the 
rms radii show that there is very little separation 
between the neutron and proton densities, the rms 
proton radius exceeding the rms neutron radius by 
0.03 fermi in O'* and 0.07 fermi in Ca“ due to the 
Coulomb repulsion. In Zr® the reverse is true, the 
neutron radius being the larger by 0.08 fermi. These 
differences are very small, the neutron and proton 
densities being kept together by the effects of the 
symmetry energy. This result agrees with experimental 
measurements of the neutron and proton distribution.” 

From Fig. 5 we can determine the surface depth, i.e., 
the distance over which the density falls off from 90% 
to 10% of the central value. This is 1.7 fermis in O'8, 
2.8 fermis in Ca”, and 2.2 fermis in Zr®. These are to be 
compared with the value of (2.40.2) fermis deduced 
from experiment." 

One other comparison of interest is between the 
density and the potential. We give this in Fig. 6 for 
Ca and Zr™, taking the total density and the equivalent 
potential F(r) defined by Eq. (4.24) for the highest 
neutron state, lds). for Ca® and 1go/2 for Zr®. In both 
cases the potential radius is about 0.75 fermi greater 
than the density radius. This difference is largely due 
to two effects previously discussed, which are: (a) 


11D. G. Ravenhall, Revs. Modern Phys. 30, 414 (1958). 

12 A, Abashian, R. Cool, and J. W. Cronin, Phys. Rev. 104, 855 
(1956). 

13K. A. Brueckner, Revs. Modern Phys. 30, 561 (1958). 
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(d) 


finite range of interaction; (b) nonlinear variation of 


potential energy with density. The computed separation 
between density and potential is about equal to that 
observed experimentally." 


4S. Fernbach, Revs. Modern Phys. 30, 414 (1958). 























Fic. 4. The radial wave functions (a) for the neutrons and 
protons in O!*; (b) for the protons in Ca®; (c) for the neutrons in 
Ca; (d) for the protons with 7=/—4 in Zr™; (e) for the protons 
vith 7=/+4 in Zr; (f) for the neutrons with j7=/—} in Zr™; (g) 
for the neutrons with 7=/+-3 in Zr™. 


VII. DISCUSSION 
Che results of this paper show that the BGW theory 
of finite nuclei, based on the KA-matrix theory of 
nuclear matter, does not give fully quantitative results 
for the properties of the nuclei studied, O'®, Ca, Zr™. 
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pensity 0o** cw) 

















Since this theory already has given accurate results for 
nuclear matter, it is clear that the finite systems prevent 
problems not fully taken into account by the BGW 
theory. We have already suggested that the difficulty 
may lie in the approximation which treats the nuclear 
correlation as independent of the density gradient. 
The rearrangement energy also has a fundamental role 
in the finite nucleus in contrast to nuclear matter, and 
our treatment of the rearrangement effects may not be 
sufficiently quantitative. 

The difficulties of our calculations lie mainly in our 
inability to obtain sufficient binding energy and large 
enough radii. It should be emphasized, however, that 
the error we find in binding energy is the result of about 
an 8% error in potential energy so that the discrepancy 
is in this sense small. The problem with the radii is, 
however, more interesting in that attempts to decrease 
the radius tend to lead further decreases in binding 
energy. The only obvious solutions to this problem lie 


in the direction of increase in the range of the two-body 


interaction or of increase in the repulsive effects of the 
The change 
inacceptable since the range of the interaction is 


rearrangement energy. former seems 


determined by two-body scattering data; the latter 
change may be correct but was not justified by the 
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Density (10°? om”) 








Fic. 5. Proton, neutron, and total densities, (a) in 
O'*; (b) in Ca®; (c) in Zr™. 


results obtained from the A-matrix studies of nuclear 
matter. We therefore must regard this question as 
unresolved by our studies. 

Our results, aside from the quantitative questions of 
binding energy and radius, do give insight into many 
other nuclear properties. The level sequence we find, 
which is largely fixed by the spin-orbit interaction, is 
in good agreement with experiment. This is also true 
of the relationships among our calculated separation 
energies for neutrons and protons and the mean 
binding energy. This agreement also shows that our 
nuclei are properly beta-stable so that we correctly 
follow the line of nuclear stability. 

The general features of the single-particle potential 
which we have determined are also new and of interest. 
The marked nonlocality of the potential manifests itself 
clearly in the strong state dependence of the equivalent 
potential. The nonlocality also is evident in the wave 
functions which have appreciable curvature at their 
nodes, this being possible only because of the finite 
nonlocal range. We also find a difference of about 0.75 
fermi between the potential and density radius, this 
explaining a feature deduced from experiment which 
was not before theoretically understood. 

The details of the density distribution are also new 





PROPERTIES OF 























lic. 6. (a) F(r) for the highest neutron state in Ca® and the 
total density as a function of radius. (b) F(r) for the highest 
neutron state in Zr and the total density as a function of radius. 


and interesting. They are characterized by the tendency 
of neutrons and protons to maintain a uniform density 
ratio so that there is very little separation in mean radii. 
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We also find density surface thicknesses which agree 
well with experiment. The surface density is fixed 
partially by the finite force range, but also by the 
strong state dependence of the single-particle potentials. 
This effect increases the rate of fall off of the inner shell 
wave functions near the surface and so decreases the 
surface depth. 

In conclusion we summarize the applications which 
have been made of the many-body theory to nuclear 
matter and finite nuclei. These are: 


Nuclear matter: 
volume energy 
symmetry energy 
density 
compressibility 
effective mass 
optical potential. 


Finite nuclei: 
binding energy 
spin-orbit splitting 
separation energy 
density distribution 
neutron-proton density relation 
surface depth 
potential-density relations 
‘ state dependence of single potential 
nonlocality of single-particle potential. 


The theory gives quantitative predictions for nuclear 
matter and semiquantitative predictions for finite nuclei. 
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Tripartition in the Spontaneous-Fission Decay of Cf**’} 
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The long-range alpha particles associated with the spontaneous-fission decay of californium-252 have 
been studied by means of nuclear-emulsion techniques. The alpha energy spectrum was found to peak 
at about 19 Mev with a half-width of 10 Mev, and the preferential angle of emission was found to be slightly 
less than 90 deg with respect to the light fission fragment. These results support the view that alpha emission 
occurs at the time of scission and that the direction is determined by the extent of electrostatic repulsion 
by the fragments. A trend toward a more nearly symmetric mass division in fission accompanied by alpha 
emission is indicated. The frequency of occurrence of the long-range alpha particles was observed to be 


1 in 415+10% binary fissions. 


Ternary events consisting of two heavy fragments and one light fragment of short range were observed, 
but the frequency with which these events occur was not measured. A parallel search was made for ternary 
fission events in which fragmentation into comparable masses occurs. 


INTRODUCTION 


HE liquid-drop model' was used by Present? in 

1941 to predict that fission into three charged 
fragments of comparable mass is dynamically possible. 
Subsequent experimental observations‘ have indicated 
the existence of multiple fission modes which may be 
grouped into four types as follows: (a) ternary fission 
in which the third fragment is a long-range alpha 
particle, (b) tripartition in which the third fragment is 
a short-range charged particle of small mass, (c) fission 
into three charged fragments of roughly equal mass, 
and (d) multiple fission in which fragmentation into 
four (quaternary fission) or more charged particles 
takes place. 

The existence of type (a) events, first reported in 
the literature by Green and Livesey® and Tsien et al.* 
(who studied fission induced in U*® by thermal 
neutrons) is well established. 

Type (b) events, tripartition with the fragment of 
small mass and short range, was studied by the same 
two groups and confirmed by the work of Cassels 
et al.? and by Allen and Dewan.* However, Marshall 
takes issue with these earlier results on the basis of 
possible errors in measuring these events and regards 
the events as arising from recoil interactions of, binary- 
fission fragments.° Laboulaye ef a/., using cloud chamber 
techniques, were unable to detect such events." 

Tsien et al. have reported a single case of tripartition 


¢ This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 

2R. D. Present and J. K. Knipp, Phys. Rev. 57, 751 (1940). 

3R. D. Present, Phys. Rev. 59, 466 (1941). 

‘For a brief but thorough summary of the earlier work sec 
K. W. Allen and J. T. Dewan, Phys. Rev. 80, 181 (1950). 

5L. L. Green and D. L. Livesey, Nature 159, 332 (1947). 

6S. T. Tsien, R. Chastel, Z. W. Ho, and L. Vigneron, Compt. 
rend. 223, 986 (1946). 

7J. M. Cassels, J. Dainty, N. Feather, and L. L. Green, Proc. 
Roy. Soc. (London) A191, 428 (1947). 

8K. W. Allen and J. T. Dewan, Phys. Rev. 82, 527 (1951). 

®L. Marshall, Phys. Rev. 75, 1339 (1949). 

10H. Laboulaye, C. Tzara, and J. Olkowsky, J. phys. radium 
15, 470 (1954). 
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into roughly equal fragments [ type events |, and 
no frequency of occurrence was given.'' Rosen and 
Hudson, using a triple ionization chamber and co- 
incidence circuitry, observed a value of 6.7 ternary 
fissions per 10° binary fissions,” but because of the low 
frequency of occurrence, confirmation by other means 
has not been made. 

Tsien et al. have reported cases of quadripartition 
into roughly equal masses as occurring with a frequency 
of 1 per 3000 binary fissions'; however, Titterton 
was unable to confirm these results.'® The frequency 
(comparable to that for tripartition) reported by 
Tsien seems too high, and no arguments are given to 
preclude the possibility of double recoil by binary- 
fission fragments. 

Even the more recent investigations have been 
concerned with induced fission (mainly in U*® with 
thermal neutrons) and, hence, with excited compound 
nuclei.'*-** Therefore, it seemed worthwhile to study 
multiple-fission modes of spontaneous fission. The most 
convenient isotope available for this purpose is Cf*”, 
which has an alpha half-life of 2.2 yr and a spontaneous- 
fission half-life of 70 yr.2! A study has been made, 
therefore, of the long-range alpha particles associated 
with spontaneous fission in Cf**? using nuclear-emulsion 


\¢ 


1S. T. Tsien, Z. W. Ho, R. Chastel, and L. Vigneron, J. phys. 
radium 8, 165 (1947). 

12 [,, Rosen and A. M. Hudson, Phys. Rev. 78, 533 (1950). 

18 Z. W. Ho, S. T. Tsien, L. Vigneron, and R. Chastel, Compt. 
rend. 223, 1119 (1946). 

4S. T. Tsien, Z. W. Ho, R. Chastel, and L. Vigneron, Compt. 
rend. 224, 272 (1947). 

16 FE. W. Titterton, Nature 170, 794 (19 

%K. F, Flynn, L. E. Glendenin, and 
Rev. 101, 1492 (1956). 

17C, B. Fulmer and B Cohen, Phys. Rev. 108, 370 (1957). 

18G. F. Denisenko, N. Ivanova, N. R. Novikova, N. A. 
Perfilov, E. I. Prokoffieva, and V. P. Shamov, Phys. Rev. 109, 
1779 (1958). 

1% V. N. Dmitriev, L. V. Drapchinskii, K. A. Petrzhak, and 
Yu. F. Romanov, Doklady Akad. Nauk S.S.S.R. 127, 531 (1959) 
[translation: Soviet Phys. Doklady 4, 823 (1960) ]. 

*” FE. L. Albenesius, Phys. Rev. Letters 3, 274 (1959). 

1D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 


0 


52). 
E. P. Steinberg, Phys. 


L 


S 





SPONTANEOUS 


techniques. A parallel search was made for other types 
of tripartition in Cf?®. 


EXPERIMENTAL 


rhe following experimental procedure was used. A 
volume of 0.01 cc of a solution containing a small 
amount (10* fissions/min) of Cf*? was diluted to 5 c 
with 0.6M sodium citrate solution (pH 5). Two cc of 
this solution was placed on a 1- by 3-in. Ilford KO 
emulsion (200 microns thick) fitted with a plastic rim 
to contain the liquid. 

After 1 hr of contact, the excess solution was removed 
and the emulsion surface washed. The emulsion was 
dried 1 hr in a desiccator containing concentrated 
H.SO, and equipped with a fan to provide adequate air 
circulation. After a 48-hr exposure, the emulsion was 
developed with a modified Brussels-type developer.” 

Upon fixing and final washing and drying, the 
shrinkage factor was obtained for each plate by 
measuring the tracks produced by the 6.11-Mev alpha 
particles from the branching decay of Cf. The 
plates were then scanned systematically for unusual 
events by viewing the emulsions through a 10X eye- 
piece and either a 98X or 45X objective. The nature 
of the tracks of fission events accompanied by long- 
range alpha emission was such that detection and 
identification was easily made with a 45X objective. 
In the case of other three-pronged events, scanning 
was done with a total magnification of 980. Since 
three-pronged events may result from scattering by 
binary-fission fragments, an initial selection was made 
on the basis of the location of the least dense track 
with respect to the base formed by the other two 
tracks. If tripartition into roughly equal masses occurs, 
the third track would be expected to originate near 
the middle of the track. Herce, only those events were 
analyzed in which the least dense track appeared to 
originate from the center 5 microns of the fission track. 
(Thus, a large number of events arising from scattering 
by binary-fission fragments near the end of their paths 
were eliminated.) 

In general, these events do not lie entirely within 
the focal plane of the microscope, and hence for 
analysis, the projected lengths, projected angles, and 
the depths of the origin and ends of the tracks were 
measured. From these projected measurements and 
the shrinkage factor, the true angles and ranges were 
computed. 

The frequency of occurrence for the long-range alpha 
events was determined as follows: A vaporized source 
of Cf (10° fissions/min) was covered tightly with 
aluminum foil (9.6 mg/cm?) just sufficient to stop the 
6.11-Mev alpha particles emitted by Cf*. The more 
energetic long-range alpha particles were then counted 


® This developer consists of a mixture of 35 g boric acid, 15 g 
sodium sulfite, 4.5 g Amidol, and 8 cc of 10% potassium bromide 
solution, dissolved and diluted to 1000 cc with water. 
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Fic. 1. Photomicrograph in emulsion of fission of Cf?® 
with emission of long-range alpha particle. 


by using a standard ionization chamber of known 
geometry. A frequency of one long-range alpha particle 
(i.e., of energy greater than 10 Mev) per 415+10% 
binary fissions was found. This value agrees with that 
found by Nobles—one per 450 binary fissions*—and is 
comparable to the frequency observed in the fission of 
U*® induced by thermal neutrons.”*”® 


RESULTS AND DISCUSSION 


A. Fission with Emission of Long-Range 
Alpha Particle 


A photomicrograph of a typical fission event in 
which a long-range alpha particle is emitted is shown 
in Fig. 1. An energy spectrum for the long-range alpha 
particles was determined from the analysis of 203 
events and is shown in Fig. 2. For comparison, a replot 
is shown of the energy spectrum of the long-range 
alpha particles associated with the slow-neutron- 
induced fission of U*.25 For fission of Cf**, the most 
probable energy of the alpha particle is 19+1 Mev, 
some 4 Mev greater than that for the long-range alpha 
particles from the fission of U™***; the maximum 
observed energy was 34 Mev as compared with a 
maximum of 29 Mev observed by Titterton for the 
alpha particles from U*®* fission.** It should be noted 
that the maximum observed energy from emulsion 
work” is 2 to 3 Mev higher than that observed by 
ionization-counter methods.*?6 No explanation is 
immediately apparent in view of the fact that the 
widths at half maximum are the same for both tech- 
niques, thus eliminating as an explanation the 
possibility of excessive range straggling in emulsion 
measurements. 

From an angular correlation of the long-range alpha 
particles with both the heavy and light fission fragments 
(Fig. 3), it appears that the most probable angle of 
emission is slightly less than 90 deg to the light frag- 


% R. A. Nobles, Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico (unpublished), (private communication, September, 
1959). 

*4 K. W. Allen and J. T. Dewan, Phys. Rev. 80, 181 (1950). 

25 FE. W. Titterton, Nature 168, 590 (1951) 

26. B. Fulmer and B. L. Cohen, Phys. Rev. 108, 370 (1957). 
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Fic. 2. Energy spectrum of long-range alpha particles associated 


with fission. Solid curve, Cf; dashed curve, U*5+-n (data from 
Titterton*). 


ment. The existence of this maximum in Fig. 3 again 
supports the view (originally proposed by Tsien)”’ 
that alpha emission occurs at the time of scission of 
the two fission fragments and that the alpha particle 
is subsequently accelerated by the electrostatic fields 
in a direction that is most likely to be approximately 
perpendicular to the fission-fragment paths. 

According to Fig. 4, the average total length of 
fission-fragment tracks from alpha-emitting fission 
events appears to be 1 micron shorter than the average 
fission track length for binary fission. This is a decrease 
of 4% in total range (corresponding to a 6% decrease 
in energy). For the slow-neutron-induced fission of 
U5, Marshall has reported a corresponding decrease 
of 6% in range.’ Thus, as previously suggested, the 
long-range alpha particle apparently receives its 
energy at the expense of decrease in the resulting 
fission-fragment ranges. 
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Fic. 3. Number of events per interval vs angle of alpha particle 
with respect to fission fragment for Cf. Solid curve, light 
fragment; dashed curve, heavy fragment. 


27S. T. Tsien, Compt. rend. 224,]1056 (1947). 
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AND THOMPSON 

Previous investigators have studied the effect of 
alpha-particle emission on the mass division in fission 
of U*® induced by thermal neutrons.*"*8 A replot of 
combined data by Marshall,® Tsien e¢ a/.,* and Wollan 
et al.?® is given in Fig. 5, in which the number of 
events vs the ratio R is shown. Here we define 
R=R_/(Rr+Ru) where Ry, is the range of the light 
fission fragment and Ry is the range of the heavy 
fission fragment. These workers have effectively 
compared the mean values of R (marked by arrows in 
Fig. 5) for fission with alpha emission and binary 
fission and have found only a small difference. They 
have attached no significance to the slight shift in- 
dicating a more nearly symmetric mass division when 
alpha particles are emitted in the fission process. 

However, a similar effect is observed for the spon- 
taneous fission of Cf? (Fig. 6) in which a direct 
comparison can be made of the two types of fission.” 
Again, the difference in the mean values of R (as 
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Fic. 4. Fission-fragment total track length for fission with alpha 
emission (solid curve) and ordinary fission (dashed curve) of Cf?®. 


marked by arrows) for the two fission modes is not 
large. Although a trend toward a more symmetric 
mass division is indicated in the case of alpha emission, 
we do not feel that the data are sufficient to support a 
definite conclusion. 


B. Tripartition with Emission of Short-Range 
Charged Particles of Small Mass 


In the present study, no examples of lithium-8, 
boron-8, or beryllium-8 emission were observed among 
the 10° binary-fission events scanned. The special 
nature of the tracks of these events are such that they 
would have been easily detected.*. 


FE. O. Wollan, C. D. Moak, and R. B. Sawyer, Phys. Rev. 
72, 447 (1947). 

*® The curve for binary fission has been derived from range 
(in air)-mass data by J. A. Miskel and K. V. Marsh, Lawrence 
Radiation Laboratory (private communication, 1959) and is 
normalized to give equal areas under the curves. 

*F. K. Goward, E. W. Titterton, and J. J. Wilkins, Nature 
164, 661 (1949). 

3 E. W. Titterton, Phys. Rev. 83, 1076 (1951). 





SPONTANEOUS-FISSION 


Tripartition with emission of a light charged particle 
of short range was observed (as reported by previous 
investigators in the case of U** fission induced by slow 
neutrons)*~7; the frequency of these events was not 
studied. Examples of these events are shown in Fig. 7. 


C. Ternary Fission into Comparable Masses 


Of approximately 120000 binary fission events 
scanned, 75 three-pronged events were considered as 
possible tripartition into roughly equal mases. Photo- 
micrographs of typical events are shown in Fig. 8. 
Using an angular analysis described elsewhere,” four 
of these events could not be attributed to nuclear 
recoil collisions of a fission fragment with an emulsion 
nucleus. However, the short lengths (of the order of 
10 microns) of the fission-fragment paths, the size of 
the individual grains (about 0.5 micron in diameter), 
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Fic. 5. Number of events vs R for fission fragments associated 
with long-range alpha-particle emission in fission of U*** induced 
by thermal neutrons. (A) Mean value of R for ordinary fission 
from J. K. Béggild, K. H. Brostrom, and T. Lauritsen, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 18, No. 4, 1 (1940). 
(B) Mean value of R for ordinary fission from P. Demers, Phys. 
Rev. 70, 974 (1946). (C) Mean value of R for fission accompanied 
by alpha emission. 


small-angle scattering, and inherent errors in micro- 
scope measurements all contribute to an uncertainty 
in such an analysis. Confirmation of this type of tri- 
partition is presently being investigated in this 
laboratory by use of solid-state detectors and triple- 
coincidence circuitry. 


SUMMARY 


The main features of alpha-particle emission ac- 
companying the spontaneous fission of Cf are 


#2N. A. Perfilov, in Physics of Nuclear Fission (Pergamon 
Press, New York, 1958), Chap. 7, p. 84. 
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Fic. 6. Number of events vs R for fission fragments associated 
with long-range alpha-particle emission in Cf. Dashed curve, 
binary fission of Cf**; A denotes mean value of R. Solid curve, 
fission accompanied by alpha emission; B denotes mean value of R. 


sunilar to those of U** induced by thermal neutrons. 
Fission with alpha particle (>10 Mev) emission occurs 
at the rate of 0.24% relative to binary* fission. The 
energy spectrum of the long-range alpha particle was 
observed to peak at 19+1 Mev, with a width at half 
maximum of 10 Mev; the maximum*observed energy 
was 34 Mev. The most probable angle of emission is 
slightly less than 90 deg relative to the lighter fission 





Fic. 7. —— of fission of Cf# with emission of light 
charged particle of short range. 
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fragment. A 
division in 
emission is indicated. 

Fission events were observed in which a third 
particle of short range and small mass was emitted; 
the frequency was not measured. Some evidence was 
obtained for the existence of ternary 
roughly equal masses. 


trend toward more symmetric mass 
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The reactions studied were r+p — n+7° (7° 


>y+et+e-) and r+) 


>n+e*+e~. From a sample 


of ~15 000 internally converted electron-positron pairs, 7000 were measured, of which 4200 were used in 
the detailed analysis. The differential distributions in y (the energy partition) and 2* (the virtual mass of 
the photon) agree with the theoretical quantum electrodynamic calculations. A measure of the form factor 
for the 7° — 2y reaction gave a value '(x/u) =1— (0.24+0.16)x*/u*, where yu is the mass of the pion. It 
was further demonstrated that the number of events necessary to determine the contribution of the longi 
tudinally polarized virtual + rays in the second reaction is of the order of 50 times that in the present experi- 


ment. 


I. INTRODUCTION 


HEN x mesons are captured at rest in hydrogen, 
the two most probable reactions which occur 


(A) «-+9— n+7", 


95 
2¥) 


(B) r+p—n+y. 


In fact, the ratio of A to B is precisely the Panofsky 
ratio. It was first pointed out by Dalitz' that the 7° 
has an alternate decay mode, namely, 


w—yte'+e, 


where one of the y rays is internally converted into an 
electron-positron pair (i.e., a Dalitz pair). This occurs 
with a probability ~ 1/160 for a single y ray or ~ 1/80 
for either y from x° decay. This process was observed 
first in emulsions** where each experimental group 
observed between 5-10 pairs; then by counter tech- 
niques® whereby the y ray was detected in coincidence 
with an electron; and finally in cloud chambers®’ 
where in one case m mesons were stopped in the 
chamber, and in the other had a kinetic energy of 128 
and 162 Mev, both experiments yielding of the order 
of 30 events. 

Kroll and Wada* then proceeded to show that 
reaction (B) could also proceed via another channel; 
namely, 


«+p— e+e’ +e, 


where the y ray from radiative capture is internally 
converted. Ten to fifteen examples of this process were 


*This research is supported by the U. S. Atomic Energy 
Commission. 
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observed in the Columbia cloud chamber. In all the 
above experiments, the yield of events was low. This 
resulted in large uncertainties in the experimental 
determination of the internal conversion coefficients 
with little or no opportunity for checking the details 
of the distributions predicted by the quantum electro- 
dynamic calculations. With the advent of the hydrogen 
bubble chamber, it became possible to remedy this 
situation by accumulating a large number of events. 
In this experiment ~15 000 internal pairs were found 
of which 7000 were selected and measured. These 
events were then compared with the theoretical pre- 
dictions as outlined by Dalitz,' Kroll and Wada,’ and 
more recently Joseph? as far as the purely electro- 
magnetic interactions were concerned, and with the 
predictions by Geffen and Berman" which concerned 
the strong interactions. 


II. EXPERIMENTAL DETAILS 


The 60-Mev mw beam at the Nevis cyclotron was 
slowed down by polyethylene absorbers and made to 
stop in a hydrogen bubble chamber. The chamber was 
cylindrical in shape, 12 in. in diameter and 6 in. in 
depth. It was placed in a magnetic field whose central 
value was 8.8 kgauss for approximately one-third of 
the pictures and 5.5 kgauss for the remaining two- 
thirds. The magnetic field was flat, dropping by 4% of 
its central value at the edges of the chamber. The 
central value of the field was controlled to +2% 
throughout the duration of the run. Details of the 
construction and operation of the chamber have been 
previously described.!' A total of ~200000 pictures 
were used in this analysis with ~ 10-15 stopping 2~’s 
per picture. Figure 1 is a photograph of one of these 
pictures containing an electron-positron pair. 


III. SELECTION OF EVENTS 
In order to insure sufficient accuracy in the measure- 


ment of each track, a fiducial region was chosen in the 


*D. W. Joseph, Nuovo cimento (to be published). 
10S. M. Berman and D. A. Geffen (private communication). 


uF, Eisler, R. Plano, N. Samios, M. 


Schwartz, and J. 
Steinberger, Nuovo cimento 5, 1750 (1957). 
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plane of the chamber, and only events whose vertex 
fell within this region were measured. This region 
consisted of a circle concentric with the cross sectional 
area of the chamber but encompassing approximately 
half the area. This gave a minimum length of 4 cm per 
track and also reduced the number of usable events 
from 15 000 to 7000. Furthermore, only those electron- 
positron pairs were considered to be internally con- 
verted which had their origin within 1 mm of the 2 
stopping. This insured catching all the internal pairs 
but introduced a contamination of ~8 external pair 
events, as will be described later. A portion of the 
pictures were re-scanned by an independent observer 
and the efficiency for detecting events inside the 
fiducial region was found to be greater than 97%. 
Furthermore, these missed events were likely to come 
from either the charge exchange or the radiative capture 
reactions, so that no correction for these few events 
was made. 


IV. MEASUREMENT 


The electron-positron pairs were measured on a 
digitized scanning table with a precision of ~2 microns 
on the film. The x, y coordinates of three points on each 
track, approximately equally spaced, were measured in 
each of three views (the vertex being the common point 
for both tracks) and the spatial information was 
computed on an IBM 650. The magnetic field in the 
chamber was measured by a proton resonance at the 
center and flip coil at all other points. This field distri- 
bution was fit by an equation constrained by Maxwell’s 
equation. This expression was then used in the IBM 
program to compute the momentum of the tracks. 


Fic. 1. Photograph of a typical internal pair. 
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Fic. 2. Depth distribution of accepted events. 


Among the other quantities calculated were the direc- 
tion cosines of each track, the position of the vertex in 
the chamber, the net vector momentum of the pairs, 
the energy of the pair, the cosine of the angle between 
the electron and positron, a multiple scattering error, 
AP/P, as given by 
AP/P=K/(8 cosav/1), 

where a=dip angle, 8=v/c, /=length of track in cm, 
K=0.29 for H=5.5 kgauss, K =0.18 for H=8.8 kgauss, 
and the quantities y and 2° (to be defined later), which 
are pertinent to the theoretical calculations. The 
momentum of each track was corrected for ionization 
loss, 0.219 (Mev/c)/cm as determined by measurements 
on electron spirals which stopped in the chamber; and 
radiation loss, 0.000815P (Mev/c)/cm which corre- 
sponds to a radiation length of 72.5 g/cm’. 

In order to further insure adequate measurements, 
two more criteria were applied. The first was to restrict 
the depth position of the vertex away from the front 
and back glass windows so that only events whose 
vertex occurred at least 3 cm from these windows were 
accepted. Figure 2 shows the distribution of the events 
in depth (Z). Any track which travels parallel to the 
magnetic field does not bend and therefore yields no 
information on its momentum. To eliminate 
events a dip criterion was applied. Since the direction 
of the momentum of the electron-positron pair should 
be isotropic, the restriction of using only events whose 
Z direction cosine of the vector momentum (Z being 
along the magnetic field) was less than 0.8 introduced 
no bias. Figure 3 is a graph of the dip distribution. 
Both figures, 2 and 3, illustrate the similarity of the 
distributions for the pairs from n+ 7° and n+¥ reac- 
tions. These two further criteria reduced the number 
of events from 7000 to 4200. 


these 


V. ANALYSIS 


Since the radiative capture reaction (B) is a two- 
body process, the y ray is monoenergetic with the value 
of its energy E=129 Mev and momentum P=129 
Mev/c. If one makes a plot of momentum vs energy 
(see Fig. 4), this y ray would correspond to point a. 
But when this y ray internally converts (since now the 
reaction product consists of three particles) the energy 
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Fic. 3. Dip distribution of accepted events. 


and momentum of the pair can lie anywhere along the 
line from a to its intersection with the E axis. Similar 
arguments can be made for the charge exchange 
reaction, (A). As is well known, the Lorentz transfor- 
mation of the monoenergetic y rays from the center of 
mass of the r° to the laboratory system gives a distri- 
bution with 55<F,<82 Mev, and 55<P,<82 Mev/c. 
This is indicated by the 45° line in Fig. 4. When one 
of these y rays is internally converted, the kinematically 
allowed momentum-energy region is changed from a 
line to an area as is indicated. The separation of events 
into the two categories, (A) and (B), consisted of 
plotting the energy and momentum ef each event with 
its errors (i.e., multiple scattering, magnetic field drift, 
etc.) and designating as (7+) those events that fell 
along the indicated line or (n+) those that appeared 
in the boxed-in region. In this manner, the 4200 events 
were apportioned; 1090 as due to (m+); 3065 as 
(n+7°); and 44 events which were not distinguishable 
due to the fact that they fell in the overlapping region 
or that their nominal values fell in between the two 
regions but had large errors so that they overlapped 
both regions. In order to correctly apportion these 44 
events, a histogram plot of the total energy of all the 
internal pairs was made, as is shown in Fig. 5. The 
accompanying smooth curve is the theoretically ex- 
pected distribution as extracted from Kroll and Wada 
with a 7% experimental distribution folded in. This 
experimental resolution was determined by the shape 
of the 129-Mev peak which is very closely Gaussian. 
This resulted in putting 38 events into the (m+v7) 
category and designating 6 as due to (n+7°). 

The following possible sources of background were 
considered : 

(1) w+p—n+7+y7, with one of the y rays being 
internally converted. Its rate, as compared to the 
internal conversion from the (w+) reaction, should 
be down a factor of a due to the ratio of matrix elements, 
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and a factor of 1/40 from the ratio of their phase 
spaces. This would yield 0.025a10°=4 event. (The 
order-of-magnitude calculation for this reaction agrees 
with a precise value given by Joseph.’) 

(2) x-+p— n+7°+y7, where one of the 7 rays from 
the 7° is converted. In this reaction, the maximum 
energy of the low-energy vy ray is 3.2 Mev. As above, 
this rate should be reduced a factor of a from matrix 
element considerations and <1/40 due to the ratio of 
phase spaces. This would yield a background of <0.025a 
x3X10'= 3 events. 

(3) e-+p— n-+7° in flight. The cross section for 
this reaction at these low energies is of the order of 
8 mb.” The a flux in these pictures was 4.26105 
(see Sec. VI) which would yield ~0.1 event. 

(4) «+p—n+y7 in flight. Since this cross section 
is <1 mb, it can be neglected. 

(5) An external y ray which is converted within 1 
mm of the vertex. The cross sections for pair production 
by a y ray at these energies, from a nucleus or an 
electron, are the same and equal to ~5 mb. This would 
yield ~8 events of each type. Most of the conversions 
from the electrons should appear as triplets. This agrees 
quite well with experience since 9 such events were 
observed. The nuclear recoil in pair production from a 
nucleon would be too low to allow a visible track in 
liquid hydrogen; therefore, ~8 events have been 
included as internal pairs that were actually external 
pairs. This number was subtracted from both categories 
according to the ratio expected, five deducted from 
n+7 events and three from n+7. 

(6) m°—> et+e-. Its calculated rate is down’ 
~10-7 from 7° — 2y, and thus its effect vanishes. 

The contamination from all these possible sources 
was, therefore, negligible. 
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Fic. 4. Separation graph showing m+-7° region and n++¥ line 
plotted as a function of the pair energy and momentum. 


2H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, White Plains, New York, 1956), Vol. IT. 
13S. Drell, Nuovo cimento 11, 693 (1959). 
144 R. Oehme, Phys. Rev. 111, 1430 (1958). 
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Fic. 5. Energy distribution of all the internally converted pairs. 
The histogram refers to the experimental data and the smooth 
curve to the theoretical fit. 


VI. RESULTS 


The dynamic correlations of the internal conversion 
process are determined mainly by quantum electro- 
dynamics and only weakly dependent upon meson 
theory—the strong interactions yielding at most a 2% 
correction. The distribution functions used to describe 
the electron-positron pair correlations are usually given 
in terms of two independent quantities: 


w= (E,+E_)?—|P,+P_|?, 
the virtual mass and 
y=|E,—E_|/|P,+P_]|, 


the energy partition. Figures 6 and 7 are the differential 
distributions in x/u for the 3071 r° Dalitz pairs and for 
the 1128 internal pairs from the m+v¥ reaction. In the 
former case, u is the 7° rest mass, and in the latter is 
equal to (m,+m,-—m,)=138.1 Mev. The smooth 
curves are the theoretical predictions of Joseph, which 
include all electromagnetic corrections to first order in 
a. The points correspond to the experimental data, the 
errors being the statistical error as determined by the 
number of events in each interval. Agreement seems 
quite good in both cases. The distribution function for 
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the 7° case is of the form, 


f (x/p) =T?(x/u) 0 (1 —22/p?)* 
X (1—4m?/x?)4 (1+ 2m?/2*) ](1/x) 


where I'(x/u) is the form factor for the r® — 2y vertex 
and is dependent on the strong interactions. In the 
calculations of Kroll and Wada and Joseph, the form 
factor was set equal to 1 since the distribution was 
strongly peaked at small x?/u? and thus deviations of T° 
from 1 were expected to be small. Recently Berman 
and Geffen have shown that a deviation of this form 
factor from 1 may be expected even though the energy 
transfer is relatively small, 2max’=y?. In order to 
investigate this possibility, they expanded the I'(x/y) 
function keeping the first two terms: 


T'(x/u)= 1+ ax*/p?. 


The effect of the term proportional to a increases for 
larger x?/u?, but the number of such events is small. 
Owing to these two effects, the greatest sensitivity to 
the parameter a was achieved by examining R, as 
defined below, in the regions 


0.1<2?/p? <1.0 


R= f so/wate x) / f 


*¢.1 “4m 


and = 4m?/u?<2?/uw?<0.1, 


I(% u)d(x Mh) 
yp? 


=0.108[1+-0.409a ]. 


The experimental value for R was 272/2799= (9.71 
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Fic. 6. Differential distribution in x/u (the virtual mass) 
for the internal pairs from n+ reaction 
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+0.59)X10~ which yields a value, a= —0.24+0.16. 
The error includes 0.12 due to statistics and 0.04 as an 
estimate of systematic effects due to the apportionment 
of the 44 ambiguous cases. The value of a expected 
from the calculations of Geffen and Berman on the 
basis of two-pion intermediate states in the process 
mr —» 2y is of the order of +0.06. The experimental 
value is two standard deviations from this value and 
clearly inconsistent with a large positive value of a. 
(The number of additional events in the 0.1-1.0 cate- 
gory needed to yield a null value for a is of the order 
of 25.) 

Figures 8 and 9 are the differential distributions in y 
for the (w+7°) and the (n+) categories. The theo- 
retical distributions are in the center-of-mass system of 
the w® and the (m+) system, respectively. For the 
latter case, the laboratory and center-of-mass system 
coincide but for the 7°, the theoretical distribution 
should be transformed to the laboratory system before 
comparison with the experimental results. This transfor- 
mation was performed for low y values and led to a 
negligible change from the center-of-mass values. It 
was not possible to do this for large y but since the 
transformation velocity, 8=0.2, was so small and most 
of the pairs had small included angles, this effect is 
estimated to be small. Agreement seems reasonably 
good except for the highest y point in the r° distribution 
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Fic. 7. Differential distribution in x/u (the virtual mass) 
for internal pairs from n+ reaction. 
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for internal pairs from n+ 


the energy partition) 
r® reaction. 


which appears slightly low. The possibility was investi- 
gated that there were events where one of the tracks 
had ,~0O energy and was therefore missed. This was 
done by noting events where the z~ stops and a positron 
emerges from its vertex. There were three such events. 
Since the distribution in y is symmetric with respect to 
positron and electron, there should be ~3 events with 
the reverse situation. This small correction was included 
in the 3071 events. The y distribution for the (+7) 
reaction agrees quite well with the theoretical expec- 
tations. The area under both curves has been normalized 
to py° and p,, the internal conversion coefficients. (In 
a similar experiment but with the order of one-third 
the events,'® experimental agreement with the theo- 
retical prediction in «/u and y was also obtained.) 

It has recently been pointed out by Joseph® that in 
the reaction r-+p— n+et+e-, the virtual y ray has 
a longitudinal as well as transverse component. The 
same is not true for the 7° case, since in this latter 
instance the recoiling real y ray is entirely transverse 
and must carry off one unit of angular momentum in 
its direction of motion. The distribution expected for 
the parameter y is markedly different for the two 
cases, independent of x/u. For the transversely polarized 
case, the distribution should be of the form (1+~%); 
while for the longitudinal, it should be (1—?). Unfortu- 
nately, the total contribution of the longitudinal part, 
as calculated, is only 2% of the total, but all of this 
occurs in the region of large virtual mass, i.e., large 
a*/u?. In fact, for x*/u2>0.16, the contribution should 
be 10% of the total. Experimentally, 170 events fell 
into this region. These events were fit to the function: 


f(b,y*) = K {1+ (26-1) y%}, 


where 0 is the % contribution of the transverse polar- 
ization and K is a normalization factor. This function 
has the property that when b= +1 the contribution is 


18 M. Derrick ef al., Phys. Rev. 120, 1022 (1960). 
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Fic. 9. Differential distribution in y (the energy partition) 
for internal pairs from n+ reaction. 


totally transverse, and when 5=0 it is entirely longi- 
tudinal. Since the events were so few, a maximum 
likelihood calculation was performed, where the likeli- 
hood ZL is given by 

170 


L=JI f(b,y2). 


i=] 


Figure 10 is a plot of the likelihood function as a 
function of 6. The most likely value is (b)=+0.70 
+0.20, the error corresponding to the half-maximum 
point. A least-squares fit to the data gave a similar 
result. This value of 5 agrees with the expected 10% 
for the longitudinal contribution, but the error is so 
large that it is also only 1} standard deviations from 
zero. A factor of seven reduction in the error (or 50 
times the number of single pairs) would be required to 
give a conclusive result. 

The internal conversion coefficients for the two 
considered processes are related to the Panofsky ratio, 
®, in the following manner: 


(1+0) Ny Ny 
(ee, pyle ep 
N N 


°? 


where V,, V9 are the number of internal pairs from 
n+vy and n+7° reactions, respectively; p,° and p, are 
the internal conversion coefficients for the two processes ; 
and N is the number of 2~’s that could have produced 
these reactions. There are three quantities of interest: 
namely, p,, px, and @, but only two independent 
relations between them. 

In the present experiment, the value for V was 
determined by counting the number of a stopping 
tracks in the fiducial region for a sample of pictures 
distributed throughout the run, as well as counting the 
total number of pictures. This number was corrected 
for the depth and dip restrictions by measuring the 
depth distribution of these counted beam tracks and 
using the dip distribution of the accepted pair events. 
This resulted in N= (4.26+0.14)10* tracks. In a 
previous publication,'® a value of ®=1.62+0.06 was 
determined using the theoretical values for the ratio 
p,/px* and the experimental values for N,° and N,,. 


16 N. P. Samios, Phys. Rev. Letters 4, 470 (1960). 
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If one now accepts the theoretical ratio p,/p,»=0.594,° 
and the experimental quantities V,, N,, and N 
outlined above, then with this third relationship one 
can obtain individual values for p,, p.° as well as the 
aforementioned value for ®. This serves as a consistency 
check on the data. Therefore: 

3066 


= 1.62+0.06, 
1125 


(1+0) NV, 2.62 3066 
p= ———§ —— =» —— — —=0,01166-+0.00047, 
© N  1.624.26x10 


and 


N, (1125) 
py= (1+ 0)—=2.62 
N 


——— = ().00694+ 0.00031. 
4.26 X 10° 


The theoretically predicted values with electromagnetic 
corrections included are p,»=0.01196 and p,=0.00710.° 
The experimental results are in excellent agreement 
with these individual values for the conversion coeffi- 
cients. Previous measurements of these quantities*®’ 
also showed agreement but their errors were orders of 
magnitude larger than the present ones due to lack of 
events. 


VII. CONCLUSIONS 


The distributions in the variables y and x/p agree 
with the quantum electrodynamic calculations. Further- 
more, the values of p, and p,° are consistent with the 


2.2 








Fic. 10. Plot of likelihood function of 6 (mixing parameter for 
transverse and longitudinal polarizations) versus b. 
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theoretically predicted values, increasing the confidence 
in the experimental value of the Panofsky ratio, 
®=1.62+0.06. It has been demonstrated that any 
investigation of the strong interaction in the r°— 27 
process or any insight into the dynamics of virtual 
longitudinal gamma rays would require a sample of 
5-50 times the present number of events. 

In the 2° — 2y case, the deviation of the form factor, 
I'(%/u), from unity was less than two standard devi- 
ations, the expansion parameter a being equal to 
—0.24+0.16. Recently it has been shown" '’ that 
negative values of @ can be obtained by including 
interference effects between 27 and other intermediate 
states. In the case of virtual longitudinal y rays in the 
n+vy reaction, the data yielded a result which was 
consistent with a small contribution as predicted by 
the calculations of Joseph. It is hoped that the present 
project will be continued because of these two latter 
interesting questions, but these present results were 
considered to be of sufficient interest warrant 
publication now. 


to 


17H. S. Wong, Phys. Rev. (to be published). 
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» A°+et+e- and the =’—° Relative Parity* 
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The =°—A? relative parity may be measured by observing correlation of polarizations in the process 
=° — A°+-. Internal conversion of the photon into an electron pair (Dalitz pair) serves as an analyzer which 
selects polarized photons. Theoretical results are presented which show that the Dalitz-pair decay mode of 
polarized 2°’s may be used to measure the =°—A?° relative parity. 


NOWLEDGE of the relative parity of the 2° and 
A°® hyperons would provide an important re- 
striction on theoretical speculation about strong inter- 
actions. In this paper we wish to point out that there 
are correlations between the polarizations in the process 


> a A°+y, (1) 
that depend on the 2°—A? relative parity. The direct 
production of an electron pair by internal conversion 
serves as an analyzer for the photon polarization. 

The form of the correlations can be seen from the 
following argument. Consider first the process (1) 


* Supported in part by the U. S. Atomic Energy Commission 
and by the U. S. Air Force through the Air Force Office of Scientific 
Research. 


where a real photon with momentum k, electric vector 
E, and magnetic vector B, is emitted. Assuming that 
the D° as well as the A° has spin 3, it follows from parity 
conservation, rotational and gauge invariance that, in 
the rest frame of the =°, the S matrix in spin space has 
the form @-B or o-E according as to whether the 
>°—A° parity is even or odd.' Since @-f is the spin 
rotation operator which rotates the spin through 180° 
about the # direction, the spin of the A° will be that of 
the =° rotated through 180° about the direction of 
B (E). Therefore, the A°’s will be polarized if the 2s 
are polarized, and the expectation value P, of the A° 
spin in its rest frame will be related to that of the 2°, 


! Throughout this paper the first, or upper, of two alternatives 


+) 


refers to the case of even 


odd. 


A° relative parity, and the other to 
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P,= —kPy-k+[EP:-E—BP:-B/B*), (2) 
where &, etc., are unit vectors. 

It is to be expected that Ds produced at particular 
energies and angles in, for instance, pion-nucleon 
collisions will be polarized. Averaging (2) over all 
directions for & and E, we find in agreement with 
Gatto? 


(3) 


Since the directions of P, and (P,),, can be determined, 
apart from a common sign, by observing the favored 
directions for pion emission in the A° decays,’ it follows 
from (2) that determination of the sign of, for instance, 
P,-E(P,),.£ determines the °—A° relative parity. 

The electron pairs produced by internal conversion 
of the photons in (1) provide one possible analyzer 
for the photon polarization’ because the largest contri- 
bution to the production of such a pair comes from 
photons in the intermediate state whose electric vector 
is normal to the plane of the pair.® The energy de- 
nominator in this second-order process favors nearly 
real photons in the intermediate state whose longi- 
tudinal components make a small contribution [see 
Eq. (7)], so that the argument leading to (2) still 
applies. However, internal conversion does not provide 
a perfect analyzer for the photon polarization because 
transverse photons with both polarizations contribute 
to the production of the pair. We find that the A° 
polarization in internal conversion events averaged over 
all pairs produced with total momentum in the direction 
kina plane whose normal is # is given by 


P, = —kPs-k+0.43(APs-A—iPs-7], (4) 
where ?/=&XA#. (Angular momentum conservation 
requires that the hyperon spin reverse when a transverse 
photon is emitted along the spin direction, so the 
correlation for Ps||R is complete.) The efficiency of 
internal conversion as an analyzer depends on the form 
factors for the interaction (1). We assume here that 
these form factors are constant.® In this case, 
conversion coefficient is 1/180 (1/165).? 


the 


2 R. Gatto, private communication to F. S. Crawford et al., Phys. 
Rev. 108, 1102 (1957). 

%See, for instance, J. Ashkin, Suppl. Nuovo cimento 5, 310 
(1959). 

4 We have studied pair production from real photons and have 
found that effects which depend on the photon’s polarization are 
small. 

5 N. M. Kroll and W. Wada, Phys. Rev. 98, 1355 (1955). 

*For a more detailed discussion see N. Byers, Institute of 
Theoretical Physics Technical Note TN-22, 1960 (unpublished). 
If the form factors do not remain constant, the effect would be to 
change the distribution in &,? of, the pairs and the internal con 
version rate. The polarization for a given value of k,? is 


Pa (2,2) = —kPs- + (1—4m2k,-*) (2+4m2k,-*)— (APs - i —iPy-i) 


and is independent of the form factors for k,*<<A?. 
7 See G. Feinberg, Phys. Rev. 109, 1019 (1958). 
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We take the interaction energy for (1) to have the 
form ej,4*.. Then the most general matrix element 
of the current 7, satisfying parity conservation, Lorentz 
and gauge invariance has the form a/,us: where uy 
and wy are the free-particle Dirac spinors and 


1 Ms¥M, 
1=|_ }[raen(in-——».) 
Ys pb, k’ 


2M 


F, and F, are unknown form factors which can depend 
only on k,’; p, is the 2° 4-momentum and &, the photon’s 
4-momentum; M is a mass chosen so that F.(0)=1 if 
F.(0)¥0. We here assume that /,;=F,(0) and 
F,=F,(0). Then the lifetime 7 for =° radiative decay 
(1) is given by 


r= loMy3(MY—M2)(MsFMA 
x | Fit Fo(MstMy 


(5) 


2M \*. (6) 


The transition probability for direct emission of a pair 
whose total 4-momentum k,? (k,? 


* a: 2.2 
= 29° — k?) ss" 


a l 4m 
W (k,?) = (.- ) (: 
3a k,? ky 
k,; j (1 k,?/A 
x(1 + Rt) 
2k T 


where terms of order A/2M, in the phase space factors 


have been neglected, a= 1/137 M:—M,j, and 


R i= | F i+ F2(ko/ 2M) | /| Fit 


has magnitude 


The quantity R, is the ratio of the longitudinal to 
transverse parts of the hyperon current. If Ry 
much larger than one, pairs with k,’<<A? dominate, and 


P, has the form (4) with analyzer efficiency given by 


is not 
A? 


= f dk2W (k,2 
4m e? 


where 


)(ky2— 4m 2) (2k,?+4m2) 0.43, (8) 


Note added in proof. The relation (2) between the 
polarizations in the process (1) has been given pre- 
viously by R. Gatto, Phys. Rev. 109, 610 (1957), and 
G. Feldman and T. Fulton, Nuclear Phys. 8, 106 
(1958). 
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Scattering of High-Energy Electrons from Ca‘’, V", Co°’, In'!®, Sb’, and Bi?’’t 
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The absolute elastic electron-scattering cross sections of Ca®, V*', Co®, In'®, Sb"! and Bi® have been 
measured at a number of angles at a primary electron energy of 183 Mev. The cross sections were obtained 
by comparison with scattering from the proton. These data have been compared with the previous relative 
angular distributions measured by Hahn, Ravenhall, and Hofstadter. The present data are in closer agree 
ment with the charge distributions found from fitting a Fermi two-parameter model to the older data than 
with those found from a fit of the Ford and Hill charge distributions. The absolute cross sections for Bi?” 
show the least agreement: they are 35% larger than the predictions of the Fermi model and about 70% 


larger than the Ford and Hill model. 


I. INTRODUCTION 


N the past few years, considerable attention has been 

given to the determination of nuclear sizes using the 
techniques of high-energy electron scattering.'! A num- 
ber of medium- and high-Z nuclei were investigated by 
Hahn, Ravenhall, and Hofstadter? (referred to hereafter 
as HRH). HRH measured relative differential elastic 
scattering cross sections for a number of nuclei as a 
function of laboratory angle. These measurements were 
compared with the scattering predicted by the phase- 
shift calculations of Yennie e/ al. HRH used a nuclear 
charge density p(r) given by the Fermi two-parameter 
model, 


Po 
p(r) —, 
1+exp[(r—c)/2; ] 


where ¢ is the radius at which the charge density falls 
to one half its maximum value, and zg; is the surface- 
thickness parameter; the radial variable r is measured 
from the center of the nucleus. 

A more familiar nuclear surface-thickness parameter / 
is defined' as the distance in which the charge density 
drops from 90% to 10% of its maximum value. For the 
charge distribution described by Eq. (1), = 4.42; if ¢ is 
much larger than z;. The relative angular distributions 
were used to determine c and z, although there remained 
some uncertainty as the absolute cross sections were not 
available. HRH used other models with parameters 
which could be adjusted to fit the predicted scattering 
to the data. The best values of the radial and skin- 
thickness parameters are model dependent, as are the 

{ Supported by the joint program of the Office of Naval Re 
search, the U. S. Atomic Energy Commission, and the Air Force 
Office of Scientific Research. 

*Now at the University of 
Pennsylvania. 

‘For reviews of the experimental and theoretical situation 
before 1957, see R. Hofstadter, Revs. Modern Phys. 28, 214 (1956), 
and Annual Review of Nuclear Science (Annual Reviews, Inc., 
Palo Alto, California, 1957), Vol. 7, p. 231. 

? B. Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev. 101, 
1131 (1956). 

3D. R. Yennie, R. N. Wilson, and D. G. Ravenhall, Phys. Rev. 


92, 1325 (1953); D. R. Yennie, D. G. Ravenhall, and R. N. 
Wilson, Phys. Rev. 95, 500 (1954). 


Pennsylvania, Philadelphia, 


absolute cross sections predicted on the basis of the best 
fit to the observed angular distributions. 

The Fermi charge distribution gives a rather simple 
relation for the variation of c with atomic number, 
c=1.07A!; t has the approximately constant value 2.5 f. 

Recently, Ford and Hill‘ have proposed a model 
which they have used in making an extensive analysis 
of the HRH angular distributions; it is known as the 
“Family IL’ model. The nuclear charge distribution is 
given by 

: : Kee 
p(r)= (2) 
1—4}e- 6 ala X21, 


where X=r/c and n is a continuously varying parameter 
related to c/t. For n=0, p(r) becomes an exponential 
charge distribution.! For »— «, p(r) approaches a 
uniform model. In the region 45 710, p(r) is similar to 
the Fermi model. 

The fits to the HRH data obtained by Ford and Hill 
yield somewhat different values of c and ¢ and absolute 
cross sections varying from 0.5 to 0.85 of the values 
predicted by the Fermi model. 

Table I shows the results of Ford and Hill’s calcula- 
tions using the Family II model in comparison with the 
work of HRH. Values of c, t, and are given as well as 
the ratio of the absolute cross sections predicted by 
Ford and Hill and by HRH. 

In the present work we have measured a number of 
absolute scattering cross sections at the experimental 
parameters selected by HRH, in order to remove the 
ambiguities in the absolute cross sections determined by 
them by fitting the data to relative angular distribu- 
tions. The present data reduce the uncertainty of the 
model fitting and provide more stringent criteria for the 
selection of a model. We have used targets of Ca”, V", 
Co®, In'!5, Sb!!28, and Bi?, bombarded by 183-Mev 
electrons, measuring the absolute differential scattering 
cross sections at a number of angles in the range 40° 
90°. The experimental parameters chosen are those of 


4K. W. Ford and D. L. Hill, Annual Reviews of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, California, 1955), Vol. 5, p. 25, 
see also D. L. Hill, in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, Germany, 1957), Vol. 39, p. 178. 
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TABLE I. Parameters of the two solutions. 


Ford and Hill (Family IT) 
¢ t 
(fermi) (fermi) 


= 


Element 


HRH (Fermi) 
t 


(fermi) 


c 
(fermi) c/A} o11/CHRH 


= 





Cae 
yu 
Co 
In 
Sb. 123 
Bi 


_ 


3.638 
3.920 
4.096 
5.251 
5.370 
6.493 


= 


uw 


NAN SO 
wm 


Vin vib 


| 
| 
| 
| 
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HRH and were selected so as to allow direct comparison 
with the cross sections predicted by the Fermi and 
Family II models. 


II. APPARATUS AND PROCEDURE 


The experimental apparatus used in the experiments 
has been described.! The single-channel detector used 
with the 36-in. magnetic spectrometer was replaced by 
a multichannel detector that allowed simultaneous col- 
lection of data at ten different values of electron 
momenta. The momentum acceptance Ap of each 
channel was determined by the relation Ap/p0.3%%, 
where is the final momentum of the scattered elec- 
trons. This multiple detector is similar to that described 
by Kendall.' The liquid-filled Cerenkov counter de- 
scribed by Kendall’ was replaced by one using a Lucite 
radiator, and DuMont K1382 end-window photomulti- 
pliers replaced the 931 type photomultipliers used pre- 
viously to view the small scintillators. 

This multichannel device has not been used in previ- 
ous experiments, and because the methods of taking 
data differ from those used with the older single-channel 
detector, we will give a brief description of the tech- 
niques employed. 


1.063 
1.073 
1.051 
1.078 
1.073 
1.090 


0.6 +0.1 
0.7 +0.03 
0.5 +0.08 
0.85+0.1 
0.85+0.08 
0.80+0.04 


3.64 
3.98 
4.09 
5.24 
5.32 
6.47 
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All of the nuclei we have studied here, except Ca® and 
In"5, have excited states of about 1-Mev excitation. The 
momentum resolution employed in the experiment 
needed to be high enough so that scattered electrons 
which excited the target nucleus to its first excited state 
could be distinguished from elastically scattered elec- 
trons. For the present experiment Ap/pS0.45%, where 
Ap is the full width at half-maximum of the momentum 
resolution function. 

Each data-taking run was preceded and succeeded by 
calibration runs to determine the counting efficiency of 
each channel, using the peak region of the continuous 
inelastic spectrum of electrons scattered from C®. This 
spectrum is nearly flat over a 3°; momentum interval 
centered at its peak. Accumulating 500 to 2000 counts 
per channel was sufficient to allow the determination of 
the relative efficiency of each channel and to determine 
drifts in the operating points of parts of the equipment. 
A number of such calibration runs resulted in a total of 
~10* counts per channel from which the efficiencies 
could be determined to satisfactory accuracy. We re- 
jected data from channels whose efficiencies varied 
beyond what was expected from normal statistical 
counting fluctuations. The scattering data were cor- 
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l'ic. 1. The Ca elastic peak at 
40°. There are ten data points for 
each magnet setting (“‘exposure’’) 
and there are seven settings. The 
abscissa is the channel number 
(arbitrary) and proportional to the 
electron energy. Some momenta 
are marked for reference. The long 
vertical grid lines are two channels 
apart ; each channel defines a Ap of 
0.003». The channels have all been 
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rected for the different efficiencies of the various 
channels. 

The number of channels was large enough to display 
an entire elastic peak profile at once. The counters in the 
detector array were placed close together, so that the 
number of detected electrons, and hence the differential 
cross section, was proportional to the integral of the 
peak profile without the application of the dispersion 
correction usual in single-channel detection.! 

With the exception of the Co® and Ca” targets, we 
used the same targets as HRH. The Co™ target was 
made from the same stock as in the earlier experiments 
but was milled to 0.014 in. thickness from the 0.042 in. 
used previously. The Ca® target was prepared at 
Stanford Research Institute by heating commercial- 
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Fic. 2. The Bi elastic peak at 40°. 


grade calcium chips and molding under an argon atmos- 
phere. The final thickness of 0.090 in. was achieved by 
milling under kerosene. The target contained 96% Ca“. 
It was stored in diffusion pump oil to retard oxidation of 
the surface. Approximately 1% oxygen was observed in 
the scattering experiments. Because of recoil of the 
target nucleus, the elastic peak from oxygen lies about 
0.7% lower in momentum than the peak{from Ca, and 
the yield of electrons scattered from oxygen could be 
identified and subtracted. 

The targets used were thin enough so that multiple 
scattering and straggling could not cause part of the 
beam to miss either the secondary emission monitor or 
the Faraday cup which were used to integrate the 
primary electron beam.” 
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Fic. 3. The In elastic peak at 70°. 


Figures 1, 2, and 3 show typical elastic scattering 
peaks corrected for the variation in efficiency of the 
separate channels. Each peak contained data from three 
or more runs at slightly different spectrometer magnetic 
field settings to define the profile more accurately and to 
show any irregularities in the application of the channel 
efficiency corrections. 
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I'1c. 4. The curves from the matched CH: and C® targets at 40°. 
The proton peak is obtained by subtracting the two curves. 
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TABLE IT. Absolute cross sections. 


(4) 
o(@)HRH 
(cm?/sr) 


7.6 X10-*8 
9.3 X10-” 
5.9 X 10-3 
5.9 X10- 
2.45X 10-3 


Element 711/CHRH 


Ca® 0.6 +0.1 


2.6 X 10-8 
8.4 x 10-3 
8.1 «1073! 


7 +0.03 


8.0 X10-*8 
2.47 X 10-8 
4.90 10-* 
1.57 10-” 

57 X 10-” 
1.39 10-* 
1.39 10-% 
1.42 10-#! 


1.02 10-?7 
0.99 10-” 
1.46 10-*! 


0.85+0.1 


S221. 123 0.85+0.08 


0.80+0.04 


The absolute cross sections have been determined for 
these and the other peaks by comparison with elastic 
scattering from the protons in a polyethylene target. A 
carbon target having the same number of carbon nuclei 
per cm? as the polyethylene was used to determine the 
carbon background (see Fig. 4). The absolute cross 
sections for electron scattering from the proton have 
been measured.®? Several proton peaks were taken 
during each run, usually at several angles to ensure that 
the detection efficiency did not depend on the spectrome- 
ter field setting. 


Ill. TREATMENT OF THE DATA 


The data were corrected for the efficiencies of the 
channels, as discussed above, and plotted. The area 
under the peaks was determined by graphical or nu- 
merical methods. The integrations were carried to a 
momentum Ap lower than the momentum of the maxi- 
mum of each peak. The value of Ap was chosen to be 


*E. E. Chambers and R. Hofstadter, Phys. Rev. 105, 1454 
(1956). 

7R. Hofstadter, F. Bumiller, and M. R. Yearian, Revs. Modern 
Phys. 30, 482 (1958); and F. Bumiller (private communication). 
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(5) 
o (A)exp 
(cm?/sr) 


CHRH Texp/ THRH/av 


+0.07 
+0.015 
£0.14 
+0.12 
+0 04 


(5.53 +0.55) x 10-*8 
(7.66 +0.14) x 10-* 
(8.06 +0.8) K10-"! 
+0.7) 10 
+0.09) x 10- 1.047+0.040 
+0.10 
+0.12 
+0.04 


+0.25) x 10-8 
+0.98) x 107 
+0.28) x 107%! 1.050-+0,.053 
+().10 
+0.10 
+0.03 
+0.10 
+0,.12 
+0.06 
+0.05 
+0.07 


+0.81) x 10-78 

+0.24) x 10-*8 
(5.18 +0.16) x 10-* 
(1.625+0.16) x 10-* 
(1.92 +0.19) x 10-* 
(1.86 +0.08) x 10-* 
(1.69 +0.06) x 10-% 
(1.58 +0.10)« 10-8 1.118+0.030 
(9.24 +0.92) x 10-27 
(1.02 +0.10) x 10-*° 
(1.51 +0.14) x 10-8 


+0.09 
+0.10 
+0.10 0.982+0.056 
+0.09 
+0.10 
+0.09 


(8.02 +0.8) «10-25 
(9.1 +0.91)x«10-* 
(8.5 +0.85)x«10-* 0.933+0.054 
+0.12 
+0.03 
+0.05 
+-0.04 
+0.05 
+0.10 
+9.05 
2 +0.14 
+013 
+0 .06 
+0.07 


(2.48 +0.25) 1077 
(4.01 +0.12) 107 
(2.34 +£0.08) x 10-28 
(7.86 +0.21)x 10 
(2.33 +£0.08) x 10” 
(2.05 +0.17)10- 

(10.96 +£0.33) x 10-» 
(9.97 +£0.99) x 10-» 
(9.00 +0.90) x 10-* 
(6.76 +£0.28) x 10-” 


(6.55 +0.32) x 10-* 1.346+0.026 


greater than the width w of each peak at half-amplitude; 
Ap was 20.0049 for the data runs and was 20.007 for 
the proton calibration runs. Bremsstrahlung and Sch- 
winger corrections were applied to these peak areas.! 
The data were normalized to correspond to a standard 
number of target nuclei per cm? for a standard inte- 
grated primary electron beam. From these data and the 
absolute proton cross sections the desired absolute cross 
sections were determined. 


IV. RESULTS 


The data of the present experiment and comparisons 
with theoretical predictions are presented in Table II. 
For each element are listed the laboratory scattering 
angles, the ratio of the absolute differential cross sec- 
tions as predicted from the Family II model oy; and the 
Fermi model cuyru, the absolute differential 
sections as predicted by the Fermi model, and the 


cross 


observed differential cross sections oexp/oHuru. Averages 
Of gexp/oHRH Over the range of the data for each element 
are given. 

Figures 5-8 show some of the experimental and theo- 
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retical angular distributions and the absolute differ 
ential cross sections from Table II. Figure 5 shows 
several theoretical angular distributions for the scat- 
tering from Co®*. All of these curves give satisfactory fits 
to the relative angular distributions of HRH. Curve « 
is the best fit of this type. The Fermi two-parameter 
model fits the absolute cross sections most accurately. 
For this fit, c=4.09 f and (= 2.5 f. 

Figure 6 shows similar results for Ca”. The dashed 
curve is the best fit and is again a Fermi two-parameter 
model with c=3.64f, t=2.50f. The solid curve is a 
Family II fit of the angular distribution but with the 
incorrect absolute cross sections. The middle curve, 
calculated by U. Meyer-Berkhout,® uses the parameters 
of the Ford and Hill model in the Fermi model; it is 
incorrect in both angular distribution and absolute 
cross section. 

Figure 7 shows the data for V*' and the agreement 
between the data and the HRH fit of the Fermi model. 

Figure 8 shows a similar curve for Bi”*. The data at 
the larger angles are consistently about 35°% above the 
earlier best fit by HRH using the Fermi model. Table I 
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lic. 5. The angular distributions and cross sections for Co®. The 
dashed curve is the HRH best fit curve. The curve labeled C is the 
Family II best fit curve. The two curves have the same relative 
shape but the cross sections differ by a factor of two. The experi- 
mental points favor the HRH (dashed) curve, as described in the 
text. 


8 U. Meyer-Berkhout, K. W. Ford, and A. E. S. Green, Ann. 
Phys. 8, 119 (1959). 
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Fic. 6. The angular distributions and cross sections for Ca”. 
rhis plot is similar to Fig. 5. Again, the experimental points agree 
with the HRH solution (see text). 


shows that the agreement with the Family IT predic- 
tions is even worse. 


The data fit the predictions of the Fermi two- 
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Fic. 7. The angular distribution and cross sections for V™. The 
solid curve is the HRH solution and is in excellent agreement with 
the experimental cross sections. 
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Fic. 8. The angular distribution and cross sections for Bi®. This 


is the only case for which the Fermi model does not predict the 
correct cross sections. The experimental values are about 35% too 


high. 


parameter model better than those of the Family IL. 
With the exception of Bi** the agreement is surprisingly 
good considering that the absolute cross sections re- 
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Fic. 9. The charge density p(r) and r*p(r) for the two models for 


Ca®, The charge densities appear to be similar, but there is more 
charge at large values of r for the Family II solution. 
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OESER, AND YEARIAN 
mained free parameters in the original determinations of 
the parameters. 

Figure 9 shows the charge densities p(r) and the 
charge density in a shell r°p(r) predicted for Ca by the 
two models. The Family II model predicts slightly more 
charge at larger radii than the Fermi model. 

The errors shown in Table II and in Figs. 5-8 are the 
standard deviations arising from counting statistics only 
in the determinations of the target-nuclei elastic peak 
areas and of the proton calibration peaks. No errors 
from the measurements of HRH are included, nor are 
their errors in the fitting of their data to the angular 
distributions. 

Shifts in the parameters of a cross-section determi- 
nation (e.g., electron beam spot position, fluctuations in 
analyzing magnet; current) introduce a lack of repro- 
ducibility in experimental determinations of the cross 
sections. The data presented here were reproducible to 
no better than 10% for repeated runs at the same target 
and target angle when the statistical errors were of the 
order of 2-3%. 

The accuracy of the determinations of the density of 
target nuclei was estimated to be from 2% to 3%. 

We have assigned errors of 7-10% to the ratios 
Oexp/OHRH given in column (7) of Table II, depending on 
the number of data points measured for the particular 
element. Thus, for all the nuclei except Bi, the 
quantity ¢exp/oHru is unity within experimental error. 

The main conclusion of the experiment, then, is that 
for Ca, V, Co, In, and Sb, the analysis of the angular 
distribution alone using the Fermi two-parameter model 
also predicts the correct absolute cross sections within 
about 10%. In particular, in all cases (including Bi”) 
the Family II model predicts cross sections which are 
significantly too low. That the Fermi model predicts the 
correct cross sections is quite surprising since there was 
really no @ priori reason for its choice by HRH as the 
prototype model for the charge density. 

In the case of Bi, the Fermi model appears to give 
cross sections that are too low by perhaps 35%. There is 
no reason known for this. It appears to indicate that for 
Bi the surface thickness is much smaller relative to the 
rms radius than for the lighter nuclei, and it might be 
that the Fermi'model is not general enough to be used 
successfully in analysing the scattering from heavy 
nuclei. We have tried using the Fermi three-parameter 
model to see if these high cross sections might be an 
indication that a model with a central depression is 
needed. This model can be written: 


pol 1+ (wr*/c*) } 


p-——_—__, (6) 
1+exp[(r—c)/22 ] 

where w measures the amount of depression of the 

central density (at r=0). A value of w greater than zero 

corresponds to a decrease in the central density; for 

example, w= +0.64 corresponds roughly to a 20% de- 

pression of the density at the origin. The three-parame- 
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ter charge distribution reduces to the Fermi two- 
parameter distribution [Eq. (1) ] when w equals zero. 
The parameter ze is related to the surface thickness, but 
no simple relation can be given with the 90%-10% fall- 
off distance. We find a whole range of values of w for 
which we can reproduce the curve for the Fermi two- 
parameter case; however, we have not found a combi- 
nation of parameters which will raise the cross sections 
by 35%. The Bi question, therefore, has not been 
resolved, and more analysis is necessary to determine a 
model to give a better fit to both the angular distribu- 
tion and the absolute cross sections. 

Figure 3 shows, in addition to the elastic scattering 
peak, peaks from inelastic scattering of electrons from 
In"*® with excitation of nuclear levels at about 2.6 and 
5.1 Mev. The form factors associated with inelastic 
scattering with excitation of these levels, and others in 
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Ni*’, Ni®, and Pb*8, is being studied; some of the 
results have been reported.° 
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or Bound State on Neutral-Pion Decay*t 
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We have applied the dispersion method to the problem of neutral-pion decay. It is shown that a pion-pion 
P-wave resonance can produce a large effect in the decay matrix element. The contribution is related to the 
semifundamental constant which determines the rate of photoproduction of pions from pions. The contribu- 


tion of a strong three-pion state is also considered. 


ECENTLY Frazer and Fulco' and Chew’ have 
proposed that a two-pion P-wave resonance and a 
three-pion resonance or bound state may account for the 
isotopic vector and scalar components of nucleon 
electromagnetic structure, respectively. The purpose of 
this note is to investigate the effects of such resonances 
on neutral-pion decay. 

The dispersion analysis of neutral-pion decay was first 
considered by Goldberger and Treiman,’ but they as- 
sumed nucleon-antinucleon pairs to be the most im- 
portant intermediate states and neglected multipion 
states. Here we adopt a different approach and consider 
the contributions of the least massive states. This can be 
done if we extend a photon variable ¢ into the complex 
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of the American Physical Society, November 27-28, 1959, 
Cleveland, Ohio [How-sen Wong, Bull. Am. Phys. Soc. 4, 407 
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plane instead of the meson variable p? used by Gold- 
berger and Treiman. 
Following the standard method, one has* (see Fig. 1) 


(q(u),k(v) | T| p(3)) 
i(2m)*5*(p—q-k)F.(—-¢@; 


(Sqokopo)! 


where we have 


F,= (4pogo)q(u) | J>(0) | p(3)), 


Fic. 1. Neutral-pion de 
cay. Wavy lines are pho 
tons; broken line, pion. 


k (e4 


4We use the fundamental metric tensor such that —p?=M?. 
Units are_used in which h=c=y=1, where u is the mass of the 
pion. 
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and p is the pion four-momentum. The indices 4 and » 
refer to the polarization of the photons of momenta gq 
and k, respectively. The number “3” inside the matrix 
element represents a neutral pion in the initial state. 

From general invariance arguments, the F function 
can be written in the form 


F(—¢; — k?; —~*) 


= €aSurdak peur f ( — "5 — k*: ~ p). (2) 


We assume that, with both ~ and & on the mass 
shell, the scalar function {(—g) satisfies the following 
dispersion relation without subtraction: 


1 ¢* Imf(d)d 
es 
T 4 i+¢ 


The mean lifetime of 7° is then given by 
t= 64r[_/(0) J. (4) 


Using the unitary condition, we can express the 
absorptive part of F as 


ImF = re,e,’ (2p)! dn 5*(q— pn) 
XO} J,(O) | mn! J,(O) | p(3)). 


Since our approach is to assume that the function is 
determined by nearby singularities, no intermediate 
state except the 27 and 3m states are considered here. 
Let us first investigate the effect from the two-pion P- 
wave resonance alone and leave the 3m contribution to 
be discussed later; then we can show that 


er 
ImF (— ¢) =—€asurak sue» 
av 
(—¢g—4)! a 
xXx— —F,1(—¢)Mi(—@), (5) 
(—gq*)! 


where F,' is the Hermitian conjugate of F,, the pion 
form factor, and M, is the P-wave amplitude for 
photoproduction of pions from pions. It has been shown 
by the author that the M, function is linearly related to 
a real constant A and the F, function.’ Comparing Eqs. 
(2) and (5), we obtain 


foe(—-F)=— f —F,'()Mi(t)dt. (6) 
4 


487° (t+) 

James Ball® has applied the Mandelstam representa- 
tion to the y+.V — x+N problem, and finds that |A| 
must be less than 1.8e in order to make his calculated 
cross section compatible with experimental data. If | A 
=1.8e and the Frazer-Fulco form factor is used for a 
resonance at /2,= 10, we find r=2X10~'§ sec. Since the 


5 How-sen Wong, Phys. Rev. Letters 5, 70 (1960). 
6 James S. Ball, University of California Radiation Laboratory 
Report UCRL-9172, April 11, 1960 (unpublished). 
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experimental upper limit for r is 4X 10~'® sec,’ we see 
that the contribution of a two-pion resonance is capable 
of producing a large effect in the neutral-pion decay. If 
the resonance is sharp, it follows from (6) that fo,( —q@) 
~ (leet¢). 

We note that the f function in Eq. (6) depends on the 
virtual photon mass variable. Thus —«=g= (P,+P_)* 
represents the square of the total four-momentum of the 
electron-positron pair in the process r°— y+et+e~. 
Since x is less than 1, we can write 


x 
f(x) = fer(0) (1+ eax) oa(0)(14 ), (7) 


for small «.* Thus, we see that a is always positive in this 
approximation. 

The calculation so far is based on the assumption that 
only the 27 state contributes to the dispersion integral, 
but there is no good reason to expect the 3x contribution 
to be negligible. Since no one has succeeded in treating 
the matrix element (yz! 37), we are not able to handle 
this part. However, we may observe that if the three- 
pion J=0 and J=1 state is resonant or bound at energy 
(t;)', as suggested by Chew, then 


fax(—@?) ~constant 
so that 
f( —¢) = fox( — q°) + far( =, ¢. 
1 i (q° lox) 
Thus, if we define 


then for small «(=—@’), 


1 1 8B 
flayf00] 1 +( = )( r )s (8) 
1+8 lo ley 


Thus, if the 27 and 3m states make comparable 
contributions with opposite signs (as they do in the 
neutron charge structure) and /2,#/3,, it is possible that 
the parameter a defined in Eq. (7) may be negative.? An 
attempt is in progress to determine 8 from other experi- 
mental data involving the 3m state. 
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Approximate P-wave dispersion relations for K—WN scattering are considered, under the assumption that 
the KAN and K&N interactions are of the odd intrinsic-parity, Yukawa type. If the crossing terms (which 
involve the P-wave K—N amplitudes) are neglected, the predictions of the equations are contradicted by 
the experimental evidence. However, the presence of virtual pion-hyperon states may enhance the K—N 
amplitudes sufficiently that they play an important role in the equations. It is shown that if the isotopic 
spin 1, Pj K—N absorptive amplitude is particularly strong, the contradiction with experiment may be re 
moved. The possibility of even-parity K-baryon reactions is discussed briefly. 


HE experimental data concerning the scattering 

of 0-150 Mev K+ particles from protons and 
neutrons suggests that the isotopic spin 1 scattering is 
nearly all in the S state, while at least one of the 7=0, 
P-wave phase shifts is appreciable and positive.'? It 
has been pointed out that this behavior is difficult to 
explain on the basis of either the scalar or pseudoscalar 
K-meson theories. 

In this letter we are concerned mainly with P-wave 
AK—WN scattering in the pseudoscalar theory, in which 
the KAN and KV interactions are both of the odd 
intrinsic-parity Yukawa type. The masses of the K 
meson, pion, nucleon, and hyperon are denoted re- 
spectively by ux, ux, mn, and my, (the [—A mass dif- 
ference is neglected, for simplicity). The magnitude of 
the particle momentum in the K+-N state in the center- 
of-mass system is denoted by kx, and the energy vari- 
able w is defined in terms of the total energy W in the 
center-of-mass system by the relation o=W—my. The 
constants # and ¢ are set equal to unity. It is assumed 
that for the P-waves, unsubtracted dispersion relations 
are approximately valid, similar to those applied to 
pion-nucleon scattering by Chew, Goldberger, Low, and 
Nambu,‘ and to those applied to r+Y production by 
the author.® In the small-momentum approximation of 
reference 5 (i.e., with kx? neglected in comparison with 
wmy) the equations for the P-wave K—N scattering 


* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

+ Present Address: Northwestern University, Evanston, Illinois. 

!'M. Grilli, L. Guerriero, M. Merlin, and G. A. Salandin, Nuovo 
cimento 10, 205 (1958); D. Fournet Davis, N. Kwak, and M. F. 
Kaplon, Phys. Rev. 117, 846 (1960). 

2M. A. Melkanoff, D. J. Prowse, D. H. Stork, and H. K. Ticho, 
Phys. Rev. Letters 5, 108 (1960). 

3C. Ceolin, V. DeSantis, and L. Taffara, Nuove cimento 12, 
502 (1959); R. H. Dalitz, University of California Radiation 
Laboratory Report UCRL-8394 (unpublished) ; and 1958 Annual 
International Conference on High-Energy Physics at CERN, edited 
by B. Ferreti (CERN Scientific Information Service, Geneva, 
1958). 

*G. F. Chew, M. L. Goldberger, F. E. 
Phys. Rev. 106, 1337 (1957). 

5 Richard H. Capps, Phys. Rev. 119, 1753 (1960). 
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amplitudes are 


C; C;(w) ® dw’ ImT;(w’) 


Omy* w+my— my 


dw’ ImT;(w’) 
ato 


The subscript 7 denotes both the isotopic spin and 
angular momentum of the K—N scattering amplitudes 
T;, while i is a similar index for the K—N amplitudes 
T;. All amplitudes T are normalized in terms of ele- 
ments of the unitary S matrix by the relation 2ikx*T 
=S—1. The KYVN interaction coefficients G; and the 
crossing matrix A are given by 


G1,3=Gia?+G;s"’, Go,3= 3G3?—Gy?, 
G1,4> —43(G.?+ Gs’), Go,4> }(Gy2—3G3"), 
(1,3) (1,3) (0,3) (0,3) 


(2) 


2 1 2 


1 
i= 4 -1 
3 
2 


6 —1 —2)’ (3) 
—3 —4 1) 


6 
1 
where the G,? and Gy* are normalized so that Gy?=14 
would correspond to the KYN and VN interactions 
having equal strengths. The functions C; are inde- 
pendent of isotopic spin, and are given by 


Cy=4my*/[ (my+w)(my+my—w)* |, 


Cy= —2C}+:3my(3myn—my+w)/ 
[(my+w) (my+my—w) |. 


These functions both remain within 10% of the value 
0.9 for K—N scattering throughout the range of K 
kinetic energies from 0-200 Mev in the laboratory 
system. Hence we will set Cy=C,=0.9. 

One generally neglects the crossing terms (T terms) 
in considering these equations, in which case it is seen 
that if Gyv2G;? the predicted P-wave amplitudes for 
isotopic spin 1 are expected to be as large or larger than 
the corresponding amplitudes for J=0, in contradiction 
to the experimental evidence. The purpose of this paper 
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is to point out that this contradiction may be removed 
by considering the 7 terms. These crossing terms may 
be important for K—N scattering because the K—N 
amplitudes are likely to be enhanced with respect to 
the K—N amplitudes by the presence of virtual pion- 
hyperon states. 

The effect of the 7 amplitudes may be especially 
large if a low-energy P-wave resonance exists for the 
states of strangeness —1. It has been shown®® that the 
presumably strong pion-hyperon interactions are likely 
to lead to such a resonance in a state of isotopic spin 1 
and angular momentum 3. Such a resonance, although 
“driven” by the pion-hyperon interactions, can easily 
result in the sum of the Py, 7=1 cross sections for 
RK+N—-7+Y and K+N — K+N being as large as 
40-60 mb at the peak of the resonance.® The experi- 
mental data on these processes are scanty, but do indi- 
cate that the Py, cross sections for the reactions 
K-+p— x*+2* and K-+p— K-+> probably are 
large at a momentum of 400 Mev/c in the laboratory 
system (i.e., at w=584 Mev).’ It is seen from the first 
column of Eq. (3) that a large;, 7 would particularly 
enhance the J=0 K—N amplitudes, and thus tend to 
remove the conflict with the experimental data. 

In order to estimate the possible magnitude of this 
effect we neglect Ts, Tos, and To, and assume that 
the major contribution from 7,,; comes from a suffi- 
ciently narrow energy region that the factor (w’+w)" 
may be removed from the integral in Eq. (1). The rela- 
tions for 7; then become 


0.159; 


T;= 


; os y? (w+my— oy) 
© du’ ImT;(w’) 


, 
‘ : 
K W—w—le 


xertf ImT;,3(w’)dw’, 


where w, is the energy at which 7; is large. The uni- 
tarity condition on Im T at energies above the rest 
mass of K+N is Im T = (8rkx) 61,3, where & ; is the 
sum of the elastic and inelastic cross sections for an 
initial P,; K+N state with J=1. In order to estimate the 
possible size of X, we assume that the energy depend- 
ence of &,,; is given by the simple resonance form 
kx 61,3 =ak,*w*/[ (w,—w)’ +k, wy’ |, where k, is the 
momentum in the r+Y state, and @ and y are con- 
stants. If the half-width yk,*(w,)/w, at resonance is 
taken as 85 Mev and a is chosen so that the maximum 
value of &,,; is 60 mb (corresponding to a cross section 
of 30 mb from an incident K~—# state), then ¥ ~0.06 
fermi-?. If we further assume w,=560 Mev and Gx? 


® Yukihisi Nogami, Progr. Theoret. Phys. 22, 25 (1959). 

7L. W. Alvarez, Proceedings of the 1959 International Con 
ference on Physics of High-Energy Particles at Kiev, July, 1959 
(to be published). 
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=G:?=4 and consider K-meson energies in the range 
0-150 Mev in the laboratory system (i.e., 494 Mev<w 
<590 Mev), the contributions of the Born terms and 
Aj,a, terms of Eq. (4) to the various K—N ampli- 
tudes are, respectively,* 


T13~1.5+0.2, 
T1,3~ —0.75+0.7, 


To,4~1.5+0.55, 


ii a (5) 
T0343 —0.75+2.2, 


where the units are fermi-*/100. Thus the crossing 
terms may be larger than the Born terms for some of 
the amplitudes. 

Although the exact values in Eq. (5) cannot be taken 
seriously, it is seen that the assumption of a large 71,3 
leads to positive, fairly large values of the 7=0 K—N 
amplitudes, a smaller but definitely positive value of 
T,,4, and a small (positive or negative) value of 7; ;. 
The effect of the last term in Eq. (4) (the dispersion 
term) must be to further enhance the larger of the 
positive amplitudes. However, since the values of the 
I=0 amplitudes given in Eq. (5) are only about a tenth 
as large as the threshold value of the resonant (3,3) 
pion-nucleon amplitude, it is not surprising if the en- 
hancement is insufficient to produce a K—JN resonance. 

The experimental data are not adequate to determine 
the signs and relative magnitudes of the four P-wave 
K—N scattering amplitudes. The most easily measured 
amplitude for each isotopic spin is the nonspin-flip 
amplitude T7y=27;+7;, since this amplitude inter- 
feres with the large S-wave amplitude to produce a 
cos? term in the angular distribution. The measured 
value of Ty is small for 7=1, while T7y~0.22 fermi~ 
for [=0.? This is about 4 times as large as the value of 
To,n given in Eq. (5). In view of the various experi- 
mental and theoretical uncertainties, and the fact that 
the enhancement of the positive amplitudes by the dis- 
persion term of Eq. (4) has been neglected, we conclude 
that the assumptions discussed above are consistent 
with experiment. 

Now we consider briefly the possibility that the 
KAN and K&N interactions are of the scalar type. In 
this case the Born approximation terms for P-wave 
K—WN scattering are smaller. However, the crossing 
terms in the dispersion integrals involve the amplitudes 
for production of S-wave r+Y states from P; K+N 
states, and these terms could enhance some of the 
P-wave K—N scattering amplitudes in the manner dis- 
cussed above. Thus, it is clear that the presence of an 
appreciable cos@ term in the K— NV angular distributions 
is not strong evidence against the scalar K meson. It 
should be pointed out, however, that the large cos?é 
terms in the cross sections for the processes K~+p —> 
++ * at 400 Mev/c are more easily explained in the 
pseudoscalar than in the scalar theory. It can easily 


§ The actual values of Ga? and Gy? are not known and may be 
anywhere in the range from 1 to 8. If the K interactions are of the 
scalar type, the Ga? and G;? that best fit the K — N scattering data 
are only about a tenth of the corresponding values in the pseudo 
scalar theory. See M. M. Islam, Nuovo cimento 13, 224 (1959). 





POSSIBLE EFFECT OF K-N 
be shown that with either choice of the K parity the 
largest cos*@ terms arising in the Born approxima- 
tion in the low-energy region are of the form do 
= (ke*kxF°G*/(w*m') | cos’#, where F represents either 
the NN, wAX, or ZZ (pseudoscalar) interaction con- 
stant, while G represents either the KAN or KZN inter- 
action constant. If the K interactions are scalar, G? is 
of the order of 0.4 rather than 4, so these Born terms 
are small.* Since the crossing terms in the dispersion 
relations for r+Y production are not expected to be 
particularly large, it is hard to see how a r+Y pro- 
duction amplitude that is small in tre Born approxima- 
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tion can actually be large. Thus, these large cos’@ terms 
are difficult to explain in the scalar theory. 

It is concluded that the processes K+N +K+N 
and K+N—2+Y may influence P-wave K—N scat- 
tering appreciably through the crossing term in the 
K—N dispersion relations. The experimental and theo- 
retical understanding of these processes is insufficient 
to determine the parity of the K. However, if the K is 
pseudoscalar, and if the 7=1, Py K-—N amplitudes are 
large, the existing K—N data are in general agreement 
with the predictions of approximate P-wave dispersion 
relations. 
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The depolarization of negative «4 mesons is discussed in terms of the processes occurring in the formation of 
u-mesonic atoms and the subsequent cascade to the ground state. The initial distribution of « mesons in 
capturing states of carbon is deduced. The depolarization due to the capture process is derived in a fashion 
free of essentially all approximations. The only assumption involved is that the scattering cross section is 
such as to randomize the direction of motion prior to capture and this assumption is shown to be well 
fulfilled. The effect of radiative transitions in producing depolarization is determined with all possible dipole 
transitions taken into account. Only nuclei with zero spin are treated in detail. The Auger process is included 
in a schematic fashion which is sufficient for the purpose in hand. It is shown that both radiative and Auger 
transitions must be included in the discussion of the depolarization processes in the cascade. The theoretical 
results are compared with experiment, and from the comparison it is concluded that the observed facts are 


well accounted for. 


I. INTRODUCTION 


INCE the original experiments of Garwin, Lederman, 

and Weinrich it has been known that the observed 
asymmetry coefficients for the electron distribution in 
muon decay are considerably smaller for the negative 
u meson than for the positive « meson.’ The current 
formulation of weak interaction theory predicts that the 
positive and negative u mesons are created with com- 
plete and opposite polarization.? Further, the asym- 
metry coefficient is proportional to the magnitude of the 
polarization of the » mesons when they decay, as was 
originally shown by Lee and Yang.* Consequently, the 
observed asymmetry coefficients are presumably to be 
interpreted in terms of a preferential depolarization of 
the negative u mesons. Several authors have recognized 


* Based, in part, on a dissertation submitted by R. A. Mann in 
partial fulfillment of the requirements for the degree of Doctor of 
Philosophy at the University of Alabama. 

ft Present address: Department of Physics, University of Ala- 
bama, University, Alabama. 

R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev. 
105, 1415 (1957). 

2 A current review of weak-interaction theory is given by E. J. 
Konopinski, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Palo Alto, California, 1959), Vol. 9, p. 99. 

3T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 


that a mechanism for depolarization is provided by the 
ability. of negative 1 mesons to become captured into 
bound states and thus form yu-mesonic atoms.’ Al- 
though the papers cited treat certain aspects of the 
depolarization associated with the formation of u- 
mesonic atoms, there has been no comprehensive treat- 
ment of the problem, particularly as regards the depolar- 
ization occurring in the capturing event resulting in the 
formation of the u-mesonic atom. In the followlng we 
present a quantitative account of the observed depolar- 
ization of the negative u mesons. Since we attribute this 
depolarization, in part, to the processes involved in the 
formation of u-mesonic atoms we present first a dis- 
cussion of the events occurring before the u-mesonic 
atoms are formed. 

For the purpose of discussion we schematically di- 
vided the history of the » mesons into four stages and 
consider qualitatively the depolarizing processes that 
may occur at each stage. Stage one begins when the yu 
mesons are created in r decay. Thus, depending on the 


4M. E. Rose, Bull. Am. Phys. Soc. 4, 80 (1959). This work was 
intended as a crude preliminary estimate of the part of the 
depolarization arising from the cascade process; see below. 

5 J. M. Schmuskevitch, Nuclear Phys. 11, 419 (1959). 
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kinetic energy of the + meson, the » mesons initially 
have energies of the order of several Mev to 100 Mev. 
Further they may be created within the region of an 
accelerator fringing field. The depolarization of Dirac 
particles by a magnetic field has been treated by Case.® 
We take the depolarizing effect of the fringing field to be 
negligible in accordance with his result ; since, there are 
excellent reasons to believe that the u mesons are normal 
Dirac particles.’ The effect of the kinetic energy of the 
= meson on the uw polarization has been treated by Jensen 
and Mveras.* The effect is dependent on the geometry of 
each experiment and should normally be small; it does 
not distinguish between positive and negative u mesons. 
Thus, at the end of stage one the u mesons are removed 
from the accelerator region and the two species have 
equal and opposite polarizations. 

Stage two consists of the slowing-down process. This 
is essentially ionization by which the u mesons lose most 
of their kinetic energy and small-angle elastic scattering 
which also contributes to energy loss in the laboratory 
frame. The end of stage two occurs when the uw mesons 
have energies of the order of a few kev. The difference in 
the scattering of positive and negative u mesons in the 
energy range of stage two is negligible. The depolariza- 
tion of Dirac particles due to such small angle scattering 
and the cumulative effects of multiple scattering have 
been discussed in the literature and found to be quite 
small.*:'° Thus at the end of stage two the u mesons have 
energies of order 10 kev and the magnitudes of the 
polarization of the two charge species are equal. The 
time taken for the muons to reach the end of stage two 
is of the order of 10~* sec, and the additional time for the 
negative muons to reach the ground state of a u-mesonic 
atom is much less."' Thus, essentially none of the muons 
will have decayed till the end of stage four. 

Stage three begins with the uw mesons having energies 
of several kev so that ionization losses are negligible but 
elastic scattering is still an important process. At such 
low energies the scattering is spin independent and so 
neither species is depolarized by this mechanism. Never- 
theless, as we show in Sec. 3 below, this scattering is im- 
portant in determining the final polarization of the 
negative wu mesons. Stage three ends with the negative u 
mesons being captured to form yu-mesonic atoms and 
with the positive » mesons either forming muonium or 
undergoing some other reaction of a chemical nature." 
Thus at the end of stage three the negative u mesons 

®K. M. Case, Phys. Rev. 106, 173 (1957). Aside from the evi- 
dence for spin $, there is the measurement of the magnetic 
moment. 

7R. L. Garwin, D. P. Hutchinson, S. Penman, and G. Shapiro, 
Phys. Rev. 118, 271 (1960). The value of the meson magnetic 
moment is relevant to the Dirac nature of the muon. See also their 
remarks concerning the asymmetry coefficient for positive muons. 

8S. H. P. Jensen and H. @verds, Kgl. Norske Videnskab. 
Selskabs, Forh. 31, 34 (1958). 

° L. Wolfenstein, Phys. Rev. 75, 1664 (1949). 

© B. Miihlschlegel and H. Koppe, Z. Physik 150, 496 (1958). 

4 E. Fermi and E. Teller, Phys. Rev. 72, 399 (1947). 

2 V. W. Hughes, D. W. McColm, K. Ziock, and R. Prepost, 
Phys. Rev. Letters 5, 63 (1960). 
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have been captured into excited bound states and there- 
fore may be preferentially depolarized. 

Stage four is not defined for the positive u mesons; for 
the negative u mesons stage four consists of the various 
transitions that occur in the cascade from the highly 
excited capturing state to the ground state of the 
u-mesonic atom. Additional depolarization occurs in this 
cascade. The end of stage four occurs when the u-meson 
decays. We have no reason to consider the competition 
of nuclear capture. 

When the uv mesons, either positive or negative, decay, 
and if the entire electron spectrum is observed, the 
angular distribution of the de ay electrons is given by 


1(é)=1+a 


cosé, 
where the asymmetry coefficient, a, is 
a aE 2 5, 


and @ is the angle between the electron direction and the 
original meson beam direction, which we shall take to be 
the axis of quantization. P| is the magnitude of the 
u-meson polarization just before decay and is the 
quantity that we determine. Garwin, Lederman, and 
Weinrich report that the magnitude of the asymmetry 
coefficient observed for positive ~ mesons stopping in 
carbon is 0.33£0.03, and for negative u mesons stopping 
in carbon they find |a|=0.05.! We mention other ex- 
perimental data in connection with our final results; the 
point here is that the positive « mesons retain essentially 
complete polarization when stopped in carbon. We are 
not concerned with the fact that the low-energy inter- 
actions of positive u mesons cause considerable depolar- 
ization in some materials.'* Such interactions would 
occur at meson energies lower than those of interest in 
the formation of u-mesonic atoms and as we have 
pointed out above there is no preferential depolarization 
of either species of meson before the mesonic atoms are 
formed. Thus, we take the negative u mesons to have 
complete polarization until they undergo the capture 
process. The first step in determining the depolarization 
due to the formation of u-mesonic atoms is to deduce the 
initial distribution of the 4 mesons among the bound 
states of the capturing atom. 


II. INITIAL DISTRIBUTION OF n MESONS 
IN BOUND STATES 


The negative » mesons are captured by the process of 
Auger capture. This means that a w-meson incident on 
an atom ejects an atomic electron and becomes bound. 
One may show that the alternate possibility of radiative 
capture has a cross section too small to be competitive 
with Auger capture. Our procedure is to determine first 
the partial cross sections for Auger capture into the 
u-mesonic states n, /, 7; where n is the principle quantum 
number, / the orbital angular momentum, and j the 
total angular momentum. Since we find these partial 


13D. H. Wilkinson, Nuovo cimento 6, 516 (1957). 
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cross sections to be quite large and to fluctuate rapidly 
with the incident meson energy, the cross sections alone 
are not sufficient to determine the distribution in initial 
states. To determine the distribution we must introduce 
a mechanism for slowing down the » mesons and con- 
sider the capture rate as a function of the incident meson 
energy. This is discussed in detail below. 

To determine the partial cross sections we proceed as 
follows. We take the incident ~ meson and the ejected 
electron to be plane waves; the initial electron wave 
function is that appropriate for the K shell of a hydro- 
gen-like atom; the final meson wave function is that of a 
# meson in the bound hydrogen-like state m, /, 7. We 
define 


o= o(e) free? (Mt) bound, (3a) 
M _ v(u) tree (€)bou nd- 


’ 


(3b) 


Dropping the designations “free” and “bound” which 


will be self-evident, we have 


o(e)=4r »d i"2V tomo* (Re) V igmo(F2) jla(Rot2)X4", 


lo,me2 


(4a) 


o(u) => CR 7; m—zr, 7) V tm—2(F1) Ra, a(ri)Xy’, 


T 


v(u)=> [4 (2/:+1) }4"Viy0(A1) jn (Riri) X4”, 


(4b) 
(Sa) 


1 
-R(r2)X4"*. 
(4a)! 


(5b) 


Then the cross section is 


Vy 1 \’ ¢| 1 2 g P 
es a“ (—) f E (. -—)¥] ‘i mals ” 
v; \2nd. | rio 12 


where 22 is the ejected electron velocity, 2, is the incident 
meson velocity, and a, is the electron Bohr radius. The 
occurrence of Z/r. arises from the fact that the zero- 
order wave functions are eigenfunctions of different 
Hamiltonians. In Eq. (6) there is an implicit sum over 
all unobserved quantities and the factor two has been 
inserted to account for the two K-shell electrons. The 
notation and conventions used for the spherical har- 
monics and the Clebsch-Gordan coefficients are those of 
Rose.'* We define 

b,=nk,a,/Z, (7a) 
bo= koa./Z, (7b) 
bo= Nay, 2a, (7c) 
x=2Zr,/na,, (7d) 
y= Zre/ de, (7e) 
where a, is the meson Bohr radius with m,= 207m, and 
a, is the electron Bohr radius. 


“4M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, New York, 1957). 


NEGATIVE » MESONS 


The partial cross section is then evaluated as 


a by (“)( 1 ) (2/,+1)(2j7+1) 
wae 2b,;\Z 207 (2/4+-1) (2/.+1) 
X[C(hilel ; 00) PLI—ZFéie PF. (8) 


The quantities F and / are radial integrals and are 


j(n—I—1) (n+l) 31 ()( 1 
| TA aS 


eo (21+-k+2) 
> (—})— 


x > — 
r(id+3) t= (n—l—1—k)!k! 


1 k 
x( Ty, of (—3k—2, —3k;1+3; —4b7), (9a) 
be+4 


I f jis(byx) X (x) Ki (x) +K2(x) |dx, (9b) 
where K, and Ke are defined below. The quantities 
occurring in (9b) are 


(n—1—1)! }3 

—2;— -} edx'La, 2 41(x), (10a) 
n{ (n+)! 8 

where L,,/°'*'(x) is the associated Laguerre polynomial, 


and 
bo 2 


K,(x)=2) f y'*e-4 F1o(boy)dy, (10b) 


L 


K2(x) set f y'"2¢-¥ jio(boy)dy. 


Energy conservation requires 


(10c) 


(11) 


bo? = (4m,b,2/m.n*)+ (m,/m.n?)—1. 


Fic. 1. Some partial cross sections for Auger capture 
of « mesons by carbon. 
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The integrals in (9b) may be done analytically; how- 
ever, the results involve multiple sums and for computa- 
tional purposes it was found desirable to do the inte- 
grations numerically. It was found that the term ZF in 
(8) is predominant for Z>2 and that the significant 
contributions to the capture cross section occur for 
s-wave electron emission (/,=0); we use these facts in 
all that follows. Representative partial cross sections are 
shown in Fig. 1. 

It should be emphasized at this point that the evalua- 
tion of the cross sections need not be made with great 
accuracy. The numerical results, it will be seen, serve 
two purposes. First, they are used to show that the 
scattering is so large by the time capture occurs that the 
directions of motion are almost completely randomized 
before capture. Second, the cross sections are used, as 
will be explained in the following paragraph, to deter- 
mine the relative populations of initial states from which 
the subsequent cascade begins. 

To obtain the relative populations of states into which 
capture occurs we must consider the competition be- 
tween slowing down and Auger capture. Each state nlj 
is characterized by a capture cross section and the 
efficacy of this partial capture process is determined by 
the number of mesons surviving in the unbound state 
at each energy. For slowing down we consider the elastic 
scattering, as previously mentioned. Then we must 
consider a problem somewhat like resonance escape in 
that we have a number of resonance-like cross section 
peaks for capture and the question to be answered is: 
After all mesons are captured, how many will disappear 
from the initial state into each nlj state? 

We therefore consider the capture rate as a function 
of the meson energy. If N(£) is the number of free u 
mesons at energy, E, then removal of mesons from 
energy E occurs by the energy loss process. 


dN(E) dN(E) dx 


dE dh a 


(12) 


where dx is the path increment. Here fluctuations in 
energy loss are neglected. Of course, the stopping power 
is 


dE/dx= —(AE)n.or(E), (13) 


where m, is the number of scattering centers per unit 
volume, (AZ) is the average energy loss in a collision 
between a u meson and scattering atom (mass M) at 
enetgy E and o7(E£) is the total cross section for the 
scattering event. The energy loss at scattering angle 6 is 


AE=«xE(1—cos6), (14a) 
where 

k= 2m,M/(M-+m,)* (14b) 
and we find (AZ) as the average of (14a) over the 
scattering angles. Thus, 


(AE)=xEor,(E)/or(E), (15) 
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where or,(Z) is the transport cross section. Further we 
have that 
dN dx= 


-n N(E)oa(£), (16) 


where o,(£) is the cross section for Auger capture at 
energy E summed over all m, /, 7. We now have 
dN(E) N(E)oa(E) 
- .—————————, (17) 
dE xEor,(E) 


which is integrated as 


- 1 f®°o,(E) dE 
N(E)=N(2) exp| ~- f ——— | Ey>E. (18) 
kK F or, (E) E 


At this point it is necessary to consider specific 
capturing atoms as the integration of (18) must be done 
numerically. Carbon was selected as the capturing 
element since there is more experimental data available 
for carbon and also because there is no complication due 
to a hyperfine interaction. The transport cross section 
for » mesons incident on carbon atoms was calculated 
using hydrogen-like wave functions to obtain the elec- 
tron form factor. Contributions of all six electrons in C 
were taken into account. 

The integration of (18) was done using an electronic 
computer. A suitable upper limit, Zo, was determined by 
trial such that very few u mesons were captured above 
this energy. After the number of » mesons captured in 
each energy interval was found the relative number 
going into each state m, / was determined by finding the 
quantities 


E dE’ on (E’) 
Vai(E)=m, f —- 
Eo dE/dx 


Bo dE" o4(E”) 
xexp| —n, f — —| (19) 
E’ dE" /dx 


To obtain the initial distribution, this quantity is then 
evaluated at the final energy where N(E)<1. The 
initial distribution of ~ mesons captured into states n, / 
of carbon atoms is given in Table I. The two states 7 
belonging to a state / are populated according to their 
statistical weights. It was found unnecessary to consider 
states for which n> 16. The u mesons are captured when 
their kinetic energy is around 8 kev, very few are 
captured when this energy is above 12 kev and essen- 
tially none remain free after their energy is reduced to 
2.5 kev. 

From Fig. 2, one notes that the states n~7 capture 
the most mesons. This is in strong contrast to the 
conjecture that »~14 is the state into which most 
capture occurs.'®-!* There is a preference for the circular 


15G. R. Burbidge and A. H. de Borde, Phys. Rev. 87, 189 
(1953) ; see also A. H. de Borde, Proc. Phys. Soc. (London) A67, 57 
(1954). 

16M. Demuer, Nuclear Phys. 1, 516 (1956). 
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TABLE I. Initial distribution of 4 mesons among the states of u-mesonic carbon. The table lists the number of mesons, 





in 10 000, captured into the atomic state , } in carbon. 





iy Circular 
l 1 2 


n\ 





15 
38 
62 
59 
84 
130 
132 
87 
40 
14 


OnNDAU SON 


Total 1847 1563 661 


13 
31 11 
49 26 
50 40 
67 
104 54 
110 85 
77 93 
37 


538 417 


Total number shown: 9986 








orbits as may be seen from the bottom line of Table I. 
This result has also been conjectured in the literature 
but the reason for the preference for maximum / is not 
as simple as the statement that these states have largest 
statistical weight would imply. 


III. THE DEPOLARIZATION DUE TO CAPTURE 


We now determine the depolarization of the 1 mesons 
which occurs in the Auger capture. The solution of this 
problem depends on the physical situation that prevails 
at the instant that the » meson is captured; specifically, 
the depolarization on capture depends on the amount of 
scattering the mesons have suffered before capture. The 
procedure is as follows. 

Since the » mesons have low energy when they are 
captured, we can represent the polarization P vector by 

P= (y,0y)/(V,). 
As we have indicated previously the u mesons can be 
taken to be completely polarized along the initial beam 
direction which we take to be the axis of quantization. 
Thus the quantity we determine is the expectation value 
of o, after capture. Since we finally determine the 
polarization in the 1s state and since 
j=lt+}, 
j=l-}, (21b) 


(20) 


(o:)=(j2)/ J, (21a) 
(o2)= —(jz)/(j+1), 

we choose to calculate in terms of (j.)/7. Then 

?) 


(22 


j= Dm m pop(m)/>Y m pop(m), 


where the (unnormalized) population of the states, 
pop(m) is taken as 


pop(m)= f | H,\%40, 


(je) 


where dQ is the angle element for the ejected electron. 
If the previous formulation is used; then Hy; is the 
matrix element in Eq. (6) and 7; takes the single value, 
, in Eq. (5a). Then if one considers only the ejection of 
s wave electrons, 


(jx)/J=1/2j (24) 


in the initial capturing state. This represents a case 
where the u mesons are captured froma beam. Presently, 
we show that this is not the proper description of the 
mesons when they are captured.!” 

We now show, that if the » mesons have random 
directions when they are captured then one may obtain 
a description of the depolarization due to capture inde- 
pendent of the physical model. Retaining the definitions 
(3), we use 
v(u) 4X4"! Be gh exp (i511) Vt,m1* (Ri) 


_— 
I,m 


X Vumi(?i) fukin), 
C(I 


33 73; M3—T3, Ts) 
x Y ig,m 3 r3(F2)X47R.(r2), 


i? exp (i512') fi2(Rare) 


4arX 37? :® 


le,m2 


4 V t2,m2*(ke) V lg,m2(fo), 


d(u) 2 C(i4j; tT, T)V, m 7 (#71) Ry (11) X34’, 


where all of the radial wave functions may be defined to 
be the correct radial functions; for example, one might 

17 Incidently, the value 1/27 is easily understood from con- 
servation of the zs component of angular momentum for the total 
u—esystem and the fact that the electron, and therefore the muon, 
does not change its z projection of angular momentum in a process 
where the interaction is spin-independent. 
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approximate the f/; by Coulomb wave functions with 
appropriate phase factors. The interaction will be 

4or 


—-Vr uy* (fo) Vx,90(71) Fy (r1,92), 


A, My 2A+1 


(26) 


V int= 


where the F, are determined by the decomposition of 
the total Hamiltonian to extract the perturbation. One 
notes that in (25a) the incident meson has direction hk; 
when we deal with mesons having random direction 
with respect to the axis of quantization then k, is to be 
averaged over after the squares of the matrix elements 
have been formed. Thus we define 
O=D_| (6, V ine) |2dQ(Re)dQ(R:) (1/4), (27) 


with the stipulation that the sum is over all unobserved 
quantities. Thus, there is no sum over m.- Then Q is 
found to be 


QO= (49)? © (CVA 7; m—r, r)C (lsh js; ms—r3, 73) 
XC (LAL; OO)C(1,A7; OO)C (LAL; my, m—r— my) 
XC(LAL; m, m— 7 —m,)C(13Al2 3 m3— 73, M2a— M3+73) 
XC (1sN lo; m3— 73, M2a— M3+73)C (LsAl2; 00) 
(2/3+1)(2h+1) 


——__—J]*'] 


(212+1)(21+1) 


XC (lr'le; 00) 


b 


where the sum is over /s, /,, \, X’, m1, m2, m3, and 73, and 
where 











=, ed a 


16 12 


F'1G. 2. Distribution in states, m, of u mesons captured 
by carbon atoms, 


AnD Mm. 2. 


ROSE 


© w 
=f f reredridroky(ryr )R, (71) 
0 0 


XR.(r2) fi2* (Rere) fr(Riri), (29) 


and the prime on /* means that A is replaced by X’ in the 

definition of 7. The standard techniques of Racah 

algebra may be used to perform the sums over the 

magnetic quantum numbers." This leads to \=)’ and 
(21; +1) (273+1) 

Q= (4) [Cj m—7, 2) S ——— 

laid (2/+1)(2A+1) 


X[C(LAL; 00)C (ls\l2,00) P| 72. 


(30) 


Thus pop(m)«Q, and when we form j we obtain 


(j:) Yomm[lC(4j; m—r, r) FP 
' amy (31) 


J Lm(C47;m—r, r) FP 


and all other quantities have cancelled. Performing the 
sums in (31) yields 


We take r= +3 and obtain the results'® 
(je)/J=§(14+1/7); j=l4 


(j2)/J=—33 j=l—}. 


(33b) 


Thus, if the u mesons have random direction, the 
polarization after capture is determined by (33). We 
explicitly point out that the results, (33), are inde- 
pendent of any assumptions concerning radial wave 
functions, that they apply to the ejection of an electron 
from any initial state and that they apply to the capture 
of the meson in any state /. We must now justify the 
assumption of random direction for the mesons. 

The quantity of interest is the average value of the 
projection of the mesons momentum direction after 
some scattering from its original direction. Thus we 
determine (ke-kzo), where key is the unit propagation 
vector in the original beam direction and ke is the 
corresponding vector for the direction of the meson 
when it has energy E. We define 


s=cosé= (34a) 


(34b) 


where AE is the energy loss suffered in the collision 


occurring at energy E’ and k.(£) is the z 
kr. Now As is 


component of 
As= s’—5- cos@®) cosé-+ sin@ sin@ COS®@ — cos, (35) 


18 Of course, these results can be obtained by simple considera- 
tions of vector coupling and the three-dimensionality of space, 
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where © is the scattering angle for the collision E’ > EF’ 
— AE. We average over scattering events to obtain 


A(s) 
= mf o (A) AsdQ, 
Ax 


(36) 


where n, is the number of scattering centers per unit 
volume, o(@) is the differential scattering cross section, 
and dQ is again the angle element. Substituting (35) in 
(36) and noticing that there is no contribution from the 
second term on the right of (35) yields 


7) 


d(s)/dx= —n<s)orr, (37) 


where or, is again the transport cross section. Integra- 
tion of (37) yields 


z 
(s)= exp(—n. f enult), 


and we now use Eqs. (13) and (14) to find 


| 1 e**dE 
{s)=exp] — : | 
K 1D 


ae 


(38) 


which integrates immediately to give 


(ku key) = (E/Eo)"*. 


(40) 


In (40), Eo is taken to be the same as EF, in (18) for the 
purpose of comparing the rate at which the muons lose 
their “memory” of their initial direction with the 
capture rate. The comparison is shown in Fig. 3. From 
this data we conclude that the u mesons have very 
nearly random direction when they are captured. Thus 
the depolarization on capture is obtained by using the 
simple results of Eq. (33). We now see that the cross 
sections play a subordinate role in the calculation in 
that they serve only to determine the initial distribution 
of bound states but not the polarization in these states. 
The final results are relatively insensitive to the initial 
distribution as will be readily understood from the 
following. 


IV. DEPOLARIZATION IN THE CASCADE 


We have determined the distribution of the 7 mesons 
among the capturing states and the depolarization due 
to capture. We now discuss the depolarization that 
occurs in the cascade of transitions by which the u 
mesons reach the ground state of the u-mesonic atom. 
The first step in such a discussion is the determination 
of the depolarization in a specific transition. This is done 
as follows. 

We consider a radiative transition from an initial 
state n’, I’, j’ toa final state m, /, j and define p,, as the 
meson population of a state m belonging to 7 and 
pm as the population of a state m’ belonging to j’. The 
transition probability from state m’ to m is 


Am’m= > P| (W5,2", VeArays.v™)|%(E), (41) 
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where V is the current operator and A, is the vector 


potential for the radiation field,” 


A, = (29)! y i4-(2L +1)! Du p"(¢,0,0) 
LM 


<[Arw(mag)+iPArm(el)], (42) 


where Dy p”(¢,0,0) is a rotation matrix element. For our 
purpose we consider only electric multipole radiation 
(eventually L=1 only) and we need only retain the 
factors in (41) that depend on the magnetic quantum 
nuinbers. Using the properties of the rotation matrices, 
the Wigner-Eckart theorem, and integrating over the 
final photon direction, we find 


Nmim&[C(7’L7; m’, m—m’) FP. (43) 


Now the population of state m is given by 
Pm= Lim’ Pm'm'm, (44a) 
and pm: may be expanded as 
Pm? = Din AnC(j’nj’ ; m,0), (44b) 
with the restriction that <2 jmin’ <1. 
The ratio of the meson polarizations in the transition 
> 7 is given by 


P ‘FMS a 
PS wm Pa! i’ Dom Pm 


and by use of (44) and the Racah algebra, this may be 
evaluated as 


P j'(7'+1)+7(j4+1)-L(L+1) 
P’ 2j(j’+1) . 


(45) 


(46) 


Since we are concerned with electric dipole transitions, 
L=1, and we have for the three possible transitions, 
Aj=0, +1, 


P/P'=1; 
P/P’=1—1/(j(j+1)); 
P/P'=1—1/7?; 


(47a) 
(47b) 
(47c) 


Aj=—1, 
Aj=0, 
Aj=+1. 





I'1G. 3. Comparison of capture rate and memory of initial direction 
for ~ mesons in carbon. 
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Further, if we take L=0, Aj=0, (46) yields 


P/P’=1., (48) 
This will be relevant for the ordinary Auger processes. 

At this point we discuss the cascade under the as- 
sumption that only radiative transitions occur (except 
for the 2s — 1s transition). The purpose in making this 
restriction is to emphasize the need for considering the 
ordinary » Auger transitions and this is done in subse- 
quent paragraphs. It will be noted that in reference 4 
only radiative transitions were taken into account. We 
use the distribution given in Table I and the initial 
polarization in these states as determined by Eqs. (33) 
together with Eqs. (47) and the known theory of 
radiative transitions.'® The relative number of u mesons 
making each possible transition was determined (with 
the cascade originating in each possible initial state) and 
the final polarizations in the 2s and 1s states were de- 
termined. The treatment of the mesons which go to 2s 
states is deferred for later discussion. We emphasize 
that the appropriate values of all the radial integrals in 
the radiative transitions as well as all the AJ=+1 
transitions and all possibilities for An were included. In 
obtaining the final polarizations each possible cascade 
was given a weight appropriate to its over-all branching 
ratio and an average over the entire ensemble of starting 
points of the cascade was taken using the populations 
calculated previously as weight factors. The computa- 
tion was done with an electronic computer. Some 
typical transitions are shown in Fig. 4. A study of this 
figure is quite informative since one may show that 
when the states are arranged in this fashion the only 
possible transitions are those straight down or to the 
left. 


1” For computing the branching ratios in the radiative cascade 
we use the formulation for the radiative lifetime as given by M. E. 
Rose, Multipole Fields (John Wiley & Sons, New York, 1955), 
Chap. 6. The expression, given by H. A. Bethe and E. E. Salpeter, 
Quantum Mechanics of One- and Two-Electron Atoms (Academic 
Press, New York, 1957), p. 262, is used to evaluate the radial 
integrals. ‘The details of this and all the other calculations men- 
tioned in this paper are given by R. A. Mann, Oak Ridge National 
Laboratory Report ORNL-2990 (unpublished). 
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4% 
4% 


Fic. 4. Some states 
involved in the cascade, 
showing typical branch- 
ing. 


We note that the Eq. (46) is not restricted to radiative 
transitions since (46) is determined by (42) which is a 
consequence of the Wigner-Eckart theorem. If we as- 
sume that the 2s— 1s transition proceeds through an 
ordinary Auger process we see by Eq. (48), that this 
last step of the cascade does not cause further depolar- 
ization.” Then the final polarization in the 1s state of 
u-mesonic carbon is P=0.24 and therefore the asym- 
metry coefficient would be |a| =0.08, if only radiative 
transitions occur. However, it is known that Auger 
transitions compete with the radiative transitions and 
dominate the cascade in its initial stages. We include 
these as follows. 

It has been shown by Burbidge and de Borde that the 
Auger transitions obey dipole selection rules to a good 
approximation and that they favor An=—1." This is 
to be contrasted with the radiative transitions where 
|An|=maximum is preferred. Further, Demuer has 
shown that the branching ratios for the dipole Auger 
transitions with An= —1 are the same as those for the 
equivalent radiative transitions.'® We use the results of 
Burbidge and de Borde for the Auger to radiative 
branching as given by Rainwater.”' From this one may 
determine at what state m the Auger transitions cease to 
be predominant. This branching ratio varies extremely 
rapidly with the principal quantum number so that it is 
a fairly good approximation to assume that only Auger 
transitions occur when » is larger than some critical 
value and only radiative transitions occur thereafter. 
Thus, for carbon the final Auger transition is taken as 
the transition starting from the state with n= 4 into the 
state n=3. Thus, the Auger transitions are taken into 

* We could treat the 2s — 1s transitions in the manner described 
by M. A. Ruderman, Phys. Rev. 118, 1632 (1960). This would 
introduce unnecessary complications since we find that only 1.6% 
of the u mesons enter the 2s state when we consider pure radiative 
transitions. When we also include the Auger transition, as will be 
explained in the text, then for the case of carbon only 5.4% of the 
» mesons enter the 2s state. In this connection we point out that 
since we have treated the Auger transitions in a schematic fashion, 
our results should be very insensitive to any new features brought 
to light by resolution of the questions raised by the data of M. B. 
Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957). 


21 J. Rainwater, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Palo Alto, California, 1957), Vol. 7, p. 1. 
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account by instructing the computer program for 
radiative transitions to allow only An= —1 for n greater 
than some integer (3 in the case of carbon). This will 
result in a greater depolarization than was found in the 
purely radiative cascade because fewer states are by- 
passed. 

By use of the procedure just outlined we find that the 
final polarization of the u mesons in the 1s state of 
u-mesonic carbon is 

P=0.133. (49) 


V. DISCUSSION OF THE RESULTS 


From the results of the last section we obtain a 
computed asymmetry coefficient for the decay of nega- 
tive u mesons in carbon: 


| P| /3=|a| =0.044. (50) 


Two experimental values have been reported in the 
literature; these are |a|=0.05440.006 and |a|=0.04 
+0,.005.2- It is clear that our calculated value is in 
good agreement with the measured results. There is, of 
course, some uncertainty connected with the schematic 
treatment of the Auger-radiative branching ratio. For 
example, if we had taken the final n to be 4 instead of 3, 
we would have obtained P=0.153 corresponding to 
|a|=0.051 which is also consistent with the observa- 
tions. A rough estimate of the uncertainty in the 
theoretical result is that the spread in the calculated 
values corresponds almost precisely to the spread in 
measured values. It is, of course, possible to make the 
calculations more accurately but it appears pointless to 
do so until better experimental results are available. All 
the machinery for improving the theoretical results is 
available and this can be done quite straightforwardly. 
Our primary purpose in this paper has been to obtain an 
understanding of the depolarization mechanisms with 


2 R. Prepost, V. W. Hughes, S. Penman, D. McColm, and K. 
Ziock, Bull. Am. Phys. Soc. 5, 75 (1960). 

% A. E. Ignatenko, L. B. Egorov, B. Khalupa, and D. Chultem, 
J. Exptl. Theoret. Phys. U.S.S.R. 35, 1131 (1959) [translation: 
Soviet Phys.-JETP 35(8), 792 (1959). 

* A third value, |a| =0.045 was communicated from the floor 
at the 1960 Washington meeting of the American Physical Society. 
We have been unable to ascertain any further information re- 
garding this matter. 
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spin-zero nuclei in the capturing atoms, and from the 
comparison given above it is fair to say that this has 
been achieved. 

If we turn our attention to other atoms, we must first 
recognize that when the nucleus has a spin the depolar- 
ization will be much more severe. First, the random 
magnetic field associated with the hyperfine coupling 
will produce a “loss of memory” so far as the direction 
of the u-meson spin is concerned and some depolar- 
ization will occur in every intermediate state in the 
cascade. The lifetime in these intermediate states is, 
moreover, usually large compared with the period of the 
hyperfine precession. Second, the hyperfine coupling 
will produce a small splitting of the ground state and in 
some of the substates of the hyperfine multiplet a strong 
depolarization of the » meson will occur. For instance, 
when the nuclear spin is } the states in which m, the z 
component of the total angular momentum, F, is zero 
will be characterized by vanishing u-meson polarization. 
Consequently, the final asymmetry factor is expected to 
be much smaller in these cases than one would deduce 
from a consideration of the mechanisms discussed above. 
Excluding the effect of collisions which could induce 
transitions between states in the hyperfine multiplet, it 
is estimated that the polarization for nuclear spin } is 
reduced by a factor 3 because of these hyperfine effects.‘ 
If we adopt this factor 3 for the odd-mass isotopes of 
Cd, for example, and assume the same distribution over 
the initial states of the cascade as was found for C, we 
can obtain an estimate for the expected asymmetry 
coefficient for that element. Since the Auger transitions 
should play a negligible role for Z=48, we use our result 
P=0.24 for the purely radiative cascade. This has to be 
multiplied by 0.75 to take into account the odd-mass 
isotopes with a total abundance of about 25%. Conse- 
quently, we would obtain | a| ~0.06. The reported value 
is |a| =0.055+0.012.% This agreement is very satis- 
factory. 
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Nonleptonic Decay Modes of the Hyperons 
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An attempt is made to correlate the observed asymmetries in hyperon decays and the hyperon decay 
times using a pole approximation to the decay matrix elements. It is found that a natural correlation is ob 


tained if a near-global relation between pion coupling constants is assumed 


HE relation between the strong pion-nucleon 

coupling constant, the weak axial vector constant, 
and the leptonic decay rate of the pion was first ob- 
tained by Goldberger and Treiman.' This has recently 
been shown to arise directly from the pole term in the 
dispersion relation for the appropriate matrix element 
of the derivative of the axial vector current.? The argu- 
ment can be generalized immediately to the leptonic 
decay modes of the strange particles.’ We attempt here 
an interpretation of the nonleptonic decay modes of 
the hyperons, on the assumption that these too are 
dominated by the pole terms. These pole terms arise 
by considering the matrix elements as functions of the 
three external masses. 

Our procedure is as follows. We assume the AJ=4 
rule. We then show that the observed vanishing of the 
~ asymmetry parameters a, and a 
suggests global (or near global) symmetry of the pion 
couplings. With these strong-coupling constants and 


(see below) strongly 


by choosing essentially one further parameter, we are 


able to correlate A;> decay times and asymmetries. 
Other authors‘ have considered the same problem by 
The dif- 


“dispersion” 


making use of specific global Lagrangians. 
ference in our work lies in its stress on a 
rather than a Lagrangian approach and, in particular, 
in the inclusion of a K-meson pole pictured in Fig. 1(c). 

The poles are represented graphically in Fig. 1. The 
strong-interaction vertex is by definition the corre- 
sponding renormalized coupling constant. We assume 
that the weak vertices satisfy A/= 
is then of form 


The Y-\ vertex 


f(ay+byys), (VY=,A). 


The K-z vertex is 
IK. 


*On leave from the Johns Hopkins University, 
Maryland. 

1M. L. Goldberger and S. B. 
(1958). 

2J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring 
oe published). See also Y. Nambu, Phys. Rev. Letters 4, 380 
1 


Baltimore, 


Treiman, Phys. Rev. 


110, 1478 


3 J. Prentki (private communication). 

* 8B. d’Espagnat and J. Prentki, Phys. Rev. 114, 1366 (1959); 
R. F. Sawyer, Phys. . = 2135 (1958); S. A. Bludman, Phys. 
we 468 (1959); Treiman, Nuovo cimento 15, 916 

) 


Introduce® 


where 


(2g—g-z)hs— gralts. 
Similarly for 
> >n+r 
gxshty Lralta 


o* \* 
- Fs 


vrlty— garlty 
where 


Fy =fxexy/(K° 

The matrix element 7°) for 
2+ — pt+r 
is determined by the A/= 


To= (1/V2)(T,—T_). 


rule to be 


(10) 


differences (i.e., 
gas, then A 


If for the moment we neglect ,A 
a=), hy=h,), and assume g,y 
identically. 

If further 


vanishes 


(11) 


then Bt is also zero, and the corresponding asymmetry 
parameters a, and a_ vanish, in agreement with experi- 
ment. Since exact global symmetry is perhaps not real- 
ized in nature,” we use as exact experimental results 
a,=a_=0 to determine the renormalized pion 
stants. Thus 


con- 


(12) 


sz, 


A, N, K, x denote the masses of the corresponding particles 
and g= gNr- 
® We are assuming the 2—A parity even and A—K parity odd. 


7™See A. Salam, Ninth Annual International Conference on 
High-Energy Physics, Kiev, July, 1959 (unpublished). 
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TABLE I. Deviations from global symmetry of pion 
coupling constants. 


ay/bs ay/ba 


>— NV) (A+N)/(A—N) 


1 


+N) (A—N)/(A+N) 


implies 
20° hs 2 


gre=f Sax= 


, (13) 
o-Tx 


-———. 
hyo? + 
Although these constants depend on the undetermined 
parameters a and 6 [ Eq. (1) ], nevertheless, they are 
insensitive to a reasonable range of values of @ and b. 
See Table I. 

Using the observed relation of decay rates,® 


WwW, w_, 


(14) 

x, which in contrast to (13), 
is sensitive to the ratio a/b. Using this and the coupling 
constants (13), the amplitude for 


one can now determine Fy 


A— p+r 
is 
T,=AatysBa, 
where 
hy? 


gf 
B=v2\- 
| hs 


Again some properties of A decay turn out to be in- 
ice of a and b given in Table I. 
The s-wave part A, always lies within a few percent of 
A® (the s-wave part of =+—p+7°) and the asymmetry 
a, is always approximately equal to unity (within 5%) 
provided we choose F’, (i.¢., gxa/gxz) to fit the observed 
A/ decay rates. It is remarkable that there exists a 
solution for F, such that (gxa/gxz)* lies consistently 
between 1 and 3 for all a and b. The value 3 is in agree- 
ment with the ‘pole’ approximation to the K*++.V 
elastic scattering data.® Also, we find that sign (a,/ao) 

—sign(gxa/gxz). See also d’Espagnat and Prentki.* 

We can state our conclusions as follows. We use the 
“pole approximation” to the nonleptonic decays and 
assume a AJ=} rule in the weak interaction. Then as 
a consequence of a;=a_=0 we find an almost global 
relation [Eg. (13) ] amongst the coupling constants. 
The result is true for all choices of a and 6. Next we 
use w,=w_ to fit the relative strengths of the weak 
‘vertices’ VY — NV and K—r. This fit is sensitive to 

® It may be remarked that since 7, is pure s wave and 7_ is 


pure p wave, (14) is equivalent to |ao|=1 from the AJ =}$ rule. 
* P, T. Matthews and A. Salam, Nuovo cimento 7, 789 (1958). 


sensitive to the c! 


MODES OF HYPERONS 





N 
is 
= 





(c) 


Fic. 1. Graphical representation of the pole terms appearing in 
hyperon decay into a nucleon and pion. The black box is a purely 
strong interaction, while the circle involves the weak interaction. 


the values of a and b appearing in the (Y,N) vertex 
and presumably should be predicted by some future 
theory of weak interactions. We still find, however, that 
for a range of values for a and b the s-wave part of the 
the as the s wave in 
=+— p+7° decay and thus by choosing gxa/gxs to fit 
wWa/ Wy, almost 100°) asymmetry is assured in A decay. 
One could now use the same approximation to predict 
=t+— pt+y, and A rates and asymmetries. 
These rates are proportional to the anomalous moments 
of the hyperons. However, they are also proportional 
to the constants @ and 6 which in principle can be deter- 
mined from the main decay modes. 


A decay is essentially same 


> n+7 


The remarkable success of the “‘pole’’ approximation 
in predicting the w-decay rate? prompts us to believe 
that the procedure outlined here may provide a reason- 
able method for determining the magnitudes and signs of 
the renormalized strong coupling constants, (gra,gr2 and 
@xs/£Kx, aS well as the Z coupling constants when ex- 
perimental data becomes available). A further check 
on the values of gxa, gxz, and gz, would be provided 
by the leptonic decays 


Y — N+e-+», 
=— At+e-+y, 


as discussed in references 2 and 3. 
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The electron self-energy and wave-function renormalization constant are calculated with the use of the 
technique of dispersion relations. In order to do this, exact representations of these renormalization constants 
are obtained in terms of matrix elements of Heisenberg field operators. The matrix element (ey|y|0) is 
studied in detail and its contribution to the renormalization constants determined. In retaining only the 
contributions due to (e|y|0) and (ey|W|0) an infinity of other matrix elements is ignored. A test of the 
validity of this approximation is discussed. Within the limits of the approximations, the self-energy and 
wave-function renormalization constants are shown to have a logarithmic, ultraviolet divergence. The 
wave-function renormalization constant also has an infrared divergence. 





I. INTRODUCTION 

HE technique of relativistic dispersion relations! 

has been applied with success in the study of 
‘many observable processes.? It is also of interest to 
attempt to calculate unphysical quantities, such as 
renormalization constants, with the use of dispersion 
theory. It was shown in a previous paper that this 
method leads to correct results for the renormalization 
constants in the Lee model.* This paper concerns an 
attempt to extend the analysis to the case of quantum 
electrodynamics. 

In the case of the Lee model it was shown that 
various matrix elements relevant to the calculation of 
the V-particle self-energy were equal to products of 
two types of factors: One was what one obtains from 
perturbation theory, and the other a cutoff function. 
If similar results are obtained in quantum electro- 
dynamics, one might find that the electron self-energy 
and wave-function renormalization constant are finite, 
at least in some approximation. 

In order to pursue this point, we demonstrate that 
these constants can be expressed exactly in the Heisen- 
berg representation in terms of matrix elements of the 
form (n|~|0) where the index m enumerates a complete 
set of interacting states. We approximate these expres- 
sions by retaining the contributions due to the one- 
and two-particle states only. Then, for the calculation 
of the matrix element (ey|¥~|0), where (ey| is the 
electron-photon scattering state, we use the technique 
of dispersion relations. That is, with the use of the 
reduction formula of Lehmann, Symanzik, and Zimmer- 
mann‘ and the analytic properties of (ey|~|0) con- 
sidered as a function of the total energy of the (ey| 
state, we obtain an integral equation for (ey|p|0). We 


*This work was supported in part by the National Science 
Foundation. 

+ Now at Brookhaven National Laboratory, Upton, New York. 
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are able to solve this integral equation because we 
retain only the contributions to Im(ey|!0) due to the 
physical electron and electron-photon scattering states. 
This kind of approximation, namely, the retention of 
only a few intermediate states in the expansion of the 
absorptive part of the matrix element,® has been used 
many times before. Unfortunately, as is shown below, 
this approximation destroys the gauge invariance which 
the full theory possesses.* In this section devoted to 
conclusions we discuss a quantitative measure of the 
validity of this assumption. 

It is found that the electron self-energy and wave- 
function renormalization constant contain ultraviolet 
logarithmic divergences. The wave-function renormal- 
ization constant also has an infrared divergence. 


II. MASS AND WAVE-FUNCTION RENORMALIZATION 
CONSTANTS IN THE HEISENBERG 
REPRESENTATION 

In this section we write down representations of the 
electron mass and wave-function renormalization con- 
stants in terms of an infinite sum of products of matrix 
elements. 

The self-energy may be written as follows’: 


bm= J “L(m—n)pu(s!) +0s(8) Jae f f ‘piled’, (1) 


where the spectral function p; and p2 are given by: 


(2x)? 


Trix-y > (O|y|n)(n| P| 0) 
EZ ™(e), (2) 


Pa=« 


pil’) = — 


5R. Blankenbecler, M. Goldberger, and F. Halpern, Nuclear 
Phys. 12, 629 (1959). 

6 R. G. Sachs has pointed out that this deficiency attends the 
use of this type of approximation in other applications as well. 
(Private communication from G. Feldman.) 

7H. Lehmann has proven these relations for the r—N system, 
Nuovo cimento 11, 343 (1954). The extension of his results to 
quantum electrodynamics is straightforward and has been carried 
out in detail by the author in his doctoral thesis, Johns Hopkins 
University (unpublished). It should be noted that Eq. (1) above 
is valid only in a gauge in which (0|A,(x)|0)=0. The Gupta- 
Bleuler gauge is one such gauge. 
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and 
2n)* 


p2(x*)= Tr D (Ol¥| mm] P]O)= Lo px™(x2). (3) 


Pa =«* Paw 


We use the caret notation to indicate the scalar product 
of a vector with a gamma matrix K=K,v,. All the 
quantities entering these expressions are renormalized. 
The y is the Heisenberg field operator of the electron. 
The index m enumerates a complete set of Heisenberg 
state vectors. We choose these to be “‘out”’ states, for 
convenience. Any other complete set would be adequate. 

From Eq. (2) and Eq. (3) we see that matrix elements 
of the form (m|¥|0) are the ones of interest in the 
_discussion of 6m. The matrix elements (0|y~|m) can be 
obtained readily in terms of (n|p|0). 

Finally, we note that the wave-function renormal- 
ization constant is given as follows: 


cs) 


z= f r(x?) de’, (4) 


Ill. CALCULATION OF THE SPECTRAL FUNCTIONS 


We retain only two intermediate states in the sums 
in Eq. (2) and Eq. (3). The validity of this approxi- 
mation will be discussed later. For the present we 
merely note that this approximation along with a 
subsequent perturbation theory calculation of the 
matrix elements involved reproduces the usual results 
of the lowest order perturbation theory calculation of 
dm. 

The contributions to the p, from the intermediate 
state of a single electron p,“ are simply 


p= 8(e—m), (5) 
and 

p2" (k*) =0, 
where the superscript refers to the single-electron 
intermediate state and we have used the fact that 


(e| P| 0)= (m/ po) ti(p)e”*, 


for our choice of normalization. 

The contributions to the p; due to the interacting 
electron-photon state p,;®, are obtained as follows. 
From Eqs. (2) and (3), it follows that 


pi”? ~(0|¥ | ev)(ev| ¥]0). (8) 


Therefore, we need to calculate the matrix element 
L=(ey||0) in order to find the p;®. To do this we 
use dispersion relation techniques. We introduce six 
form factors, F;(£), in connection with Z in such a way 
that 


t= (™) apenolter—t-a 


pow 
+F,(t)ikp-e+Fs()ikk- e+Filf)k-e 
+F5(é)2p-e+Feo(t)ie-yk-p}, (9) 
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where p and & are the electron and photon momenta, 
respectively, and 


E= (p+k)?. (10) 


Note that (ey||0) is not gauge invariant, hence the 
presence of F’; in Eq. (9). 
In the next section we shall demonstrate that the F; 
obey dispersion relations of the type 
1 ¢” ImF,;(—?%’) 
rape! f° yy 
o &€+&—t1 


(11) 


T 


It is necessary to assume that the F; satisfy unsub- 
tracted dispersion relations. In fact, we shall show that 
our F; do so. 


IV. CALCULATION OF THE FORM FACTORS F, 


In the first part of this section we use the reduction 
formula of Lehmann, Symanzik, and Zimmermann‘ to 
obtain an integral representation of Im(ey|¥|0). Upon 
combining the definition of the F; in Eq. (9), the 
integral representation of Im(ey|~!0), and the disper- 
sion relations for the F;, we obtain a set of coupled 
integral equations for the F;. We solve the integral 
equations for the F;(£) of particular interest. 


A. Integral Representation for L 


Using the reduction formula of Lehmann, Symanzik, 
and Zimmermann, we write the matrix element L, 


i 
L=-— fae eke, (e| TA, (x)¥|0), (12) 
(2w)4 


where we employ the convention that an omitted 
argument means the function is to be evaluated at the 
zero of its argument, and T denotes the time-ordered 
product of A,(x) and y. With the use of the equal-time 
commutation relations 


[A K (x),W Jeo ay da [A rm (x),W Jeo -0=0, 


and Eq. (12), we obtain L: 


(13) 


t 


L= (a)i fas e~**¢,(e| TJ, (x)p|0), 


(14) 


where J,(x) is the electromagnetic current, 
J, (x)= —OA,(x). (15) 
A convenient form of the T product is 
TA, (x)¥=[A,(x),v ]0(x) + A,(x), 
where @{x) is the unit step function, 


6(x) =3[1+ €(a0)']. (17) 


The term ¥J,(x) does not contribute to the integral in 
Eq. (14). Thus we can write Z as the Fourier transform 


(16) 
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of a retarded commutator, 


1 
fa e~*r ee} [J y(x),W J0(x)/0). (18) 


(2w)! 
B. Proof of the Dispersion Relations for F; 


We now show that ZL, or, more precisely, the Fj, 
satisfy dispersion relations. This is most easily seen 
by choosing a coordinate system in which the electron 
is at rest. Because |k| =w we may write L 


1 


L=- fo exp[iw(xo—n-x) | 
(2w)3 


Xe,e| (Ju(x),9]|O)0(x), (19) 
where 


n=k/w. 


(20) 
By virtue of the assumption of microscopic causality,* 
[J u(x),yJ=0, 


for spacelike x, (i.e., in our metric, for 2°>0), and we 
are concerned with times such that |x| >mn-x, and 
because 2» is restricted to positive values by the @(x), 
we see that L(w) defines a function which is analytic 
in the upper half of the complex w plane. We can 
therefore write a dispersion relation for Z, or better, 
for the functions F;, as follows: 


1 c® ImF;(—m?—2mw’) 
J 4 1 
T @ ~—-@-—te 


L 


(21) 


F (—m?—2mw) = 


(p+k)? 


This may be written in terms of the invariant é 


3% ImF ;(— ¢’)dé’ 
a, 
T t’+t—i¢ 


—x $ 


as 


F(t) = 


3) 


in order that this integral exist, it is sufficient that 
ImF;(—#’)=O[(#’)-*], «>0, as |é’] > &. If the 
functions F; were such that this integral did not exist, 
we might have to write a subtracted dispersion relation. 
Clearly, however, when calculating the renormalization 
constants of the electron, we cannot claim knowledge 
of these functions at any point. It is therefore crucial 
that our functions satisfy the unsubtracted dispersion 
relations of Eq. (23). In fact, the F; which we eventually 
calculate do satisfy the convergence requirements 
demanded of them by Eq. (23). 


C. Consequences of the Conserved Current 


We shall now invoke current conservation, that is, 
0,./,4.=0, in order to show that not all the F; are inde- 


8 For a discussion of the principle of microscopic causality, see 
references 1, 2, and also N. N. Bogoliubov and D. V. Shirkov, 
Introduction to the Theory of Quantized Fields (Interscience 
Publishers, New York, 1959), p. 198 ff. 
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pendent. Consider the following integral /: 


I= f as e~'*76(x) 0, fe [J ul 


Evidently J=0 by current conservation. Integrating / 
by parts, we find 


: — f axe [Ju(x),0]]00,(e-*0(2)), 


where a vanishing surface term of the form 


x),W]{/0). (24) 


(25) 


e~*#9(x)(e| [J .(x),0)!0)! avr (26) 


has been omitted. B(VT) is the boundary of space- 
time.® 
It follows from Eq. (25) that 


by f ax e~**29(x)(e| [J (x), 0 


— fas e—"**5(xo)(e [J4(x),p }{0). (27) 


From the equal time commutation relation 


[Ja(x),p ]x0 0 


and Eq. (27), we find 


— rey (x)6°(x), 


it, fav e~**29(x)(e| [J (x), ]|0) = —eti(p)(m/ po). (29) 


Comparing (29) with (18) and (9), and upon replacing 
€, by &, in (18), we obtain 


and 


These are exact results; they do not depend on 
perturbation theory. In view of what is proved below, 
Eq. (30) has a special significance, which we shall 
discuss in the concluding section. 

We now proceed to calculate ImZ approximately, 
in order that we may determine the ImF;. Having 
obtained the ImF;, we shall calculate F; with the aid 
of Eq. (23). 


D. Contribution to ImZ Due to the Pole Term 


Expanding the commutator in Eq. (18), we write 


for L 


1 
L= fa ere {(e| J, (x)p|0 
(2w)! . 
— e| PJ u(x) |0)}0(x). 


® At this point we note that the Lehmann, Zimmermann, and 
Symanzik formalism consistently employs the wave packet 
notion to ensure the vanishing of similar surface terms. We 
follow their methods, and though we write exp (ikx) in expressions 
like (26), it should be understood that a wave packet is meant. 


(32) 
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Introducing a sum over a complete set of intermediate 
positive-energy states, we obtain 

i - 
fave re, Vel J,| nn] P| 0 
; 


(Ju)? 
ae 


—(elpin (n| J u(x) |0)}A(x). 


(33) 


ng translational invariance we are able to rewrite 
) as follows: 


fo othe, 2 tel J, 


—(e|p|n)(n| J, | O)em'?9*40(x). 


Using Eq. (17) in Eq. (34) and the time reversal 
invariance of the theory, it can be shown" that 


nyXn W| Oe 


(34) 


(27) 


ImL= 
) 


2(2w 


4 
X exle| S| n)Xn| 9 | OB(R+P— Pr), 
ji n 


where we have explicitly used the assumption that the 
intermediate states have positive energy. 

In the following we shall consider only the contri- 
butions to the sum in Eq. (35) corresponding to the 
single-electron state |e 
ey). 
Consider the contribution to ImZ due to the single- 


e), ImL”, 


(2m)! dp’ 
> «f 
2(2w 4 spin (2r)* 


X(e| Ju\e’)(e"| P| O)6*(p+k— p’) 
éy >, (e| Ju{e’Xe’| P| 0)8(pot+w— po’), 


—_ 


and the electron-photon scat- 
tering state 


electron state 


T 


(Jw)? spin 


with the condition 
, j 
p=pt+k. 
We now make use of the usual representation" 
el J, e’ a 
m> \3 : 
— } a(p)[g.(@ vu 
Popo’ 


p.—p,’, and 


BP )Yn| g2=0= CY us 


+ g2(q)iowg, ju(p’), (38) 


where q, 
£2(q?)toy.r| gto= 0. (39) 
By virtue of the 6 function in Eq. (36), we need know 
only the g;(0). Using Eqs. (38) and (39) in Eq. (36), 
we find for ImL" 


m 


4 
[mL =—er( : ) ie,(p)Yu 
2wpo 
m—ip’ 
x( : )eo’—pr—«). (40) 
) 


, 


~PU 


10 For the details of this proof see the author’s doctoral thesis, 
Johns Hopkins University (unpublished). 
11 G. Salzman, Phys. Rev. 99, 973 (1953). 
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It follows from Eqs. (40) and (9) that the pole term 
contributions to the F’; are 


ImF*\'? (£) = ImF 4 (£) = ImF 5" (£) = — ewb (E+m?*), (41) 


and 


ImF, = ImF;" = ImF,"” =0. (42) 
lhese expressions, when used in connection with the 
dispersion relation Eq. (23), reproduce lowest order 


perturbation theory. 


E. Contribution to ImZ Due to the Interacting 
Electron-Photon State 


We now consider the contribution to Eq. (35) due 
to the | ey) intermediate state, Im’. With the use of 
the reduction formula it can be shown that 


i dp’ dR! 
ImL > i ff (ey e’y’ 
2 spin pol (27) 


where (ey|e’y’) is the Compton scattering amplitude. 
Note, however, that k- «+0 and k’-e’+0. In order to 
proceed we this scattering 
amplitude. 


(e’y’|W!0), (43) 


need information about 
For lack of anything better, we shall use the first 

Born approximation for the Compton scattering ampli- 

tude. Using usual perturbation theory” we find that 


te? (2)! i(p+k)—m 
“ , 
UN p)) €°Y iii 


2(popo' ww’)? { —2 


ik 


i(p’—k)—m 


ey} u(p’)d'(p+k—p’—k’), (44) 


>! 


2K 
where 


p-k=—p'-k’, (45) 


and 


~p'-k=—p-k’. 


Writing the quantity (e’y’|y/0) in terms of form 
factors F;, as before, in Eq. (9) and using Eq. (44) in 
Eq. (43), we obtain for ImL“ 


e m ; . - 
7 = ffeven” 
4(2n)*X 2pm) avin vo pula 


i(p+k)—m 
e:y+te-y— 
— 2k 2k 


(46) 


ImL — 


- =——°F 


i(p'—k)—m 


xX | apfer 


Xi(p’)u(p’) [ReF rio ureu'k,’ + ReF vik’ p’- 
+ReF3ik’k’- e’+-ReF 4k’: e’+ReF52p'- 

¥’) ; 
12 J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 


(Addison-Wesley Publishing Company, Reading, Massachusetts, 


1955). 


+ReF sie’: yk’: p’ |5*(p+k—p’— (47) 
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Recall that we intend to use the final ImF; in the 
dispersion relations Eq. (23) in order to calculate the 
F; themselves. With these new F; we shall calculate the 
self-energy. Since perturbation theory gives correct 
results in quantum electrodynamics for processes taking 
place at low energies, our calculated F; must agree 
with the results of perturbation theory for small |]. 
Of greatest importance to us, however, is the high- 
energy behavior of the F;. We hope that the FP; which 
we calculate will vanish more rapidly as —§— ~, 
than do the results of perturbation theory, for it is 
only in this case that we can hope to get finite renormal- 
ization constants. 

The integrals in Eq. (47) may be evaluated in a 
straightforward way in the barycentric system of the 
ley) state (p=0). The results of the integration are 
too lengthy to reproduce completely here and thus we 
shall simply state their salient features in the following. 


F. Application of the Dispersion Relations 


Adding the ImF,;® to the contribution due to the 
pole term ImF;", we find in our approximation that 
the F; satisfy the following equations. 


F;() = fi(é) 


1 7° s 
tof | She) Rery(—e) / ees fe, 
Tm? jt 
(48) 
where the /;(£) are given as follows: 
(49) 


fi= fa= fo= —e/(E+m’), 


fam: fare fa=(), 


2 3 


(50) 


and the #;;(—£) are known functions. 
We now summarize a few important properties of 
the h;;. The most significant property is that 


his(é)=0 (51) 
for all i. Especially note that /44,=0 and therefore, 
according to Eq. (48) 


e 
F,(t)=— —— 
+m? 


1 ft ae 
+ “f > Ms; ReF,(—¢) / (e+e ie ae, (52) 
us m? j=l 


where the right-hand side of Eq. (52) does not depend 
on an integral over ReFy. That is, Eq. (52) is mot an 
integral equation for Fy. It would seem that the right- 
hand side of (52) does depend on ReF, through ReF), 
ReF», etc. However, the fact that 4;4=0 for all i makes 
certain that this is not the case. These facts follow as 
a direct consequence of Eq. (47) when the sum over 
the polarization of e’ has been completed. 
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On the other hand, consider F;. We obtain from 
Eq. (48) the following integral equation for F; 


6 
¥ inj(—#') Rer(—£) / (e-+8-io hee, 
?7=!1 / 
(53) 
where 4y4=0 and 4,40. 

There is also an integral equation for F5, if we desire 
to use it. Since we know F;(£) exactly [see Eq. (30) ], 
we do not need to solve the equation. Actually, we have 
a rare opportunity of seeing how good is the approxi- 
mation of retaining only two intermediate states in the 
sum in (35) by calculating ’; from the integral equation 
and comparing the result with the exact result Eq. (30). 
We shall return to this point later. 

We are primarily concerned with determining the 
high-energy behavior of the F;. In view of this and the 
fact that the integrals in the dispersion relations Eq. 
(23) get their major contribution when ¢’=—£ we 
retain only the leading terms in the hs; as —t/—> ~, 
In this way we obtain the following integral equation 
for F; 

e 1 ¢” (a/8r) ReF;(—é’) 
FuQ=- ——+- [| —__~"~wy, 
E+m rd 2 t’+t—ie 
(54) 


—§>m’. 


This is an integral equation of the Carleman type." 
Its solution is 


e m- arctan (a/3z 
F,(é)=— —— ( ) , 
E+m? \§+m? 


where a is the fine structure constant a= e2/4r. 

We now turn to Eq. (53), the integral equation for 
F,. We employ the exact result for F's in the right-hand 
side of (53). In this way we obtain the equation 


(55) 


é f [1—In(é’/m?) ] ReF(—?’) 
Sr? J,,2 t’/+t—ie 


| 


The solution of Eq. (56) in the limit of large | ¢| is 


| 


e m? 
Me)=— —_/ —) exp[tan“(a/8m)]. (57) 
sane E+m? \ +m? 


Pe F. G. Tricomi, Integral Equations (Interscience Publishers, 
New York, 1957), p. 185. Cf. also, R. Omnes, Nuovo cimento 8, 
316 (1958). 
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Thus, the pole term has been damped by the inclusion 
of the 

We now consider Eq. (52) for Fy. As was remarked 
before, this is not an integral equation. If we use our 
calculated F, and exact Fs on the right-hand side of 
(52), we can simply integrate to obtain the result that 


F,4(&) = —e/(E+m?*)+A (8), 


where A (€) is such that 


(58) 


lim | £|A(é)=0. 


| Era 


(59) 


We have omitted F, and F; from the integral on the 
right-hand side of Eq. (52). Including these terms does 
not change the result that Fs=O(£"). 

We summarize the results of the last part of this 
section as follows. We found that our dispersion theory 
approach gives a value for F;= —[e/(&+m?) |[m?/(é 
+m?) |*/8* which disagrees with the exact result 
—e/(t+m?). Also, the solution of the integral equation 
for F, approaches zero as |£| — , faster than the 
result of perturbation theory indicates. Finally, and 
most important, we saw that /y=O(E") for | €| >>m?. 

It is worth stressing that the result that Eq. (52) 
determining F, is not an integral equation does not 
depend on the high-energy limit argument we made in 
connection with the solution of Eq. (48) for Fs. Rather, 
it is a rigorous result of the complete system of equations 
(48) that Fs=O(E") 


as —§—> ©, 


V. CALCULATION OF THE RENORMALIZATION 
CONSTANTS 6m AND 2Z, 


In this section we determine the self-energy and 
wave-function renormalization constant for the electron 
in terms of the F;(é). 

Let us first observe that from Eqs. (1), (2), and (3) 
it follows that 


ém= af [ (m—x)p1 (x) + p2(x*) Jdx? 


-— ~ Trix Y = (0| | n){n| P| 0) 


i ies (61) 


Pre 


From Eqs. (5) and (6) we see that the single-electron 
state |e) contributes nothing to the sums in Eq. (61). 

In the following we neglect F, and F; relative to F,, 
F,4, and F;. That is, we do not consider the effect of 
the F, and F; on the self-energy. If we retained the 
terms involving these functions in the expression Eq. 
(61) for the self-energy, their contributions would be 
proportional to e* at least. The contributions to Eq. 


‘4 Bogoliubov has obtained a similar expression for electron 
Green’s function in the low-energy limit using the Bloch-Nordsieck 
model. Bogoliubov and Shirkov, reference 8. 
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(60) from F;, F4, and F;, on the other hand, are pro- 
portional to e’. 


From the definitions of the F;, Eq. (9), we see that 


r L (OlPlerXer| ¥!0) 


ptk=« 


! pith 
— f [ —wer 
(27)® pow 


+F*F, 


2mp-k 


2mp-k— |!Fs|24mi}5(p+-k—«), (62) 


_ Mm P a'pa’h 
“ix 40 ever F10) =~ — SSIS 
"x K? (2n)8 


X{—|Fi|*4(p-k)?—4 Re(FiF;5*) (k- p)? 
+4 Re(F4F5*) p-k(p-k—m?) 

— | Fs|*4m?(k- p—m?)}54(p+k—x). (63) 
Upon performing the integrations in Eqs. (62) and (63) 
and combining the results with Eq. (61), we find for 
the self-energy 


m 
6m = Z,-—— fr | Fi(—a)|?(m?—a)* 
167° 


= Re[ Fi ( -a)F;* 
—Re[F,(—a)F;*(—a) ] 


(—a) |(m?—a)? 
(m?—a)* 
da 
22m? (m?— a)?}—. 
a 


F,(—a) (64) 


This equation, along with Eqs. (30), and (58), 
forms the basis of our quantitative discussion of the 


self-energy. 


(57), 


We now consider how the pole terms alone affect the 
self-energy if they are not damped as in (57). That is, 
we see now what our method of calculation gives when 
we go to the limit of no interaction in the |ey) state, 
which corresponds to the transition to lowest order 
perturbation theory. In this limit 

F\(—a)=F,4(—a)=F;(—a) 


—e/(m?—a), (65) 


and we find for the self-energy 


am f* £3 m? 
bm = Zo— -——  }da 
4a : \@ a 


acm | ” da 
Zr—\3f ae | 
dr | Jim? a 


Introducing a cutoff at the 
(a= M?), we write 


(66) 


(67) 
high momentum limit 


dm= Z2(am/2x){3 In(M/m)—}3}. (68) 
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To make a comparison with the lowest order pertur- 
bation theory, we should set Z,=1. Note that our 
answer differs by an additive constant from that which 
one obtains using perturbation theory in the usual way. 
The latter yields” 
5m = (am/2r){3 In(M/m)+}}. (69) 

The difference arises because of the way the cutoff has 
been inserted. We observe that the dominant (infinite) 
term is the same in the results of both our analysis and 
that of usual perturbation theory. 

Let us consider how the F; which we have calculated 
affect the self-energy when they are used in Eq. (64). 
According to (57) 


- da 
J, rhea <a, 
2 a 


m 


(70) 


Also, because of (30), 


® 


J. 


m 


da 
Re(F,F;*) (m?— a)>— <0, 
a 


According to Eq. (30) 


“ da 
f | Fs|2(m?—a)?—<o, 


9 
m?* a 


(72) 


However, since Fy=O(£") for large | &| 
Eq. (58), we see that 


sas da 
f Re(F,4F;*) (m?—a)}3— 


m* a* 


according to 


(73) 


diverges. 


Introducing a cutoff as before, we see that 


5m= (am/27) In(M/m)-+a finite constant. (74) 
Our calculation of the F; leads to a self-energy which 
is only slightly different from Eq. (68). 

In calculating the Z;~' we use Eq. (2) to find that 


m 169 sm’—k 
pr (x?) =— (= ) 
2 (2n)\ 22 J | 


9 


m*—K* ) 


m 
—Re(FiFs)( - . 


m?— x? m? +? 
— Re(FuPs")( nutans (= ~) 
2 2 


mix? | 
+|Paleme( ~ ) . 
2 /) 


Using Eqs. (57), (58), and (30) in (75), we obtain 


(75) 


DECELLES 


for Z,~ 


1 * da ; 
z'=14+— f —{ (a—m?)5| F,|* 
16n? J,,: a? 
+(a—m?)* Re(F\F'5*) — Re(F4F;*) (m?+a) (m?—a)? 
+ 2m?| Fs|?(m?—a)(m*+a)}. (76) 


Following the same 
bm, we find that 


procedure as in the discussion of 


a al 
In(M/m)— 


2r T 


Zz'=1- Ind+C, (77) 


where C is a finite constant having no special signifi- 
cance. As before, M is the high-momentum cutoff. The 
constant \ is a low-momentum cutoff, the use of which 
serves to avoid an infrared catastrophe. We wish to 
make the following observations about Eq. (77). The 
ultraviolet divergence in Eq. (77) is opposite in sign, 
but similar in origin to the ultraviolet divergence in 
the perturbation calculation of Z,-'. The infrared 
divergence is of exactly the same form in Eq. (77) as it 
is in perturbation theory. There is one significant 
difference, however. Since our calculation of Fs is 
exact, the statement that Z,~' contains an infrared 
divergence is also exact; it is independent of both 
perturbation theory and our specific approximations 
concerning the intermediate-state sum. 


VI. CONCLUSIONS 


We have shown that the use of the dispersion relation 
technique as applied to quantum electrodynamics does 
not eliminate the divergences which occur in the 
perturbation theory results for the electron self-energy 
and wave-function renormalization constant. In arriv- 
ing at this result, we have made use of two approxi- 
mations: (A) We retained only two terms in the sum 
over intermediate states in Eq. (35); (B) we used the 
first Born approximation for the matrix element 
(ey|e’y’). We shall now discuss these two approxi- 
mations. 

First of all, we retain only two intermediate states in 
Eq. (35), because we cannot calculate the matrix 
elements involving an n-particle state where n>2. 
However, we have the benefit of the experience in 
meson theory where similar approximations have led 
to reasonable agreement with data from low-energy 
experiments. Also, one might argue that m-particle 
intermediate states contribute to the amplitude terms 
of the order of e” when calculated in perturbation 
theory, and although the expansion in intermediate 
states is not an expansion in e, we should still make 
use of such information to give us the order of magni- 
tude of such contributions. These statements tend to 
make plausible the validity of approximation A, but 
they stand in need of support of a more rigorous 
nature. The remarks in the text about F;(£) are of such 
a nature. From Eqs. (30) and (55) we see that the 
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approximation A has led to an F;(&) in apparently 
good agreement with the exact Fs. On the other hand, 
the lowest order perturbation theory approximation 
reproduces Fs exactly. Yet one would rather not say 
that therefore perturbation theory is more accurate 
than dispersion theory plus approximation A. It is at 
least satisfying that approximation A does not lead to 
an answer in gross disagreement with the exact result. 
However, note that although the disagreement between 
Eqs. (30) and (55) is slight, it is precisely such a slight 
difference, which, if it occurred in the case of Fy, could 
have led to a finite result for both 6m and Z,-'. The 
main conclusion to be drawn from this may be that 
with the use of approximation A, the dispersion relation 
technique is unreliable in the calculation of high-energy 
effects. 
Within the framework of our approximations 


a/8r 
) for | &|>>m’. 


m 
F5(&) =_— 


= 
E+m \ &+m? 
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Yet it is an exact consequence of the gauge invariance 
of electrodynamics that Fs;=—e/(t+m?). Therefore, 
our method of choosing relevant intermediate states in 
Eq. (33) has destroyed this symmetry of the full theory. 
Unfortunately, we do not see what finite set of inter- 
mediate states would sufficient to maintain the 
gauge invariance of the theory in the approximation. 
If were optimistic about these difficulties we 
should note that the 6m is infinite because we have 
used approximation B. It is easy to convince oneself 
that a slight modification of the Compton scattering 
amplitude at high energies would be sufficient to 


be 


we 


produce an integral equation for /, and thus a possible 
damping of the pole term in Eq. (52) as -E— ~, 
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It is shown that the existence of the long-lived neutral K meson, and the absence of its decay into two 
pions, establishes that the gravitational masses of the K® and K° are equal to a few parts in 10-” of the K 
inertial mass. This is of interest since the K® is the antiparticle of the K®, and is not identical with the K°. 
The gravitational mass of such a nonidentical antiparticle has never been directly measured. 

Also, the K® has opposite strangeness to the K®. Thus the argument rules out any linear dependence of the 
gravitational mass on the strangeness quantum number, a point on which all previous experiments say 


nothing. 


These observations are in accord with, and serve as a confirmation of, the equivalence principle of Einstein. 


INCE the discovery of antinucleons, the interesting 
possibility that antimatter may have gravitational 
mass opposite in sign to its inertial mass has been 
widely discussed.!~* Although such a possibility would 
necessarily involve major modifications in present 
theoretical ideas,? it is generally regarded as something 
to be settled by experiment. 
Schiff has recently put forth considerable evidence 


* Much of this work was performed while the author was at the 
Lawrence Radiation Laboratory of the University of California, 
Berkeley, California. 

+ Supported in part by the U. S. Atomic Energy Commission 
and in part by the Research Committee of the University of 
Wisconsin with funds provided by the Wisconsin Alumni Research 
Foundation. 

1 P. Morrison and T. Gold, Essays on Gravity (Gravity Research 
Foundation, New Boston, New Hampshire, 1957), p. 45. 

2 P. Morrison, Am. J. Phys. 26, 358 (1958). 

*D. Matz and F. A. Kaempffer, Bull. Am. Phys. Sox 
(1959). 

*L. I. Schiff, Phys. Rev. Letters 1, 254 (1958); for a more 
complete account, see Proc. Nat. Acad. Sci. 45, 69 (1959). 
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against the antigravity idea, by showing that negative 
gravitational mass of the positrons in the virtual pairs 
of the Coulomb field of the nucleus would very likely 
(i.e., barring fortuitous cancellations) produce an 
observable effect in the Eétvés experiment.’ The 
argument is necessarily somewhat indirect, since the 
antiparticles are virtual rather than real. In any case, 
it is useful to extend the proof to other types of particles. 
We consider here the effect of gravity on the K,°, 
and show that it affords a direct measurement of the 
difference between the gravitational mass of a particular 
particle, the K°®, and the gravitational mass of its 
antiparticle, the K°. We conclude that this difference is 
zero, to an accuracy of a few K10-°M x. This is in 
disagreement with the antigravity hypothesis, and 
instead affords an extremely precise check, in a new 
context, of the equivalence principle of Einstein. 


~ §R. V. Eétvés, D. Pekar, and E. Fekete, Ann. Physik 68, 11 
(1922). 
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The K,° is a coherent linear combination of particle 
and antiparticle states.*° It therefore forms a sort of 
natural interferometer, for investigating the gravi- 
tational masses of the K® and R°. 

We begin by noting that the K,°, whether because of 
CP invariance or for other reasons, experimentally does 
not decay into the +++ mode characteristic of the 
K,°. For any other linear combination of K°® and K® 
there will be a K,° component and a finite rate for 
decay into two pions: the K,’ is just that linear combina- 
tion which cannot decay into two pions. 

Let us now consider the effect if the K.° were placed 
in a gravitational potential, ¢. The K® component of 
the K.° would have an increment +M®@/h added to its 
De Broglie frequency (where M is the inertial mass of 
the K); but the K® frequency would have —M®¢/h 
added to it, under the antigravity assumption. The K,° 
would therefore no longer be an eigenstate of the 
system, but would periodically turn into a K,°, the 
frequency of the mixing being w,=2M@/h. The system 
would still have two eigenstates, but both would now 
be capable of decaying into two pions; in fact, if the 
mixing frequency were large compared with 1/7; (where 
7; is the K,° mean lifetime), the long-lived neutral K 
meson would cease to exist as a particle; both eigen- 
states would be shortlived, because of the intrinsic 
strength of the two-pion decay interaction. (In this 
limit the largest terms in the decay matrix are the terms 
+M¢$/h, which are associated with K°, K®, respectively ; 
thus the decay matrix in the K°, K° representation is 
already “almost diagonal.” The eigenstates in this limit 
are, therefore, to good approximation, K® and K®. 
Both would decay into two pions at the same rate, by 
the CPT theorem; experimentally, this rate is very 
large.) 

The size of the effect is determined by the ratio of 
2M¢ toh/r;. The latter is about 7X 10~* ev. The former, 
if we take for ¢ the gravitational potential of the earth, 
is about 0.7 ev, five orders of magnitude larger.’ 

Therefore, under the antigravity assumption, the K,° 
would not exist as a particle, in disagreement with 
experiment. 

Since the hypothetical effect is so large, we had best 
inquire further whether the inclusion of the gravitational 
term is indeed necessary. For this purpose consider the 
following Gedanken experiment : imagine a K® produced 
at rest, at the surface of the earth; let us then wait 
several K,° mean lives, so that we have a K,°. Let us 
suppose further that the K,° is stable against decay 
into two pions. Now imagine the particle to be raised, 
by some external agency, a distance h/ above its original 
position, and then being brought to rest. Our device has 
then done work Mgh on the K®; and under the anti- 
gravity hypothesis, has had work Mgh done on it by 


6 M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 
7 We are accustomed to thinking of gravitational effects as 
weak. However, this is a coherent effect of all the particles in the 


Earth 
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the K°. The energies must now differ by 2Mgh; and if 
the K° and K° were at first degenerate, they would not 
be so after being raised. 

The inclusion of the gravitational term is seen to be 
quite inescapable. Further, the De Broglie oscillations, 
unobservable for most particles, are observable in the 
K°—K° system; for instance, the Fry-Sachs scheme for 
measuring the K,°—K,° mass difference involves just 
such an observation. 

From where, then, shall @ be measured? If the earth 
were the only body in the universe, K°® and K® would be 
degenerate at an infinite distance from the earth, since 
there the influence of the earth would vanish. Therefore 
the only sensible choice would be ¢=0 at infinity. 

This makes it clear that it is an absolute potential 
we are dealing with, in the sense that we cannot add an 
arbitrary constant to ¢. This is a concept foreign to 
physics. However, we cannot rule out antigravity on 
this ground alone. That absolute potentials never occur 
in electromagnetism, for example, is a part of gauge 
invariance. Now charge conservation follows from gauge 
invariance; In the K°—K® system with antigravity, 
“gravitational charge” (i.e., gravitational mass) would 
not be conserved. The transition K°=K°, brought about 
by the weak interactions, would violate it. The physical 
situation therefore could not be gauge-invariant, and an 
absolute potential could result. 

We must also consider the following objection: if 
we think of the gravitational energy Mg@ as being 
stored in gravitational fields, then Mgd¢eartn is stored 
over a region several earth radii in size. Since even the 
K;? lives less than 10~’ sec, there is insufficient time for 
this large region to communicate with the particle 
during its brief existence. Therefore a newly born K° 
(made by K®—> 24 — K°) would not yet know that it 
was supposed to oscillate at a different frequency from 
that of the K®, because the energy stored in the field at 
large distances would not yet have had time to change. 

It seems to us that the reply must be that if energy is 
to be conserved, then, when K® — 2x — R° occurs (in 
a theory with antigravity), a gravitational disturbance 
must originate at the particle, and spread out from it at 
the velocity of light. This disturbance must carry with 
it an amount of energy (M@x—Mxz)¢, which energy is 
then redistributed throughout the field as the solution 
approaches the static one we have discussed. Only in 
this way can the total energy remain independent of 
time, as it must be if energy is to be conserved. 

A moments reflection will show that similar things 
occur in simply moving a massive object on the surface 
of the earth; one can lift a weight from one height to 
another in say a few milliseconds (without radiating any 
appreciable fraction of the energy in gravitational 
waves) but this is a time short compared to the time 
required for a signal to propagate several earth radii. 
Therefore, in this familiar case, a similar energy- 
conserving, nonradiative, disturbance must propagate 





K:° AND 
outward from the moved object and die out as the field 
energy is redistributed by it. 

It is not our problem to see how a theory of anti- 
gravitation might contrive to satisfy the requirements 
of energy conservation and causality. We only say, if 
it does, then the K,° must behave in the way we have 
described. 

We conclude, then, that the existence of the K,° 
destroys the antigravity hypothesis, at least for K° 
mesons. 

This being the case, we ask, instead: to within what 
accuracy are the K® and K° gravitational masses equal, 
as shown by the experiments? 

We are thus concerned now with the case wn<1/71. 
In this limit, a straightforward calculation shows that 
the ratio of two pion decays, induced by w,, in the 
long-lived component, to the normal three-body decays, 
is 


ed’ T1T2 
1=—— (1) 
h?|1+-72Ar,)? 


where e¢ is the difference in the gravitational masses of 
the K®, K®, and A is the K,°—K,° mass difference 
frequency. Solving for e, we have 


nh | 1+2iAr,| 
$(r1i72)! 


Experimentally, »< 10~*. § 
For ¢, we may write 


o=¢-+o-+ ogtout C, (3) 


where the first four terms are the contributions of the 
earth, the sun, our galaxy, and the rest of the universe, 
respectively. C is a nonarbitrary constant, to be dis- 
cussed shortly. 

The terms ¢¢, ¢,, ¢, are defined to be zero at infinity, 
as discussed earlier for ¢,. The term ¢, we would like to 
define in the same way, but we are faced with the 
conceptual difficulty that we cannot “step outside the 
universe” to do so. Another way of saying this is that a 
single constant provided by a cosmological theory, 
might have to be added to ¢; this is why we have 
written the last term, C, into Eq. (3). 

Now we would not expect C to cancel out all the 
other terms, including ¢,; this would be a return to a 
geocentric universe. Likewise we would not expect it to 
cancel ¢,, or even ¢,; the sun and the galaxy are tiny 
local specks in the universe. But we cannot rule out 
that, in a future cosmology, C might cancel ¢,. This is 

§L. M. Lederman, 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN 
Scientific Information Service, Geneva, 1958), p. 275. 
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Taste I. K® gravitational potentials and the corresponding 
_" on the difference in gravitational mass between the K® and 
0 





Ke 
potential 
energy 


Body 


Earth 
Sun 
Galaxy 
Universe 


«/(M;, | 1+2iA7;|) 


0.4 ev <7X10-8 
6 ev <5xX107 

300 ev < 10-” 

5 to 500 Mev < 10-* to 10-6 











not at all an academic point, as may be seen from 
Table I, which displays the K gravitational potential 
energies, and the corresponding limits on ¢, as calcu- 
lated from Eqs. (2) and (3). It is seen that the succes- 
sively larger bodies produce successively larger effects. 
The writer feels that the limit set by the galaxy is the 
proper one to use, because of the cosmological un- 
certainty just referred to. We conclude, then, that the 
K® and K® have the same gravitational mass to within 
a few parts in 10-°M x (for A~1/7;). This is the result 
expected from the equivalence principle of Einstein, 
which asserts that gravitational mass and inertial mass 
are equal. 

Under this assumption, no absolute potential is 
needed. 

This result also rules out, within the stated accuracy, 
the possibility that the gravitational mass of all 
particles might have a term linear in the strangeness, 
i.e., 


M,=M;+i¢S, (4) 


where M,=gravitational mass, M,;=inertial mass.° 

Such a term would have escaped detection in the 
Eétvés experiment, since S=0 for the stable matter 
used in the experiment. Thus we can say that strange 
particles have a gravitational mass that is independent 
of the strangeness, to a few parts in 10~-" of the inertial 
mass. 

The arguments presented here have nothing to do 
with the interesting question of whether the weak 
interactions obey the equivalence principle; rather the 
weak interactions of the K® are here used only as a 
probe to observe whether the strong interactions, 
responsible for the greater part of the mass, obey the 
equivalence principle. 
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The magnitude of the total Compton cross section for arbitrary spin is calculated in lowest order by using 
the absorptive part of the forward scattering amplitude and the unitarity property of the S matrix. To find 
the general form (for any spin) of the forward amplitude a universal electromagnetic interaction, implying 
the value 2 for the gyromagnetic ratio, is postulated. The deduced cross section contains as special cases 
the known cross sections for spinless and Dirac particles. The average.of the cross section over all the possible 
polarization states of the particle is also performed. In the high-energy region the cross section never in 
creases faster than linearly with the energy of the photon. If a development in powers of the photon energy 
is made, the first and second coefficients are found to be spin independent. The coefficient of the square of the 
energy is proportional to the square of the modulus of the spin vector. 


i. INTRODUCTION 


T should certainly be interesting to be able to see 
how some electromagnetic properties of the ele- 
mentary particles vary with the spin. Unfortunately, 
the complications and the unrenormalizability of the 
Fierz-Pauli theory,' even after the achievement of some 
simplifications,’ act as a deterrent against any general 
calculation and, apart from the static limit, very few 
results have so far been obtained for spin greater than 3. 
We will here abandon altogether the above-mentioned 
theory. Instead, we will try a more naive approach. 
The link between the particle and the electromagnetic 
field must be provided by a tensor capable of describing 
the four-current interaction and the magnetic moment 
interaction. The most natural tensor with that property 
appears to be the transformation matrix 7,,%° defined 
by 
yal = } Tp? a" by 


where WV? is the wave function and a’ are the coefli- 
cients of an infinitesimal Lorentz transformation: 
xe’ =a’, 
We have® 
T yx= Suet 21S y0, (1) 


where g,, is the metric tensor and s,, is the spin matrix. 
Using 7,, the Klein-Gordon equation can be written 


(Tp*p’ +m?) ¥ = (p?-+ mm?) =0. 


Now, the well-known gauge-invariant substitution 
yields 
[7 y»(p"—eA*)(p’—eA")+m? W=0, 


1.e., 


(p+-m)v= Wy, (2) 
I=T,,(ep*A’+eA"p’—e?A*A"), (3) 


1M. Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 
(1939). 

2 W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941); P. A. 
Moldauer and K. M. Case, Phys. Rev. 102, 279 (1956); C. 
Fronsdal, Suppl. Nuovo cimento 9, 416 (1958). 

3 E. M. Corson, /ntroduction to Tensors, Spinors, and Relativistic 
Wave Equations (Blackie and Son Limited, London and Glasgow, 
1953), Chap. 1. 


This interaction has been investigated with some 
detail elsewhere‘ and is the one we intend to use in the 
present paper. The number 2 appearing in (1) as a 
coefficient of the spin matrix turns out to be the 
gyromagnetic factor.® This should be compared with the 
value given by the Fierz-Pauli theory which is the 
inverse of the spin.® 

The usual perturbation treatment of the equation of 
motion can be carried out, but we will need only the 
part of the theory that is related to the determination of 
the forward amplitude. For this reason we think it 
better to introduce as a postulate the part that is 
essential for the problem we have in hand. So, let us 
start with the following Aypothesis: The forward scat- 
tering amplitude for particles of arbitrary spin can be 
calculated by means of the Feynman techniques’ using the 
simple (universal) propagator (p?+-m*) and the uni- 
versal electromagnetic interaction (3). 

Of course, it is necessary to say something more in 
favor of the adoption of such an assumption. For this 
purpose let us point out that: (1) the procedure is evi- 
dently gauge invariant; (2) in the usual theory for 
spinless particles the postulate is true; (3) for spin 3 the 
results obtained with the use of the postulate are 
coincident with those obtained with the Dirac theory.*:* 

We think that these three points, together with the 
generality and simplicity of the procedure, justify the 
use of the postulate from a theoretical point of view. 


2. MATRIX ELEMENTS 
From the unitarity of the S matrix it follows’ that 
oa (w)= (42/w) Ima(w), (4) 


where a(w) is the forward scattering amplitude and w is 

4C. G. Bollini, Nuovo cimento 14, 560 (1959). 

5 Reference 4, Sec. 7. 

°C. Fronsdal, reference 2, Sec. 8. 

7R. P. Feynman, Phys. Rev. 76, 769 (1949). 

8 This will also be shown in Secs. 5 and 6 for the total cross 
section. 

® See, for instance, J. M. Jauch and F. Rohrlich, The Theory of 
Photons and Electrons (Addinson-Wesley Publishing Company, 
Inc., Reading, Massachusetts 1955), Appendix A7. 
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the energy of the photon. To calculate o(w) in the lowest 

order we shall have to calculate the forward amplitude 
in fourth order. [In second order a(w)=—e?/4arm 
= —a/m, whatever the spin. ] 

There are nine fourth order Feynman diagrams con- 
tributing to o(w). They are shown in Fig. 1. 

The rules for obtaining the forward amplitude from 
those diagrams are the following." One must write down 
a factor p,+),'+2is,.q’ for each single corner where 
py (p,') is the momentum of the incoming (outgoing) 
particle and g, the momentum of the outgoing photon. 
There is also a factor —2g,, for each double corner. 
Each internal particle line contributes with a factor 
(p?+m’)— and the internal photon line with the factor 
£u»/g°. One must integrate over the four components of 
the momentum of the virtual photon. There is a 
polarization vector e, for each external photon line. For 
the external incoming particle there is a polarization 
tensor or tensor-spinor #.'' The external outgoing par- 
ticle is represented by the conjugated entity @, au=1. 
Finally, there is an over-all constant coming from the 
perturbation expansion and the normalization of the 
wave functions and propagators. It is mro?/8x*, where ro 
is the classical particle radius. 


3. TECHNIQUES OF CALCULATION 


We will now describe the method of calculation we 
have used. The labor may be divided into several parts. 
As a first step, the complete integral corresponding to 
each diagram is written down according to the rules 
stated in Sec. 2. In the second step, all the denominators 
are combined into a single one by introducing the 
Feynman parameters. After that the denominator have 
the form («—i£)", where x is real and 7 is the infini- 
tesimal imaginary constant defining the Feynman path 
of integration. Because we are only interested in the 
absorptive part of the scattering amplitude we need only 
the imaginary part of (x—7&)~". For n=1, Im(a—7é) 
=765(x), so that, by taking the mth derivative, we obtain 


Im (a—7£)— "1 = (— 1) "6(™ (x) /nn!:. (5) 


After the use of (5), no denominator is left in the 
integrand. A change of variable may now be used to 


e 


reduce the argument of the 6‘" function to the form 
g’—y, where y is g-independent and q’=q,q*. The next 
step consists of the elimination of the odd powers of q,, 
the rotation of the path of integration so as to obtain an 


10 F, Rohrlich, Phys. Rev. 80, 666 (1950) ; S. S. Schweber, H. A. 
Bethe, and F. de Hoffmann, Mesons and Fields (Row, Peterson 
and Company, Evanston, Illinois, 1956), Vol. I, Sec. 19d. The 
rules given by these authors correspond to the spin zero case, but 
the addition of the spin term causes no difficulty. 

4 We are not going to write explicitly the indices of the polariza- 
tion representative « of the particle. For integer spin, u is a 
symmetric and traceless tensor of the sth rank, satisfying the 
Lorentz condition. For half-integer spin s=n+4, u is a symmetric 
and traceless tensor of the mth rank plus a first degree spinor 
(Rarita-Schwinger representation). In addition wu satisfies the 
Dirac equation and is perpendicular to y,. 


COMPTON CROSS SECTION 1 


OR ARBITRARY SPIN 315 
Euclidean metric, and the introduction of spherical 
coordinates... As a result of the last operation the 
integration f‘d‘g is transformed into mf Add, A=q?.” 
The integral over the virtual momentum has the form 


L 


f F(A)6"" (A—y) dd. (6) 


Introducing the Heaviside function @(A), (6) may be 
written 


va 


f O(A)F(A)E™ (A— yd, 


x 


and the A integration can easily be performed. 
f O(A)F(A)K™ (A—y)dd 
—oO 
d” 
(—1)” LO(A)F(A)})  . (8) 
dy" 


=y 


The final step, consisting of the remaining integration 
over the Feynman parameters, can be carried out with- 
out difficulties if due care is taken of the presence of 
©(y) and its derivatives in the integrand. 

In Appendix I we will give as an example the calcula- 
tion of the contribution of diagrams II’ and II” of 
Fig. 1. 


4. RESULTS OF THE CALCULATION 


The following gauge and notation has been used: 
e-k=0, €-p=0, FP =0, pP=—m’, p-k 
=—m, y=w/m, p=(1+2y)", A\=—(Inp)/2y, Ky, 
=Syk’/w, Ke=K-e, Pu=Syp’/m, P.=P-e, S=(e-s) 
- (S-€)=€,5""S,,€°, @= 27’. ois the partial contribution 
of the jth diagram of Fig. 1 to the total cross section. 


€,<4=e-e=1, 


VI 
> 
j=I 


oc’, 


o'=2ap, 


oll=2ayp (PP K.+K.P.+2yK2)u 











e . 
. 

*eeeee® *eee* * . 

**eeeee” 


Fic. 1. Fourth order Feynman diagrams with nonzero con- 
tribution to the absorptive part of the forward scattering 
amplitude. 


12 Reference 9, Appendix A5-2. 
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allt = (a/y)(—1+yp+d)(1+4yaK Pu) 
+2a(p—))a(P-K.+K.P.)u, 
o!V=—a(1l+p)aK Zu 
+$ay*p*tK [Sus +4p(P+yK)* Ku, 
oY =2a[2+p—(1+y)dA aK 2u 
+ (a/3y)(1+29+p*—3A)a(2S—K-P—P-K)u 
+ (a/3y)(3—y+3p+yp?— OA)UK?(1+3y7K?)u 
+a(—1+yp+A)a(K SyrK 5” +5, .K 5""K.)u 
+a(3p—p?—2d)i(K.P,K-P*+P,K -P*K,)u 
+a(—1—2p—-yp?+3)a(K KK P* 
+K.P,K.K*+K,K-P*K.+P,KK"K.)u, 
oN! = (a/y*)[2+ (1+-7)ve— (2+3y)A] 
+ (a/37*)[3+-y*p— 3(1-+-)r }a(Sus*?— 2S)u 
+ (a/¥)[—3—p+47'e?+2(2+7)r ]aPru 
+ (a/y*)[S— (1—y)ve— 4? 
~ (5-+4y)\ (P-K+K-P)u 
+ (a/y*)[—S5+470(277p—5)+5(1+y)\ }aKrn 
+2a[1— (2+y)\wK 2u 
+2a[—1+ (1+7)A ]is,,.K 2s" 
+2a(1+p—2d)aP,K2P 
+2a[3+y*p—3(1+7)A JuKPrK eu 
+ 2a[—3-+-yp+(3+2y)d}a(P,KEK"+K,K 2P*)u. 


5. AVERAGE OVER THE SPIN STATES 


The formulas written down in Sec. 4 are not suitable 
for a general discussion because they are rather long and 
explicitly contain the state of polarization of the par- 
ticle. It is convenient to deduce the average of the cross 
section over all the possible spin states of the particle. 
It is easy to realize that all we need is the following two 
average values: 

Sa8,ur=Av[ GS apS prt |, (9) 
and 


Tap=Av[a(K SapK Sp’ +SapK eSp°Keu]. (10) 


They could be found by noting that wa may be re- 
placed by the projection operator appropriate to the 
spin of the particle. Unfortunately the general expres- 
sion for the projection operator’ is unsuitable for our 
purpose. It is here preferable to use only arguments of 
relativistic covariance. 

The tensor Sas.us=Syur,a8=—Ssa,y» Can only be 
formed out of products of the metric tensor g,, and the 
impulse vector p,. It must then be of the form 


Sa8,u9= A (Sau¥ B»— Lav¥ Bu) + (B/m*) 
X (LauP Prt 8 srPaPu— Sarl sPu— £auPaP»), (11) 
Tag is a second rank symmetric tensor that depends on 
Zaps, Pa and also ka. (The average values are ¢-inde- 
pendent.) 
Tap= Chaks/w’+D(paks +Raps)/mw 
+Epaps/m+Fgap. (12) 
18 R. E. Behrends and C. Fronsdal, Phys. Rev. 106, 345 (1957). 
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In Appendix II it is shown how to get the values of the 
spin-dependent constants of (11) and (12). The result is 
A=s(s+1)/3, B=(2s—n)/6, C=3B°+2B—3G, 
D=—2G, E=8G, F=6AB—C—2G, 
G= (1/15)[s*(s—1)*—n(s?—s+32) ], 
where »=0 for s=integer and n=} for s=half an odd 

integer. 

Using (11), (12), and the equality E= —4D, we ob- 
tain for the average of the total cross section over all the 
possible spin states of the particle 


o(s,y) = (a/y*)(1+p— 2d) 
<X[i+y+2y?(—A+B+C)—y'D] 
+4ay*p°[64+ (p—3)(B+C)+yD]. 
The first few particular cases are: 
o (0,7) = (@/7*) (1+) (1+p—2a), 
o(3,y)=0(0,7)—a(p+7p*—d), 
o(1,y)=0(0,y)+$a(1+p+ $7*p*— 22), 


o(3,v)=0 (0,7) 
+ (5/3)a[2+3p+-yp?+ (8/3)y*9?— 5d ]. 


(13) 


(14) 
(15) 
(16) 


(17) 
6. DISCUSSION 


The result given in formula (13) shows some expected 
features which are shared with the cross section of Sec. 
4. First of all, the limit as y — 0 gives the Thomson cross 
section whatever the spin: 


lime (sy) =o(s,0) = 4a/3 = 89r,?/3. 
7 


This is actually a consequence of the gauge invariance." 
Second, do(s,0)/dy is also spin independent, as it 
should be.!® Third, (14) is the usual cross section for 
spinless particles. Fourth, (15) is the known total 
Compton cross section for Dirac particles.!® (14) and 
(15) could also be obtained directly from the formulas of 
Sec. 4. (There is no need of an average for these two 
cases.) 

The behavior of (13) in the low-energy region is best 
expressed by a development of o(s,y)/o(0,y) in powers 
of y. We have 


o(s,y)/o(0,y) =1+4Ay?+higher order terms, 
i.e., 
a(syy)/o(O,y)=1+4s(s+1)y?+---, (18) 


and the coefficient of y? turns out to be proportional to 
the square of the modulus of the spin vector. 


4N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954). 

15 F, E. Low, Phys. Rev. 96, 1428 (1954); M. Gell-Mann and 
M. L. Goldberger, Phys. Rev. 96, 1433 (1954). I am indebted to 
Professor A. Salam for calling my attention to these papers. 

16 The known total Compton cross section for Dirac particles 
has been derived from the absorptive part of the forward scat- 
tering amplitude by L. M. Brown and R. P. Feynman, Phys. Rev. 
85, 231 (1952). 
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The behavior in the extreme relativistic region varies 
with the spin. ay s=0 the cross section decreases like 
1/y and for s=4 it decreases like Iny/y. For s=1 it 
asymptotically approaches the Thomson cross section 
and for s= 3 it approaches 2.5 times that value. For s= 2 
and greater, the cross section increases linearly with y. 
The leading term of (13) in the extreme relativistic 
region is 

o,(syy) = $aG(s)y, (19) 
G being the function of s given in Sec. 5. Although the 
coefficient of y in (19) is strongly spin dependent, in no 
case does the cross section increase faster than linearly. 
This should be contrasted with the behavior found by 
Mathews" using the Fierz-Pauli theory. He found that 
for s= $ the total cross section increases cubically with 
the energy of the photon. 
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APPENDIX I 


We shall calculate, as an example, the contribution of 
diagrams II’ and II” of Fig. 1 to the total scattering 
cross section. The gauge and notation are those of 
Sec. 4. 

Using the rules stated in Sec. 2, we obtain 


mre 
-( )(-2) 
8x 
(—e€-q—2ie-s-q)2ie-s-k 


x fag 5 —u, 
GL (pt+k—g)?+m? |L(p+k)?+m? ] 


at" =( 
8x 





(—2ie-s-k)(—e-q+2ie-s-q) 
¢ —u 
PL(p+k—g)?+m* ]L(p+k)?+m? | 





The total amplitude a!%!=a"!’+a"”’ is 


mr 
qgli= —— —af ag D“(e-s-ge-s:k+e-s:ke-s-g)u, 
2p-kr 


where D=@*[(p+k—g)?+m? ]. 
Combining the g-dependent denominators by means 
of the Feynman formula, 


1 


D“= f dx[_(q—xp— xk)*+-m?x? — 2mwx(1—x) +, 
0 


17 J. Mathews, Phys. Rev. 102, 270 (1956). 
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and using (5) to find the imaginary part of 1/D, 


1 
Im(1/D) = -rf dx '(z), 
0 


z= (q—xp—xk)*+ mx? — 2mwx(1—x), 
we can obtain the absorptive part of a": 


2 


To 1 
-—af dx 
2urr? 0 


x [ages geskbes-he-s-g0'G) 


Ima! = 


Multiplying by 42/w [see Eq. (4) ] and changing the 
variable of integration g— q+xp+xk, we find after 
elimination of the odd powers of ¢ 

2ro* 
gl = ay? 3 


Tu 


ou fa 5’ g?+-m?x? — 2mwx(1—<x)], 


where 


Q=W(e-s:-pe-s:k+e-s-hke-s:pt2e-s-ke-s-k)u 
= moti (P.K +K.Pe+2yK2)u. 
A further change of variable brings the integral into the 
form” 
1 
xdx 


a 
1-—_Q 
w Jo 
@ 


xf Add 81 A+m?2x?— 2mwx(1—x)], A=¢. 


0 


According to (6), (7), and (8), we have 


a P . 
t= “0 fade f \dd O(X) 
wr 9 —@ 


<8’ +m? — 2mwx(1—x)], 


ota +. “of xix|Deon)] 


dh =2mwx (1 —x) —m*x? 
a : 
ot=+4+—Q | xdx Of 2mwx(1—x)— mx? ]. 
9 
a” 0 


For the integrand to be different from zero, we must 
have 
x<2w(1—x)/m, x<2yp, 


so that 


a 2p a 
I1——Q f xdx=—Q(2y*p"), 
db de oo? 
o'! = Qayp*ai(P.K.+K.P.t+27K2)u, 


which is the result given in Sec. 4. 
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APPENDIX II 


The average values needed in Sec. 5 can both be 


determined from the tensor 


(A,1) 


Av[ tS aS urSrpSo rt |. 


This tensor may only be formed out of products of the 
metric tensor g,, and the impulse vector p,. A simpli- 
fication can be achieved by noting that an asymmetry 
between any pairs of indices (say a8 and Xp) can be 
reduced away by using the commutation relations 


[ Sas,s Ap J = 1( ba 1S 8p +5 BpSar— SapS BA— 56rSap)- 


In this way the tensor (A,1) is decomposed in two parts: 
one part which is a tensor completely symmetric in all 
pairs of indices (and of course antisymmetric in the 
components of each pair), and a second part which 
depends on the average of three spin matrices. The 
process can be continued and, when completed, we are 
left with a tensor having a known form but with several 
spin-dependent constants which remain to be deter- 
mined. Such is, for example, the case with the tensors 
given in (11) and (12). 

For the determination of the constants we must look 
for the invariants that may be used to characterize the 
irreducible representations'® D(k,/) of the Lorentz 
group. The quantities & and / are eigenvalues of the 
square of the modulus of the two vectors” 


K,= (t/4m) p*(6"5,”— 5.46." — €np””) Spr, 
L,= (i/4m) p*(6y"6,.”—6 "6" + €r."”) Sur, 


the eigenvalues of K,K* being k(k+1) and those of 
L,L* being /(/+1). For the symmetric and traceless 
tensors, k=/= 4s. For the Rarita-Schwinger representa- 
tion we have either k=/+3=45s+} or R=/—4=}5—-}. 
(k and / are not good quantum numbers in this case.) 
It is not difficult to see that 
a ¢ our 1 
K ,K°=$Syrs”’ + pect ?SySr0, 
v 1 
LL? = $5 pS" — Peet” SyrSrp, 


18 KE. M. Corson, reference 3, Chap. II, Sec. 17. 
19 Reference 3, p. 45. 
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Sus” =4(K,K°+L,L°), (A,2) 


#4 Ps .5,,=8(K,K°—L,L?). (A,3) 


In spite of the fact that & and / are not good quantum 
numbers for s=half an odd integer, the invariant s,,s*’ 
commutes with any component of the spin matrix and 
is a good quantum number. For integer spin 


. . | l ) 
Syos!”= 445 ($5 +1)+45(3s+1)], 


(A,4) 
and for half-integer spin 
Sys" =4[ (35+4) ($5+5/4)+ (4s— 


(A,4) and (A,5) are particular cases of 


where n»=0 for s=integer and n=} for s=half-integer. 

The left-hand side of (A,3) also commutes with any 
component of the spin matrix. That invariant is zero for 
integer spin and may have two equal and opposite 
eigenvalues for half-integer spin. The square of that 
invariant is then a good quantum number. 


(A,7) 


(e#”* Ps, 45,,)?=32(s+1)n. : 


me 
There are other numbers that are useful for the 
determination of the average (A,1). When all the in- 
volved indices are spatial, then 
$,j847=2s(s+1), 


(i, j=1, 2, 3). (A,8) 


Also, the average of any power of a component (say 512) 
can be determined by a mere counting: 


Av[ti(sy2)*u J=s(s+1)[3s(s+1)—1]/15. (A,9) 

(A,6) to (A,9) are enough for the determination of the 
spin-dependent constants of (A,1). The so-obtained 
values of the constants has been checked by a direct 
calculation using the actual form of the projection 
operators and the spin matrices for the cases s=} 
and s= 3. 


9° 
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The convergence of the Born series for rearrangement collisions is investigated in a potential model. 
For a certain class of potentials it is shown that the iterated series for the full two particle Green’s function, 
(k)’k»’|G(£) |kik2), in terms of either the free-particle Green’s function, the initial state Green’s function, 
or the final state Green’s function, diverges for some continuous range of the variables k,, ke, k;’, and ky’ 
independent of the energy, /, of the incident particle. It is suggested that the usual Born series, which 
is an integral over this Green’s function series, therefore, also diverges for rearrangement collisions inde 


pendent of the incident energy. 


I. INTRODUCTION 
( “NALCULATIONS on rearrangement collisions have 


been a subject for theoretical investigation since 
the early days of quantum mechanics. Among the more 
popular problems which have been treated in a non- 
relativistic potential formalism are exchange scattering 
of an electron by an atom,' charge transfer between H* 
and H,? and nuclear stripping reactions.* For the most 
part, calculations have been limited to evaluation of 
the first and second Born approximations. While exact 
formal expressions for the cross sections are well 
established,‘ to our knowledge the validity of the Born 
expansion for rearrangement collisions has never been 
investigated. The validity of the first Born approxi- 
mation in the low-energy region has been partially 
explained by several authors.® A natural question to 
ask is whether the Born expansion converges in the 
high-energy limit as does the Born series for the 
scattering of a particle by a potential.® In this note we 
address ourselves to the question of convergence of the 
Born expansion for the full Green’s function. We 
maintain that while the matrix elements calculated up 
to second order may well be part of a convergent 
scheme, the series expansion of the full Green’s function 
in terms of the free-particle Green’s function diverges; 
in fact, we shall prove that several of the more obvious 
iterative series for rearrangement collisions diverge. 
In a rearrangement collision a particle, for example 
a neutron in a (d,p) reaction, is exchanged between the 


* Supported in part by the U. S. Atomic Energy Commission. 

+ N.S. F. Predoctoral Fellow. 

t Harrison Special Fellow. 

‘For bibliography see H. W. S. Massey, 
Physics (Springer-verlag, Berlin, 1956), Vol. 36, p. 232. 

? Literature can be traced back from R. H. Bassel and E. 
Gerjuoy, Phys. Rev. 117, 749 (1960). 

3 Bibliography has been compiled in S. T. Butler and O. H. 
Hittmair, Nuclear Stripping Reaction (John Wiley & Sons, Inc., 
New York, 1957). 

4M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398 
(1953); B. A. Lippmann, Phys. Rev. 102, 264 (1956). 

5R. D. Amado, Phys. Rev. Letters 2, 399 (1959); D. H. 
Wilkinson, Phil. Mag. 3, 1185 (1958). 

*C. Zemach and A. Klein, Nuovo cimento 10, 1078 (1958); 
See also N. N. Khuri, Phys. Rev. 107, 1148 (1957); W. Kohn, 
Revs. Modern Phys. 26, 292 (1954); R. Jost and A. Pais, Phys. 
Rev. 82, 840 (1951); R. Blankenbecler, M. L. Goldberger, N. N. 
Khuri, and S. B. Treiman, Ann. Phys. 10, 64 (1960). 
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incident particle and the target. If we examine the Born 
expansion of the full Green’s function, (n’p’|G(£)| np), 
for this process we find that the convergence of the 
series is not necessarily determined by the incident 
energy /. The relevent energy involved in the Green’s 
function expansion is not E, but a variable we call F’, 
which is related to the magnitude of the momentum 
transfer to the exchanged particle. The problem of 
convergence of the Green’s function series for rearrange- 
ment collisions then reduces to considering the three 
dimensional Green’s function series for the scattering 
of the exchanged particle with incident energy E’ on 
the target (assumed to be a potential). The variable F’ 
is permitted to take on all possible negative values. It 
is proven in the text that if a bound state exists (as it 
must in a rearrangement collision) with energy —Eg 
the above series will diverge for —,> F’>0, and thus 
that the usual iterated series for the full two-particle 
Green’s function (n’p’|G(£)|np) diverges for some 
continuous range of the variables n’, p’, n, and p. The 
situation in rearrangement collisions, therefore, is quite 
different from the case of the usual three dimensional 
scattering of a particle by a potential, where if the 
incident energy E is made large enough, the Born 
expansion for the Green’s function (k’|G(£)|k), con- 
verges uniformly with respect to k and k’.® 

In the transition amplitude for the rearrangement 
process G(E’) is integrated over a range of energies EF’ 
including negative values of /’. More precisely, the 
Born series, T;;, for the transition amplitude may be 
considered as an integral over a set of subseries 7 ;;(E’), 
each subseries being obtained from the Born series for 
G(E’). We shall argue later in thre text that the diver- 
gence of Green’s function expansion in a continuous 
range of EF’ will, except for fortuitous cancellations, 
insure the divergence of the full Born series for T'y;. 

In Sec. II we shall prove that for the case of an 
attractive potential whose Fourier transform is always 
negative, the three natural iterative series, the one in 
terms of the free-particle Green’s function, the one in 
terms of the initial state Green’s function, and the one 
in terms of the final state Green’s function, all diverge. 
In Sec. III we discuss implications of our results in the 
formal theory of rearrangement collisions. In the Appen- 
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dix the case of a separable potential is treated exactly to 
illustrate mathematical assertions made in the text. 


II. PROOF 


Without loss of generality we investigate the case of 
two particles bound by a potential V; incident on a 
fixed center of force giving rise to a potential V,. The 
preceding picture may describe, for example, a deuteron 
incident on an infinitely heavy nucleus where V; is 
the neutron-proton potential, Vy; is the effective po- 
tential of the nucleus,’ and electromagnetic interactions 
have been switched off. As a further simplification let 
us suppose that V, acts on only one of the incident 
particles, for example, the neutron. The Hamiltonian 
for the system is 


H=T+V:i4+ Vy, (1) 


where 7 is the sum of the kinetic energies of the two 
particles. We may now define four Green’s functions; 
the total or full Green’s function G, the free-particle 
Green’s function Go, the initial state Green’s function 
G;, and the final state Green’s function G,;. They satisfy 
the following operator equations**: 


(T+ Vit V,;—E)G= ~ 1, 
(T—E)Go= —1, 


(T+V;,—E)G,= —1, (2) 
(T+V,—E)G,;=—1. 
They are inter-related by 


(a) G=Go+Go(V:i+V,)G, 
(b) G=G;+G.V 4G, (3) 
(c) G=G;+G,;V G. 
For future reference let us denote the quantity (T+V;) 
as the initial Hamiltonian H;, and (7+ V,) as the final 
Hamiltonian H,. In the integral formulation of the 
scattering problem a wave function is sought which 
satisfies one of the following equations: 
V,Y=¢46,V 9, 
=$:+GV ¢;, 
V,/H=9/,4+G,2V a, 
=$/+GV oy, 


(4) 


(5) 


where the superscripts (+) and (—) denote the out- 
going and incoming boundary conditions. ¢; and ¢, are 
solutions of the initial and final Hamiltonians, respec- 
tively, and 


Grebe Certealtug(|ty—ral), b= eito0(|t4|), (6) 
where kg and k, are the incident deuteron and final 


7 The nucleus is assumed to have infinite mass and the spins of 
the nucleons are ignored. 

8 The boundary conditions associated with these equations are 
well understood. See E. Gerjuoy, Ann. Phys. 5, 58 (1958); and 
E. Gerjuoy, Phys. Rev. 109, 1806 (1958). 

® We take units in which h=>2m=1. 
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proton momenta, respectively ; 


E=kaj?— Ea=kh,—E,; (7) 


ua is the internal deuteron wave function, and »v is the 
wave function of the neutron bound in the potential. 
The 7 matrix describing the transition i— f may be 
written” 


T i= (67, P ). (8) 


Substitution of Eqs. (3) and (4) in Eq. (8), and iteration 
according to Eq. (3a) defines the Born series: 


(6,,V¥i) = (6;,V ibs) + (67,V GoV o,) 
+ (o;,V Go(VitVs)Gobi)+--:. (9) 


We shall denote by R,; the difference of T;; and its 
first Born approximation 7,7 = (¢;,V i@,). 
R;si= (6;,V GV /9i). (10) 


Upon substituting complete sets of plane waves of 
neutrons and protons, we obtain 


R= > ¥ Cf Vi|mp)(mp| G!n’p’) (n’p’| V;! i). 


n,p n’,p’ 


(11) 


It is important to note that in a rearrangement 
collision, since ¢; and @, describe at least one particle 
in a bound state, neither of the matrix elements 
(f{|Vi|mp) nor (n’p’|V;|z) contains any delta func- 
tions on energy or momentum,” and thus the inter- 
mediate momenta n, p, n’, p’ can assume all possible 
values. We now consider the iterated series for the full 
Green’s function in Eq. (10): 


(np|G(£)|n’p’)= (22)*5(n—n’)d( p- p \GO (np; E) 
+G® (n,p; E)u(n—n’ ; p—p’)G (n,p; E) 

(2r)° 

XG (n”,p”; E)v(n"”—n’; p”— p’) 


an" ap” G(n,p; E)u(n—n”; p— p”) 


XG(n’,p’; E)+---, (12) 
1 


where 


G (n,p; E)= ~ 
E+in—-nv— ~° 


and 


n(kia)= fae, far, eil(k-tntq-rp) 


XLVi(/ta—te|)+V s(t] J. (14) 


In order to prove the divergence of the Born series, 
Eq. (12), it is sufficient to consider the following 
subseries I, of terms containing only the Fourier 


10 B. A. Lippmann (see reference 4). 
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transform of V;: 


T,;(n,n’; E—p*) 
1 
= V;(n—n’)+——— fan” V;(n—n”) 
(27)? 
XG (np; E)V;(n"—n’)+--- 


1 
= V;(n—n’)+——_ fan” V;(n—n”) 
(2x)? 


xXx—_— 
(E—p?+in)—n'” 


1 
+h fre vane 
(29)® 


1 
x niin 
(E— pP+in)—n’” 


1 
<——___—_—_V;(n 
(E—p?+in)—n!"” 


V;(n"”— n’) 


V (a — n’”’) 


au? 


(15) 


—n’)+--- 


Equation (15) may be interpreted as the formal 
expansion of the final state interaction operator, defined 
by 


(n,p|G,(E)|n'p’) 
= (27)*5(p— p’)[(2r)*5(n—n’)G (np; E) 
+G(n,p; ZE)J;(n,n’; E—p?)G (n’,p’; E)]. (16) 
The interaction operator J;(q,q’; Z) satisfies the 
integral equation 


1 
T;(4,q'; E)=V(q—/)+— - f aa"V(q-a) 
(27)* 


1 
x———_!,(q",q'; E). (17) 
E+in-—q'” 

We now proceed with the machinery set up in the 
last paragraph to prove divergence of Born series for a 
somewhat restricted class of potentials. We insist upon 
an attractive potential whose Fourier transform is 
always negative for all real values of momentum. This 
class, however, includes all the more common potentials 
such as the Gaussian, the exponential, the Yukawa, 
and the Hulthén potentials, and one would indeed be 
surprised if the result were not true in general for 
attractive potentials. The instructive case of a separable 
potential is treated in detail separately in the Appendix. 
We again emphasize that, in the final expressions for 
the transition amplitude, such as Eq. (11), p is inte- 
grated over all momentum space, and therefore the 
argument E—’ of J; in Eq, (15) can take on negative 
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and positive values." If we let 
V;(q)=—A,M (q), (18) 


and consider only those values of p for which o&&'= #—E 
>0, then the im in Eq. (15) is superfluous, and Eq. 
(15) can be rewritten in the form 


T;(q,q' ; —a*)=d,M (q—q’) 


Ay>0, M(q)20, 


df? 1 
+ - f ay” M(q—q")———M (q"-q’) 
(23)? q+ 


hf 1 
+ ae de faa" fac” M (q— q’’) oes —M (q"— q’’”’) 
(2x)6 g?+02 


1 
x ——M (q/"- q’)+ eee, 


(15') 
q+" 

This clearly is the Neumann series solution of the 
integral equation, Eq. (17). Note that each term on the 
right-hand side of Eq. (15’) is positive and its derivative 
with respect to a is negative. Thus J;(q,q’; —a?) is 
motonically increasing as a?>0 decreases. From the 
study of the three dimensional potential scattering 
problem it is well known that if a bound state exists 
with binding energy —£p, the series J, will converge 
for a sufficiently greater than Eg,” and diverge at Ex 
where the Green’s function has a pole. Thus the series 
must diverge at some a?= Fp such that Eo> Eg. Since 
each term in the series J; is positive and increasing as 
oe decreases, the series will certainly diverge for all 
values of a®< Eo, and thus J; is absolutely divergent 
for 0< ca? < Ep. 

It is true that we have proven divergence for a 
particular subset of the Green’s function series, and 
one might be tempted to argue that divergences may 
cancel if one considers the entire series. However, the 
iteration in terms of Gp is a double power series in the 
two potential strengths A,(V;) and A,(V;). Since the 
usual theorems about absolute convergence and rear- 
rangement of single power series are easily extended to 
double series," the absolute divergence of the series in 
a particular arrangement, namely, taking first the terms 
involving A; to the zero power, cannot in general be 
avoided by a rearrangement of the series. Thus the 
iteration series for the total Green’s function in terms 
of the free particle Green’s function diverges at least 
in a continuous range of p such that 0<p?’—E< Ep. 

Finally we prove that iteration in terms of either the 
initial state Green’s function or the final state Green’s 


11 - — p* is the variable E’ defined in Sec. I as a variable related 
to the magnitude of the momentum transfer to the exchanged 
particle. 

12 See references cited in footnote 6; it can be easily seen that 
the Fredholm determinant for Eq. (17) is identical with that 
appearing in the Green’s function. 

18 See, for example, E. T. Whittaker and G. N. Watson, Modern 
Analysis (Cambridge University Press, Cambridge, 1958), pp. 
26-32. 
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function also produces divergent results. Let us deal 
specifically with the expansion in terms of G;. The 
proof for the expansion in terms of G, follows mutatis 
mutandis. 

Consider the formal expansion for G in terms of G, 
and V;: 


G=G;+G,\V G;+GiV G\V Gi+--- (19) 


We may further write 


G;=Got+GoV Gi. (20) 


After substituting Eq. (20) in Eq. (19), we group the 
result as follows: 


G=F(V;)+Got+GoV ;Got+GoV GeV ,Got:-:-, (21) 


where F(V,;) contains an infinite number of terms, all 
of which are explicitly dependent on V;." We have 
proven above the divergence of G—F(V,) in a certain 
region of momentum space. Since the potentials V; and 
V, are independent, in general divergences in F(V;) 
cannot cancel the divergences in the remaining series 
of Eq. (21). Hence the divergence of Eq. (15) implies 
the divergence of Eq. (19). 


III. CONCLUSIONS 


We would like to be able to prove that the Born series 
for the transition amplitude diverges. However, even 
though the Green’s function series is a divergent sum 
of positive terms in a finite measure of the integration, 
this is not enough to insure the divergence of the 
transition amplitude which is an integral over this 
series. If in Eq. (11) the function (f|/V;{mp) and 
(n’p’| V,|7) can change sign in the integration interval 
then a cancellation is possible and one cannot conclude 
that the integral diverges. But for the class of potentials 
used in our proof, at least for the first S-wave bound 
state, the matrix elements (/|V;|mp) and (n’p’! V,| 7) 
never change sign. For these restrictive cases the 
cancellation cannot occur, and we would be surprised 
if it did in more general examples. A more difficult 
point concerns the interval of convergence of the 
Green’s function expansion. The series for G probably 
diverges in other integration ranges than those concen- 
trated on in the text (for example, for small positive 
values of E—p*), and divergent contributions from 
these ranges might be of opposite sign and cancel the 
divergences arising from E< ~?< Ex. This cancellation 
would, of course, depend delicately on the functions 
({|V;|mp) and (n’p’| V,|i) and seems highly unlikely 
to occur. Thus we believe that the Born series for the 
scattering amplitude in a rearrangement collision 
diverges, and we have pointed out the origins of this 
divergence, but a rigorous proof involves very difficult 
mathematical questions which we cannot as yet resolve. 


‘4 While this point is suspect, the authors strongly believe it to 
be valid. 
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APPENDIX: SEPARABLE POTENTIAL 
For a separable potential —Av(p)v(q), the Schrédinger 
equation in momentum space may be written 


(P*— ha) (Bhs) —A0(p) f da v(q)h(q,ko)=0, (A.1) 


where A(p,ko) is the wave function and &,? is the energy 
eigenvalue. If a bound state exists at energy ko?= — Eg, 
the solution of Eq. (A.1) becomes 


Av(p) 
pP+Es 


h(p,Ez) = faa v(q)h(q,Ez). (A.2) 


One can readily verify that the condition for the exist- 
ence of a bound state, (p,/xz), is 


v(q) 
rf do a 
Ep tg" 


and also that there exists only one such solution. 
The interaction operator of Eq. (15), for a separable 
potential, becomes 


T;=dv(p)v(q) 


+n/ ——~ 
L g—ke—in 


In terms of the ratio test, the condition for convergence 
is given by 


(A.5) 





Fic. 1. The shaded area represents that region in which the Born 
series converges in the complex & plane 
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Equation (A.3) insures the divergence of the series of 
Eq. (A.4) at the bound state energy Ez, while the series 
will diverge for —Eg<ko?<0O for the same reason as 
discussed in the text in Sec. II. (The potential must of 
course satisfy the same conditions.) In general it is 
extremely difficult to investigate the region of conver- 
gence of the above series in the complex k (=o+in) 








Fic. 2. The region of convergence of the Born series in ig. 1 maps 
into the above shaded region in the complex energy plane. 
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plane. However, if we choose v(q) as a Yukawa-like 
potential, 

v(q) 


(A.6) 


where yw is the range of the potential, all the integrals 
can be evaluated, and Eq. (A.5) can be written as 


1/(q’+u"), 


r g’dg 
0 (q°+u)(q?— ko? —ie) “ded 


Upon performing the integration, the above condition 
becomes 


(A.7) 


ki+ (n+u)?>2r/p. (A.8) 


For the particular potential under consideration the 
bound state energy is given by solving Eq. (A.3) and 
we obtain 


Ep=Pd/u—u. (A.9) 


From Eq. (A.8) the region of convergence in the k 
plane is seen to be the region outside the circle of 
radius R=7A/u surrounding the point k=—ip, as 
illustrated in Fig. (1). The region of convergence in 
the energy plane is shown in Fig. (2). It is interesting 
to note that the Born series diverges everywhere within 
a circle (in the k plane) of radius | k| =\/ £g surrounding 
the origin. 
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The general isotopic properties of bilinear currents which will 
lead to the |AS| <1 and | AJ| =$ rules for weak decay processes 
are examined. The latter rule is re-expressed in terms of an 
equivalent mathematical statement which permits one to obtain 
the usual predictions in a simple manner. In general, when the 
strangeness-conserving part of such a current is an isotopic vector, 
the strangeness-changing part can be a linear combination of 
I=4 and J=} currents. The existence of an J =} current could 
be established by experiments on the decays K — r+leptons, 
or on high-energy neutrino capture, »+N — u+2. Experiments 
on K,4 decays could test the bilinearity of the current. 

The assumption that the vector part of such a current, both 
strangeness changing and nonchanging, is quasi-conserved (i.e., 
neglecting certain mass differences) in the presence of the strong 


interactions fixes the specific form of the current and further 
implies symmetries for the strong couplings. The various trans- 
formations which leave invariant a Yukawa-type strong inter- 
action as well as their associated currents are found. A new possible 
symmetry group of the strong interactions is examined: a 14 
parameter group usually denoted as G2. In the presence of both 
x and K couplings, it is found that J=4 and 3 currents are quasi- 
conserved when the strong Lagrangian has a 7-dimensional 
rotational symmetry, while for the 7=} alone, the symmetry 
required is G2. In the presence of only z-baryon couplings, only 
I=} currents can be quasi-conserved. Certain predictions for the 
Ks; and K. modes of decay and for >- — n+e~+-» follow from 
the weak currents determined in this way. 





INTRODUCTION 


N recent years, it has become increasingly evident 

that there seems to exist some deep underlying 
connection between the strong interactions of ele- 
mentary particles and their weak decay interactions. 
This has been evidenced in weak decays by the apparent 
lack of renormalization of the vector part of the 8-decay 
interaction on the one hand, and on the other by the 
success of the |AJ| =} rule. It is the purpose of this 
paper to investigate, within the framework of con- 
ventional theory, these possible connections between 
the strong and weak interactions. 

To this end, the first section is an examination of the 
isotopic character of the currents which could give rise 
to weak decays. The |A/|=} rule is expressed in a 
mathematically equivalent way. In the framework of a 
current-current type Lagrangian which satisfies | AS| 
<1, and the |A/7|=}4 rule, the most general bilinear 
current is established. The strangeness-changing part 
is found to be a linear combination of an J=}4 and an 
7=% current. By introducing the leptons in a phe- 
nomenological way, it is possible to make certain 
experimental predictions on the K,3; and Ky,s decays. 
Further predictions, which depend essentially only 
upon charge independence of the strong interactions 
and a bilinear character of the current of strongly 
interacting particles, are made for the K.4 mode of 
decay. At this point, we discuss several features of an 


* National Science Foundation Postdoctoral Fellow. Present 
address: Physics Department, University of Pennsylvania, 
Philadelphia, Pennsylvania. 

t Work supported by the Office of Naval Research. Presently 
on leave from New York University to CERN, Geneva 23, 
Switzerland. 


hypothetical vector meson responsible for weak decay 
processes. 

In order to further specify these currents, the 
assumption is made that they should be quasi-con- 
served in the presence of strong interactions. In the 
second section, it is demonstrated how this requirement 
not only specifies the current but also a symmetry of 
the strong interactions. 

In the third section all the bilinear currents and 
associated symmetries are found which are allowed by 
a Yukawa-type strong-interaction Lagrangian in which 
both K and =z couplings are present and also in which 
only w couplings are present. In the former case, a new 
possible symmetry of the strong interactions is found 
which is a 14-parameter group, usually denoted by G2. 

The fourth section is devoted to the experimental 
predictions which these symmetries imply for processes 
involving only strong or strong and electromagnetic 
interactions. 

The experimental predictions for weak decay proc- 
esses arising from these quasi-conserved currents is 
then discussed in the fifth section. 


I. WEAK INTERACTIONS—ISOTOPIC 
SPIN CHARACTER 


Up to the present, there have been two general 
points of view with regard to the fundamental 
Lagrangian responsible for the interactions between 
elementary particles. An extreme version of one of 
these considers as basic the four-fermion interaction. 
From this point of view, the weak interaction between 
four fermions is of the basic form while the strong and 
electromagnetic interactions are viewed as, in some 
sense, being phenomenological descriptions of more 
fundamental four-fermion interactions, In comparison, 
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the other extreme point of view stresses the concept 
of an interaction between a current and a boson field. 
Here, the electromagnetic interaction is fundamental 
while the strong and weak interactions are, in some 
sense, phenomenological descriptions of the more basic 
current-boson type. Recently, with the experimental 
verification of the V-A coupling for the weak inter- 
action, it has become theoretically appealing to con- 
sider the basic weak coupling to be of the current-boson 
type and the four-fermion decay processes to be phe- 
nomenological descriptions of this more fundamental 
coupling. This analogy with electrodynamics, in fact, 
has even been extended to the point of considering 
this weak current to be conserved, leading in a natural 
fashion to the experimentally observed absence of 
renormalization for the vector part in 6 decay.!? In 
the present paper, we adopt the view that (i) the 
Lagrangian responsible for weak decays is of the curreni- 
boson or current-current type. 

It has been suggested that the weak-interaction 
Lagrangian is of the form 


L= (G/V2) 9,194, (1) 


where G is the weak-coupling constant given in reference 
1, and J, is a single charged current which transforms 
in space-time as a linear combination of a vector and 
an axial vector.! 

On the other hand, there appear to be two selection 
rules which are rather well satisfied experimentally, 
namely, to order G, (ii) |AS|<1 in all decays, and 
(iii) in decays involving only strongly interacting particles 
and in which strangeness changes by one unit, the isotopic 
spin obeys | AI| =}. As has been previously noted, in a 
current-current type interaction a single charged cur- 
rent cannot lead to a |A/|=} rule.* It would seem 
necessary, therefore, that this current be generalized 
in order that rules (ii) and (iii) might be satisfied. 

A rather natural generalization is to regard J, as 
having several charge components, J,‘ (where 7 
represents the various charge states). Thus, instead of 
Eq. (1), we have 


L= (G/v2) Di Jute. (2a) 


Of course, if the process occurs via an intermediate 
vector meson, W,“, the basic interaction would be® 


L= gD: #OW,O+H.c. (2b) 


By taking into account requirements (ii) and noting 
the existence of leptonic modes of decay, J,‘ may be 


1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 

2S. S. Gerstein and J. B. Zeldovich, Zhur. Eksp. i Teoret. Fiz. 
29, 698 (1955) [translation: Soviet Phys.—JETP 2, 576 (1956) ]. 

3S. B. Treiman, Nuovo cimento 15, 916 (1960). 

*T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960) 
and Phys. Rev. (to be published). 

5 The symbol for a particle denotes the operator which annihi- 
lates it. 
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OF STRONG INTERACTIONS 


written as 
J. =F ,OF1,© = j,+5,O+1,, (3) 


where the currents of the strongly interacting particles, 
ju and s,, carry zero and one unit of strangeness, 
respectively, and J, is the leptonic current. It is clear 
that, in order to satisfy (ii) for the terms >; s,“ts#®, 
the s,“ can contain only terms in which the change in 
strangeness is solely of one sign.® This statement 
replaces the rule AO=AS=-+1 for charged currents. 
By convention, we choose s,“ to have AS=1 (then 
s,‘t corresponds to AS=—1). If we restrict ourselves 
to the usual bilinear expressions, then the 7,“ trans- 
form, in general, as linear combinations of the com- 
ponents of isotopic scalars, j7,@, vectors, 7,4, and 
a symmetric second rank tensor, 7,°'”. Similarly, the 
s, transform as linear combinations of the com- 
ponents of isotopic spin 4, s,’™, and 3, s,4-™ tensors. 
The existence of j,“™ and s,“-™ is necessary in order 
to describe the process n — p+e~+ 3, and K+ > e++ 1, 
respectively. It follows that the components 7,°™ 
cannot exist in the present scheme because they, in 
conjunction with s,“-™, would give rise to terms with 
|AS|=1 and |A/| =3, in contradiction with (iii). The 
possible isoscalar contribution to j,, ie., 7,@, by 
the same token, can only exist if these s,4-™ currents 
are not present. 

The components of the total current, /,“, may now 
easily be written down. 


J =Bos,P, 
J 5 =pijy Days, 4 D+46)5,40), 

JF = poj 9 +025 44+ Bos, 97,0, 
TP = prj. + Bas, t-?, 


where the a;, 8;, and p;, and » are arbitrary real con- 
stants with the restriction 78;=0 and where the upper 
index on the J,“ is the value, AQ, of the charge carried 
by the current. By our convention, 7,“-Yt=— 7,4», 
Jui Ot= 7,99, 7,00t= 7,09, In order to further 
specify the relationship amongst the various a’s, 6’s, 
and p’s, we must invoke condition (iii), that is, the 
| AT| =} rule. 

Let us digress for a moment in order to express the 
| AJ| =} rule in an equivalent mathematical statement 
which will be useful for later discussions. The following 
theorem depends only upon the conservation of charge 
and baryon number, and upon the relation Q=J;+Y3 
=I;+}(N+58). It does not depend upon the hypothesis 
that the weak interaction involves a current. 

Theorem: The selection rule | AJ| =} is equivalent 
to the statements 


(I_,£_5)=0, (5a) 


a (1+,£0°!)=0, (Sb) 


*We adopt the convention that for the covariant (4,)), 
AS =Sa—So, AQ=Q.—Qp, AT3=Tya—T, etc. 
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where £,° is that part of the weak Lagrangian, L., 
which involves only the strongly interacting particles 
and for which AS= +1. The operators 7, are the usual 
isotopic spin raising and lowering operators. 

Proof: Because £8 must conserve charge and baryon 
number, the third component of isotopic spin of £,% 
is J3= —S/2=—4. If the selection rule | AJ| =} holds, 
£.* must transform as an isospinor with J;= —}, i.e., 
as (4, —4). Equation (5a) follows immediately because 
the operation (J_,£,%) decreases J; by one unit. The 
reciprocal is also true: if Eq. (5a) is satisfied, then the 
| AZ| =4 rule follows. In fact, if £.*% contained terms 
such as (3, —4), (3, —4), etc., Eq. (7a) would not be 
true. Equation (5b) follows, of course, from Eq. (5a). 
(Since the strong interactions are assumed to be charge 
independent, the effective matrix elements for a physical 
process must also transform as the component of an 
isotopic spinor, even after including the corrections 
induced by the strong interactions. ) 

As a matter of practical interest, one can very simply 
obtain the usual predictions of the |A/7|=}3 rule by 
judicious use of Eqs. (5a) and (5b) without explicit 
reference to the spurion method (for examples of the 
method, see Appendix). 

Now, let us note that £,°, constructed from the 
currents of Eq. (4) has the form (when n=0) 


LwS= (G/V2) Yj, 10 = jo]. (6) 


We now assume that £,% satisfies Eq. (5a), i.e., the 
| AJ|=4 rule. By remembering the well-known com- 
mutation relations for the lowering operators [we use 


1,=(h+il2)/v2] 

(_,Y¥o™)= (1/v2)[(j+m)(j—m+1)} Yo", (7) 
where the Y“:™ symbolize the various currents j,”, 
s,¢™, and s,“-™, it follows that 


(7. Le 8S) —()=— Ju [pol . J #0) — pg Je +4 7,4 | 
— jx" [pi (I,J * +1 )— poJ#O —d 7,00), (8) 


where d=4(p;?+ p;?—2p.*). Thus, the commutation 


rules for the J, are found to be 


pP3 c—d 
(I_,J,) =—J , +—_j,9; 
pe Pe 


p2 cre 
(TJ. J yt?) =—J, 0 + j,, (1.0) . 
Pl Pi 
(I_,J,)=0, 
where c is an arbitrary constant. By explicit use of Eq. 
(9), we are led to the following components for J, ”: 


J jt? =Bos, 4? , 


J G0 = 7,0 D+as,4 D485, » 
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Qa 
J, _ popu o) 4. —$,' }, 
p»v2 


1) — : 
J, P= P3Ju 
where we have set p;=1 and the condition 78=0 is 
understood.” 
If J,‘ is coupled to an intermediate vector meson, 
then since J,‘ is not, in general, Hermitian, it will be 


necessary that this meson field have the following 
modes : 

if a=B=0:W,, W,@t@=1, 

where 

W Ota 

W,©t(i=2, 1,0, —1 


if B=0,a0: W,,, 
if a0, 80: W,, 


(11) 


For arbitrary values of the constants in Eq. (10), it 
is clear that the strangeness-conserving contributions 
to >: J, tJ*© are not isotopic scalars. However, for 
certain choices of these parameters, it is possible to 
construct a Lagrangian in which | AJ|=0 or 4. There 
are two such sets of parameters. 


Case a: n=B=Bo=0, p2=1/V2, p3=0, 


Joos 


“ 


Ju - +as, 1D, 
J © = (1/vV2) 7,4 +as," 
Case 6: n=a=0, Bo=B, p2=V2, p3=V3, 


J, " =Ps,'?'”, 
JY = 7,°+8s, 


J ,@ =Vv2j, 1,0 +Bs, } 


J SM =V3 7, +-Bs,4 


As for the associated bosons, case (a) requires W,‘*! 
=—W,”, while case (b) imposes no further require- 
ments. Case (a) corresponds to the choice of currents 
and bosons made by Lee and Yang.‘ 

It should be noted that the differences in the experi- 
mental predictions between Eqs. (10) and (12), when 
8=0, for a current-current type theory arise only in 


weak scattering interacting 
particles, which, of course, are completely masked by 
the strong interactions. In a current-boson version, on 
the other hand, the decays of the intermediate bosons 
will differ in the two cases. 

It is now necessary to consider the way in which the 
leptons are to be introduced into the theory. Since the 
usual charge space formalism seems inapplicable to 
leptons, there is no straightforward application of the 
requirements which prescribed /,‘° which will lead to 


processes of str yngly 


7 These currents, of course, have the proper Clebsch-Gordan 
coefficients for combining a spin 1 with a spin $ to give a spin 4 
and for a spin 1 with a 3 to also give a spin $. We use the usual 
phase convention of E. U. Condon and G. H. Shortley, Theory of 
Atomic Spectra (Cambridge University Press, New York, 1953). 
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a leptonic current. That is not to say that such a 
method does not exist, but rather that the possibilities 
have not yet been fully investigated. We would, there- 
fore, prefer to consider the complete answer to this 
question to be beyond the scope of the present work. 
Rather, we shall introduce the leptonic currents in a 
phenomenological manner. Experimentally, it is rather 
well established that no neutral or doubly charged 
leptonic currents exist. We shall, therefore, introduce 
only the following °: 

(14) 


be +) = Hyyp(1+ys)e + fity,(1—v5)r2. 


We have assumed the lepton current to have a sym- 
metry between the uw and e, and we have introduced 
twin neutrinos in order to avoid the difficulty of 
u—e+y.® This leptonic current will now be added to 
J,% and its Hermitian conjugate to J,”, with 
arbitrary constants, in order to form the complete weak 
interaction current J,‘” 


GP =I; 
q 0) — (0) 
Su = J 


D = J AD+ el, ; 


Wan €ol y' +1 1. 


(15) 


The fact that €,;#0, is necessary in order to describe 
leptonic decays with AO=AS, such as K+— e++ 7, 
A® — p+e-+ in, etc. However, there is very little 
information about the existence or absence of leptonic 
decays with AQ=—AS, such as 2+—n+et+n, 
K® + r++e-+ ix, etc. These decays can occur only if 
Be.~0. Thus, if these processes are found in nature, 
the 7=} currents must exist. On the other hand, their 
absence would not necessarily imply that the J=3 
currents do not exist. 

Let us now consider further experimental results 
which might be used to fix the remaining constants. 
Okubo e al. have considered the relations among the 
various K,; modes of decay which occur when the 
strongly interacting current transforms as a spinor. 
We shall proceed in a similar way for the more general 
case, 

In order to make the predictions more definite, we 
will restrict ourselves to the case ¢,=0. This assumption 
can be tested independently by searching for the 
processes with AO=—AS, or by comparing the total 
rates for K,;°— w*+leptons and K,°— x*++leptons 
(if ¢g=0, these two rates should be equal, regardless of 
the existence or absence of J=} and J= currents). 


8 We use the notation yo! = 2, a 
® G. Feinberg, Phys. Rev. 110, 142 aséey; J. Schwinger, Ann. 
Phys. 2, 407 (1957). 

10, Eisler, R. Plano, A. Prodell, N. Samios, M. Schwartz, 
J. Steinberger, M. Conversi, P. Franzini, I. Mannelli, R. Stangelo, 
and V. Silvestrini, Nevis Cyclotron Report No. 67 (unpublished). 

uF, S. Crawford, M. Cresti, M. L. Good, G. R. Kalbfleisch, 
M. L. Stevenson, and H. K. Ticho, Phys. Rev. Letters 1, 377 
(1958). 

2 P, Nordin, J. Orear, L. Reed, A. H. Rosenfeld, F. T. Solmitz, 
H. D. Taft, and R. D. Tripp, Phys. Rev. Letters 1, 380 (1958). 

18S, Okubo, R. E. Marshak, E. C. G. Sudarshan, W. B. Teutsch, 
and S. Weinberg, Phys. Rev. 112, 665 (1958). 
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1 S€ €= 1e matrix eleme or K' 7 
In the case 0 the tr lement for K®°— 
+++ be, is, by virtue of our current, 


M (K° — 2-+p++ b2)=0, 
while 
M (K+ — w°+-p+-+- de) 


= (G/V2)(x°| as, Pt+Bs,\%- Yt! K+)aiyy, (1-5) te, 


and 
M (K® — w-+yt+ 52) 


= (G/V2)(9-|as,%4 Dt| Katy, (1-5) tye. 


1 3 
+ Bsy P 


But the 
relations: 


isotopic character implies the following 


(| 5s,4-Dt| K+) = (1/v2) (x 


(| 5,4) t| K+) = —V2 (9 


Dt] Ke) - 
5,4. Dt| Ko 


It, therefore, follows that the transition rates 


related as 


are 
R(KY > wt +pt+v)=R(K2Y > wt +y*+7) 
= R(K® > 2+ put+ i) 
=7R(Kt+ — w°+pt+ de), 
where ¥ is a parameter which takes on the value 2 for a 
pure J=} current and the value 3 for a pure J=3 
For arbitrary mixtures of J=4 and 3, the value 


(16) 


current. 
of y cannot be predicted without further specifying the 
structure of the currents. The same relations will hold 
for K,3. It should be noted that any deviation of y from 
2 is an indication that there exists an J=% current as 
well as an J=4 current. As stated before, the vector 
and/or the axial vector part of the 7=4 current must 
exist to explain A — p+e-+ iy, as well as K+ — pt-+ do, 
etc. On the other hand, this is one of the few crucial 
experiments for determining whether, in addition, there 
is also an J=%$ current. By using the experimental 
lifetimes and branching ratios for the At, it is found 
that the total rate for A.” into one z and leptons is 


R(K.° —> r++ leptons) 
(13.4+1.4) x 10° sec 


= (3.4+0.4) X 10® sec" 


‘for pure7=3 (17a) 


for pure 7=3. (17b) 


It should be noted that Eq. (17b) is valid only in the 
particular case of ¢,=0, while Eq. (17a) is completely 
unambiguous. For a mixture of =} and 3, as before, 
no definite prediction can be made. Thus, any deviation, 


in any direction, from the pure =} prediction implies 
the presence of an /=} current. The experimental 
result of Crawford ef al.'4 is (20.4_5.6+7?) 108 sec—. It 
would be very desirable to improve the accuracy in 
these various experiments in order to determine whether 
the J= 3 current actually exists. 

Another possible experiment for determining the 
existence of an J=§ current is to examine the high 


4 F_S. Crawford, M. Cresti, R. L. Douglass, M. L. Kalbfleisch, 
and M. L. Stevenson, Phys. Rev. Letters 2, 361 (1959). 
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energy neutrino capture suggested in 


reference 4, namely, . 


experiment 


votn— pt 
vot p- > + °, 


2 ; 


(18) 


For pure /=} and J/=} currents, these cross sections 


are in the ratio 2 to 1 and 1 to 2, respectively. 

It is interesting to notice that the general structure 
of the weak-interaction Lagrangian discussed above, 
Eqs. (2a) and (10), leads to some very general experi- 
mental predictions which are independent of the 
existence or absence of the J=3 currents. In fact, if 
we assume that the currents of the strongly interacting 
particles involve only expressions bilinear in the fields 
and that the strong interactions are charge independent, 
it is clear that 


4,014, 4 +)))=0, 
(7_,(U_,J 4 t))=0. 


(19a) 
(19b) 


These follow simply from the fact that a bilinear 
combination of particles whose charge |Q| <1 cannot 
be formed into a current with J>2. 

Let us now consider processes of the type K+ — *° 
+r-°+yt+i. and K®°—2°+n-+yt+i.. Assuming 
that the leptons interact locally, the matrix element 
for the processes are of the form 


(xm| J) ry Kt tiyyn(1 —Y¥5)Uye. 


Now, from Eq. (19b) we readily obtain the relation 


2((1/V2) (9°x-+2-9) | J) +1 t| K®) 
+-V2((1/V2) (ta-teanat) | Jt K+) 
—2( x9 | Jy 41! K+) =0. 


If we further assume ¢,.=0 and the validity of time 
reversal invariance, we can relate the (K+t),.4 and 
(K2°).4 processes. When the relative motion of the two 
pions is predominantly in states. of even angular mo- 
mentum, we obtain 


2M ,°‘+M, (20) 


where M,*, M,*, and M;° stand for the matrix elements 
of Ki r®+n-+yut+ i. (or Ky 2°+2-+ut+ by), 
Kt+ — wt+a-+ut+ io, and K+ — 9°+2°+yu+-+ io, re- 
spectively, when the 7’s are in even relative angular 
momentum states. This in turn implies the triangular 
inequalities 


‘—v2M;°=0, 


2Ri3<V2Rs4+Re4, 


where R,*, R2*, and R;° are the three decay rates corre- 
sponding to M,*, M2*, and M;°. If the J=3 current 
were not present, we could use 


(7_,J¢t)=0 (22) 


(21) 


instead of Eq. (19). In this particular case, we would 
obtain M,*=0, M2*=v2M;;°, which implies 


R,*=0; R2*=2R;°. (23) 
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The predictions (21) and (23) hold also, of course, for 
decays involving e* instead of u*, provided the pions 
are predominantly in states of even relative angular 
momentum. 

It is also possible to verify Eqs. (19) by means of 
neutrino capture experiments of the type %,+N— 
e++2+-. One obtains an equality between the matrix 
elements of five different processes involving the various 
a, X, and nucleon charge states. 

The above results are independent of the possible 
existence of any intermediate Let us now 
examine those results which follow from the existence 
of such particles. Lee and Yang have recently discussed 
the implications of the “‘schizon”’ which is associated 
with an isotopic spin 4 strangeness-changing current 
[see Eqs. (11) and (12) ]. In their scheme, the “schizon” 
character arises since such a boson is simultaneously a 
member of a quartet of bosons (two doublets, similar 
to the K-particles) and a member of a triplet. In the 
general case a, 80, it is not possible to make both the 
interactions >°; j,°W*® and > );5,°°W*® isotopic 
scalars by assigning a dual or character to 


bosons. 


“schizon” 
the W*“. For this reason, it is not possible, in general, 
to make simple predictions for the decays of the W 
particles. On the other hand, if a=0, one can adopt the 
scheme of Eqs. (11) and (13), which gives rise, in a 
manner similar to that of Eqs. (11) and (12), to a 
“schizon” character for the bosons. In this case, the 
meson is simultaneously a member of an octet (two 
quartets) and a triplet. 

Several other points concerning the 
mesons should be mentioned. First, if €» 
neutrino capture will produce W”’s but not WO?"s, 
The reason for this is that, in this case, the leptons are 
only coupled to one of the charged currents. However, 
if the W’s are produced by the scattering of strongly 
interacting particles, e.g., 

rtt+p—Wt+p 

then both W%” and Wt are produced. Finally, if 


there exists a doubly charged meson, then the following 
process is possible 


s*+2— Wtt+2° (24b) 


Since the leptons are not coupled to W‘*”, this would 
seem to be the best method of producing such a doubly 
charged component. 

The existence of the intermediate boson also has 
interesting effects on the various parameters which 
characterize muon decay, such as the mean life r, 
and the parameters p and & 

When the electromagnetic corrections are calculated 
on the basis of the universal four-fermion interaction, 
the theoretical value quoted for r, has been'® 


intermediate 
0, high-energy 


(24a) 


(or A). 


Ty.=2.31+0.05 usec. (25a) 
On the basis of a new determination of the end-point 


16 T. Kinoshita and A. Sirlin, Phys. Rev. 113, 1652 (1959). 
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energy of O", this value is '® 


T,.=2.30+0.03 psec. (25b) 


On the other hand, if the weak interactions are 
mediated by a boson of mass my, the direct decay 
mean life (i.e., uncorrected by the electromagnetic 
interactions) becomes!” 


7." =7,[1+3m,2/my?}". 


As is well known, the mass of such a boson must be 
larger than mx in order to avoid a rapid decay 
K — W+y. Taking into account Eqs. (25b) and (25c) 
and for a value of myw~1000m,, one obtains approxi- 
mately 


(25c) 


7, ~2.24+0.03 usec, (25d) 


which is to be compared with the experimental result,'® 


rox? = 2.21+0.005 usec. (25e) 


For such a value of my, the p and & parameters have 
the values 
p” =0.763; 


EV = 1.025, (25f) 


which are consistent with the present experimental 
results.'® 


Il. CONSERVED CURRENTS—IMPLICATIONS 

The previous considerations on the weak-interaction 
current has depended only upon general transformation 
properties in isotopic spin space. But aside from the 
striking experimental rules (ii) and (iii), there is another 
experimental fact which seems to indicate some deep 
underlying connection between the strong couplings of 
elementary particles and their weak decay interactions. 
This is the apparent lack of renormalization of the 
vector part of the 6-decay interaction.’ 

It is possible, entirely by analogy with electro- 
dynamics, to achieve this absence of renormalization 
by requiring that the current involved be conserved 
in the presence of the strong interactions. Although 
this may not be the only way of achieving such a result, 
it is currently the most appealing way, from a theo- 
retical point of view, and hence will be used as the basis 
for the following analysis. This conservation of current 
implies a definite connection between the strong and 
weak interactions—namely, the conservation implies a 
symmetry of the strong interactions, charge independ- 
ence, while at the same time it prescribes the exact 
current of strongly interacting particles for the non- 

‘6 Reported by R. P. Feynman at the Tenth Annual Rochester 
Conference on High-Energy Nuclear Physics, August, 1960 (to be 
published); R. K. Bardin, C. A. Barnes, W. A. Fowler, and P. A. 
Seeger (to be published). Without radiative corrections 7, = 2.251 
+0.012. In Eq. (25b), we have added the corrections of reference 
15 evaluated with the usual definition of universality, i.e., equality 
of bare coupling constants, and have added 1% to the estimated 
error to take into account uncertainties of the calculation. 

17T, D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957); A. 
Sirlin, Phys. Rev. 111, 337 (1958). 


18 R. J. Plano and A. Lecourtois, Bull. Am. Phys. Soc. 4, 82 
(1959). 
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strangeness-changing weak Lagrangian. It should, of 
course, be noted that, unlike electrodynamics, this 
current is not absolutely conserved; its conservation 
is broken by those interactions which violate charge 
independence, such as the electromagnetic field, and 
which, therefore, supposedly give rise to the various 
multiplet mass splittings.” 

Now, in order to introduce a weak interaction which 
is responsible for strangeness-changing decays, it seems 
entirely reasonable just to add to the current described 
above another current which carries a strangeness of 
one unit. Then, by analogy, if it is required that this 
new current also be conserved, there should exist some 
further symmetry of the strong interactions as well as 
a definite prescription for writing down this new current. 
Again, it should be noted that this current will not be 
absolutely conserved”; its conservation will be broken 
by those interactions which violate the symmetry 
between particles which differ in strangeness by one 
unit, such as by those which are responsible for the 
mass differences between, for example, the 2 and the 
nucleon or =, or the K and x. Such currents, which are 
conserved in the limit of neglecting certain mass 
differences, will be denoted as “‘quasi-conserved.” 

Let us briefly examine the form of the current which 
would be responsible for 8 decay and for possibly all 
other strangeness-conserving decays. In the case of 
neutron decay, one of the terms of this current must be 
py.n. It might easily be expected that other terms such 
as S+y,20, Zy,=-, r-d,°, 20,9, etc., might also be 
present, but as yet experimentally undetected, so that 
the proper current should be of the form 


Iu s Dyuntatty 29+ 52,2 +a A +* "5 


where a, b, c, --- are arbitrary constants which are yet 
to be specified. If this current were, in addition, as- 
sumed to have some specific transformation property 
in isotopic spin space, then certain relations among 
some of these constants would be implied, e.g., that of 
a vector would imply a= —d. Many unrelated and thus 
arbitrary constants, however, still would remain. One 
way of fixing these remaining constants, for example, 
might be to assume that the isolopic form of j, is the 
same as the isotopic vector which is coupled to the 
m-meson in the strong interactions of the Yukawa type 
(e.g., see references 3 and 13). This would imply that 
C=gzx/gnx, etc., where the g’s are the coupling con- 
stants for the strong interactions. This current, of 
course, would not be conserved in general and hence 
would give rise to renormalization effects. 

The assumption of a conserved current, on the other 
hand, fixes these constants in another way, namely 
a=—b=—v2, c=1, etc., which makes j, just that 
conserved current that invariance under isotopic spin 
transformations implies exists. In fact, this invariance 
actually implies the existence of three conserved cur- 


19 R. E. Behrends and A. Sirlin, Phys. Rev. Letters 4, 186 (1960). 
20S. Okubo, Nuovo cimento 13, 292 (1959). 
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rents, i,', z,’, i,°, or more simply the isotopic vector 
current i,'. Thus, the requirement of the conservation 
of a current, in addition to preventing renormalization 
of the charge, fixes, in a specific manner, the relative 
magnitudes of the various terms which appear in an 
arbitrary current. 

The strangeness-changing current can be analyzed 
in an analogous manner. We can easily convince our- 
selves that the form of such a current (which changes 
strangeness by one unit) is 


Sy= any, 2-+bpy,A+cEt+yyn+ddty=+--:. 


Now, in order to fix the various arbitrary constants, we 
will assume, by analogy with the strangeness-con- 
serving current i,, that s, is also a quasi-conserved 
current. This then implies a symmetry of the strong 
interactions higher than charge independence, i.e., the 
invariance of the Lagrangian under a transformation 
which changes strangeness by one unit. Since we do 
not know of the existence of such a symmetry, we must 
solve both problems at once. To this end, we will make 
the general analyses of the next section. 


Ill. SYMMETRIES AND CONSERVED CURRENTS 


The invariance of a Lagrangian under a transfor- 
mation implies the existence of a conserved vector 
current, and conversely, the existence of a conserved 
vector current implies the existence of a transformation 
which leaves the Lagrangian invariant. It is this latter 
statement which we will use as the basis for the fol- 
lowing analysis of the strong interactions. Namely, 
we will construct the most general vector current, 
impose the condition of its conservation, and thereby 
determine the symmetry of the Lagrangian as well as 
the specific form of the current. The Lagrangian which 
we will consider is the most general, charge-independent, 
Yukawa-type Lagrangian, 


Lint= gxenNoriiysNaitgrzZtiiys=m: 
. = . + == ‘ . 
fei 12 eZ€ijkeit¥sL jet gra(AO rad ami +2,OratAr,) 
+gswNrOsydiK+gs2=7,Orz>iKe 


+ganNOxwAK+gazzZ0azAKo, (26) 


where 


p K+ —K° 
v=( ( ), Ko~( _ ), 
n K® K+ 


| 
| : Y°= (A°—2°)/v2, 
4 r= (A++Kt)/v2, 
+ | K;= (K°+K°)/v2, 
70 | ‘ i= (x-+2+)/v2, 


2| 
} 





BEHRENDS 


AND A. SIRLIN 
and the Oa, are the space-time operators of the inter- 
actions (e.g., 1, iys). 

In the first part of this section, we shall base our 
analysis on the full Lagrangian, i.e., we shall assume 
that all the g;~0. The basic assumption of this approach 
is that the currents which appear in the weak inter- 
action are to be quasi-conserved in the presence of all 
strong interactions, both K and 7. On the other hand, 
in the second part, we shall assume that the K couplings 
are weaker than the 7 couplings and that the weak 
currents are quasi-conserved only in the presence of 
the stronger x-baryon interactions. This latter approach 
allows for the possibility that the A interactions have 
less symmetry than those of the pions and hence could 
give rise to the various mass splittings between the 
baryons. 

The general method is as follows. We construct the 
most general current of one charge by forming an 
arbitrary linear combination of all possible vector 
covariants which are bilinear in either baryons or 
mesons. We then demand that the divergence of such 
a current should vanish. With the help of the equations 
of motion derived from the Lagrangian above, we obtain 
a set of simultaneous algebraic equations involving the 
coefficients of the vector covariants of the arbitrary 
current, the various strong-coupling constants, g;, the 
masses, m; of the baryons and yu; of the bosons, and the 
various space-time interactions, ©;. As 
above, we assume first that all the g;#0 in order to 


mentioned 


solve this set of equations. The solutions give various 
relations amongst the coefficients of the currents, the 
Zi, m;, wi, and O;. With this knowledge, it is an easy 
matter to find the symmetries of the Lagrangian which 
gives rise to the determined current. In the second part, 
we proceed in exactly the same manner except that we 
simplify the Lagrangian by setting all the K-coupling 
constants equal to zero. 

Since the details of the calculation are too cumber- 
some to present, we shall list only the results obtained 
in the manner described above. In order to do this in a 
compact notation, it is convenient to introduce the 
seven-dimensional charge space which has been previ- 
ously discussed in the literature.”! Briefly, in this charge 
space, an eight-component spinor represents the baryons 
and a seven-dimensional vector, the bosons. Thus 


Z°= (A°+2°)/v2, 
K2= (A+—Kt*)/v2i, 
K,4= (K°— K°)/v2i, 


o> (x-— xt) /v2i. 


21 J. Tiomno, Nuovo cimento 6, 69 (1957); R. E. Behrends, Nuovo cimento 11, 424 (1959); D. C. Peaslee, Phys. Rev. 117, 873 


(1960) ; J. M. Sourian, Compt. rend. 250, 2807 (1960). 
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In this Euclidean space there are then a set of seven of these sets of rotations form a group, the identification 
Hermitian anticommuting 8X8 matrices, I';. The and the number of parameters will also be given. 
representation of these I’; associated with the spinors 


defined above are Results when all g;~0 


1Xoi23X01, T4a=1X1Xo2, 
I's,6,7> = 01,2, sx 1X3, 


(28) (1) No further conditions on g;. 


juv° =Ny N+Ey Z+E 72+ Ay A 
where the o; are the usual three Pauli 2 2 spin matrices. 
There are 21 independent rotations in this space under 
which the spinors transform as y/=e!i#é*iy [where S+y,2°) —iv2 (2-09 — 2° 0,0) 
=$(0;—IT;)] and the vectors as ¢;’=a,,;. For ae: = i? 
example, the three usual isotopic spin rotations are —i(K°d,K*+—K*0,K°), 
given as e}'7i*i where 


“ iLTer+3(Tia—T 23) J, T2 i[T 57— ‘atl 24) J, ‘ 


a Pg e or }+-2(Sty,2+—S-y,2-)—i2(4t 0,9 — 2 O,n*) 


$,°" Y= 


= a 
— Yum 


[ Prup— NY wn = im 
2 


In the following, we shall group the results by the —i(K+a,K+—K+d,K*)+4 i(K°0,K°— Kd, K") ], 
relations amongst the strong coupling constants which 
are required in order that the current be conserved. a 
We shall then explicitly list the conserved currents and . ‘ SL Pv ub ia 
also the specific rotations in the 7-dimensional space 7 _ 
under which this Lagrangian is invariant. Since each Li(Kta,K+—Kt+d,K+)4 i(K°0, K°— K°0, B®) ]. 


Lagrangian invariant under e®; exp[I'67+3((is—I'es) lan, expLI'sr—3(PistT2a) Jee, expLI'se+3(l'i2—T's4) Jas; 
expl3(Ti2+T's4)a], respectively (1-parameter baryon gauge group; S-parameter rotation group, R3, which is the 
isotopic spin group; 1 parameter rotation group, R2, which corresponds to hypercharge conservation). 

(11) gve=Zzr3 MENA=NKz=aA; MYNT=Mgzz; m=+1, n=+1, myn=mz; Ova= Oza, Onz= Ozx. 
Currents are 7,°, i,"°™, y,3, and 


v= 921 = ane (Py = +iiy =) —il K+a,RK°—Kd,R*) 


Lagrangian invariant” under (I) and exp[3(Tis+Te3)a; |, exp[4(Tes—T'13)a2 | (baryon gauge group plus 6-parame- 
ter rotation group, Ry, which is decomposable into two invariant subgroups of 3-parameter rotations, R3, which 
are the isotopic spin group and the hypercharge rotation group). 

(IIT) SAr=N28sr; QNA=NBNE; LEA=N3Kzr; N= “1, n=11, ma=my; Orar=175, OnNA= Ons, = ¢ 
Currents are 7, , 7,¢'™, and 


“Fe Dts (1/v2)[ns(Ay.=- Lt+y,A)—D%,> + Sty >°— iv2(Kt+a,K° ~ Kd, K+) ] 
— (1/V2)[ns(Ay,°+ S°y,A)+ 3-y,2-— S+y,2+—i(K+a,K+—K+d,K+)+i(K°d, K°— K°d, RK") J. 


an 


Lagrangian invariant under (I) and exp[4(T'es—Ty4)ax |, exp[3(listT asa], expl$(Uss—T12)a3] (baryon gauge 
group, 1-parameter hypercharge rotation group, Rs, plus 6-parameter rotation group, Ry, which is decomposable 
into two invariant subgroups of 3-parameter rotations, R3). 

(IV) gyx=Qze= —82e= —m8nz=—Nzz; KAr=MSna=—Mgzr; m=+1, m=+1; my=mz=mMs; UK=Hs; 
w= Ozz=7175; Oar= Oan=Oaz. 
Currents are 7,, i,4-™, y,*, and 


$42 =vV3[—mpy2-+1S+y,5-—i(Kt+d,0-— 2-9, K*) J, 
5y4-D = —9 (Ay, 2-—V2 py 2") —92(S+y 2 +-vISy 2) +iv2 (Kt+a ww—7d,K +) ~~ i(K°8,x-— 2-9 »R°), 
544-D =m (Py dt+V2 iy ZB) —2(S-y,E-—VISy =) + iv2 (RO 0 — 28, R°) +i (Rt0,0+— 2, R*), 


5.8) =V8[Em iy 2+ 25-72 +i (KO ,at —2+d,R)], 
plus Hermitian conjugate currents s,@-™', Lagrangian invariant under (I), (IL), and exp[I'47+3(les—T 1) Ia 
S xpLT 37+: 1(T itl 26) kee, expLT'27—3(T'se+T as) Jas, exp[T'i7+3 (T'ss—T's) jor, exp f(r 36—T ‘eat exp[3(T 
Iss evs |, ‘expt3(P +I ie)a7], exp[4(lis—Te6)as] (baryon gauge group plus 14-parameter exceptional group G2, 
which is not decomposable into invariant subgroups). 
2 ‘The vector y and @ of Eq. (27) correspond to the following choice of Pp yhases : 11 =2=n3= 1. To consider the more general case, it 
is simply sufficient to replace y in Eq. (27) by a y’ where N’=n,N, 2’ ==, A’ =nsA. 
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(V) gve=Ser= —820= —1Ar= —MNz= —Nzzs= —MNgva= —NMza; m= 1, m=+1, »=+1. 
(7-dimensional symmetry.) All baryon masses equal; all ©’s equal to iy5; ux=ur. 


Currents are j,, i,4-™, 7,4-™, y,!, sy™, 5, ™t, and 


a 


suD = (1/V3)[—3ninspry A —3nensAy, E+ (Prd? +V2iy2-) —2(S°y,Z- —V2Ety,=") 


—i2(K+d,x°—1°0,R*) —i2v2(K°0,e-— 2-8, R) J, 


5y4D = (1/V3)[—3ninsti'y,A+3nensAy &—m (fy 2° —V2 py 2+) — 12( 2-7 2 +v25-y,2-) 


+i2(R°0,0°—9°d,R°) — i2V2(R+d,x+—x+d,Rt)], 


slus Hermitian conjugate currents s,“!'?,. Lagrangian is invariant under baryon gauge group and 21-parameter 
jug “ 8 gauge gs 


rotation group, R:. 


It is important to observe that the quasi-conservation of the J=} currents requires the seven-dimensional 


rotation symmetry,” while the quasi-conservation of the J 


Results When K-Couplings Absent” 


(A) No further conditions on g;. Symmetry is identi- 
cal with symmetry (I) except that currents do not have 
K90,K type terms and there is the following additional 
symmetry: 


io = Sty S++5-7,5 + 3%, 59+ Ay, A. 


Lagrangian invariant under 2,/=e2,, A’=eA (one- 
parameter gauge group). 

(B) gvx=gzr, my=mz. Symmetry is identical with 
symmetry (II) except that currents do not have K0,K 
type terms. 

(C) grx=ngar, Ms=ma; Oxr=iys. Symmetry is 
identical with symmetry (III) except that currents do 
not have K0,K type terms. 

(D) gve=Zzr=Ngar, Mz=MnN=mMa, Oxr=iys. Cur- 
rents of (A), (C), and 


§, 90) =npy A+ pry’ +v2iy,2-, 
§,9:-) =nfiy,A— iy, 2°+Vv2py,=+ 
plus Hermitian currents §,{:™", 
(E) ger=gzr=ngir, Ms=mz=ma, Oxr=iys. Cur- 
rents of (A), (C), and 


4 


$4)’ = qhy E-— Dy +vl Sty 2”, 
§,0-D' = — gy 2 — 2%y 2 VIE 5 


plus Hermitian currents §,%-™’t. It is important to 
observe that in the present case (K-couplings switched 
off) the 7= 4% currents cannot be quasi-conserved. 


IV. STRONG INTERACTIONS—PREDICTIONS 


In the previous section we determined the various 
possible symmetries of the strong interactions. These 
symmetries, of course, have certain experimental con- 
sequences for those physical processes which proceed 
through just the strong couplings. In this section, we 
shall discuss these predictions. 

Of the symmetries when the AK couplings are absent, 
the most interesting is when all the constants are equal, 


% This fact has been emphasized by V. M. Shekhter, J. Exptl. 
Theoret. Phys. 36, 581 (1959) [translation: Soviet Phys.—JETP 
9, 403 (1959) } 


* Currents for this truncated case are denoted by carets. 


= 3 currents necessitates a lower symmetry, namely, G2. 


ie., global symmetry. This has been discussed ex- 
tensively in the literature.*® 

In the symmetry (I), the invariance under the baryon 
gauge group, the isotopic spin group and the one- 
parameter hypercharge group guarantees the con- 
servation of baryons, isotopic spin, and hypercharge, 
respectively. The experimental implications of these 
symmetries are well known and will not be discussed 
here. 

Symmetry (II), the hypercharge rotation group, has 
been discussed in detail by Feinberg and 
Behrends.2* There seems to be little experimental 
evidence either favoring or disagreeing with the pre- 
dictions of this symmetry. 

Symmetry (III), the ‘doublet approximation,” has 
been discussed by Pais and shown to be in disagreement 
with experiment.*’ 

Symmetry (IV), the exceptional group G2, which 
has not been discussed previously will form the basis 
of the present considerations. 

According to the theory of continuous groups, there 
are four general classes of simple groups with varying 
numbers of parameters (orthogonal, unitary, etc.). 
Aside from these there are five exceptional groups, 
each with a fixed number of parameters. The exceptional 
group with the smallest number of parameters, 14, has 
been designated by Cartan as G2.*5 It is a nondecom- 
posable subgroup of the 7-dimensional rotation group, 
R;, and is in fact the subgroup which we have desig- 
nated as symmetry (IV). 

However, rather than give a complete analysis of 
this group and its properties which bear on the strong 
interactions, we shall follow a more pedestrian approach 
in order to determine some of the predictions for 
physical processes. If it should turn out that this group 
is, in some way, a symmetry of the strong interactions, 
or a part thereof, then, of course, a complete analysis 
will have to be made. 

The group G2, as constituted in our symmetry (IV), 


25 For example, see M. Gell-Mann, Phys. Rev. 106, 1296 (1957); 
D. Amati and B. Vitale, Fortschr. Physik 7, 375 (1959). 

26 G. Feinberg and R. E. Behrends, Phys. Rev. 115, 745 (1959). 

27 A. Pais, Phys. Rev. 110, 574 (1958). 

28 E. Cartan, “Sur la structure des groups de transformations 
finis et continus”, These, Paris, 1894, II edition 1933. 
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TasLe I, linite-angle rotations of G2. The exponentials describe the rotations which take the first column into the corresponding 
column. The second column is the usual charge symmetry operation. The A is not transformed under G2. 


exp[+} (21's; exp[+}2 (2937 
—T13—T'as) ] 


+TistT 26) ] 
+n +->t 


=0 


ly] = > 
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F-z=- 
+p 
— > 
+=~ 
-rt 
— Ko 
ae 
Fx 
+Kt 
— 
+Rr 


44MIN 
e ' t 
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=. 


contains two subgroups (not invariant subgroups) 
which are the 3-parameter isotopic spin rotation group 
and the 3-parameter hypercharge rotation group. It 
should be noted that it does not contain the symmetry 
(III) which disagrees so definitely with experiment. It, 
therefore, cannot be dismissed, out of hand, as being 
incorrect. Physically, G2 is the group of all rotations 
in the seven-dimensional space which does not trans- 
form the A particle [the transformation of A into 2’s 
is physically the symmetry (III) ]. [It is easy to see 
physically that this set of rotations, symmetry (IV), 
forms a group: namely, each of these rotations mixes 
the remaining seven baryons among themselves, but 
does not mix any of the seven with a A. Therefore, any 
combination of rotations will always lead to a rotation 
which does not transform the A. ] 

In Table I we have listed the finite-angle rotations 
of G2 which will be useful in our analysis. The angle 
was chosen so that the rotation would take one particle 
into another rather than a linear combination of others. 

We now consider the four-point function for a scat- 


tering, say, r++p— t+ Pp, 
(TY p(x p(x2)bx*(x3)bx** (x4) ])0, (29) 


where 7 is the time-ordering operator and ( )») means 
the vacuum expectation value in the physical vacuum. 
This quantity is related by a simple linear integral 
transform to the matrix element operator. We will 
symbolize this quantity by (pat; prt). 

If U is the unitary operator which induces one of the 
rotations, then it will commute with the Hamiltonian 
when the various mass and coupling-constant relations 
necessary for invariance are satisfied [in this case the 
restrictions for the symmetry (IV) ], and hence it will 
leave the vacuum invariant. It thus follows, by using 
Table I, that the rotation exp[+39(2l's7—T'us—Toa) | 
changes the four-point function for r++ p— x++ in 
the following manner: 


(prt; pxt)=(U pat; prtU!) 


(30) 
=(nx-; n7-). 


exp[+ }a (2 


17 
; 7 
+1P'46—T'ss) J +135) J 


exp[+i37 (1s 


—T ee 


exp[+j7(Tis 


exp[+47(T4s 
+135) ] —T24) ] 
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+ K? 
7? 


+Ko 


This is the usual charge symmetry relation. Similarly, 
the rotation exp[+}2(I'}s—I"vs) ] leads to the following 
relations: 


(prt; prt)=(2 K+: > K+ 


)=(nr~ ; nw) 


=(nK+;nKt). (31) 


In this manner, it is possible to list the following re- 
lations among the various experimentally feasible 
processes : 


Q,= (prt; prt)=(n-; nx-)=(pK®; pK°) 
=(nK*+;nK*), 
l= (Z+Kt; prt)=(2-K°; nx) =(nK+; pK) 
=(pK°; nK*), 
Q3=(pr-; pr-)=(nxt ; nxt)= (pR°; pK) 
=(nK+; nK*), 
Q4= (ne; pr-)= — (pr; nxt) =(2t9; pR°) 
= —(2-9; nK*), 
Q5=(2°K°; px-)= —(2°Kt ; nat) = —(2%et ; pK) 
=(D%"-; nKt), 
Qe=(I°K+, pa) =(E+K®; nxt) =(E°K+; pR°) 
= —(=-K®; nK*), 
(pKt; pK*)=(nK°; nK®), 
3= (pK* : pK+)= (nR°; nK°), 
g= (itr ; pK+)=(z rt: nK®)= —(nR°; pK+) 
= —(pK*; nk°), 
-(Sta-; nK°)= (°K; pK+) 
= —(=-K+; nK°), 
= (2%; pRY)= (2%; nR), 
Qie=(AK®; px-)=(AK*; nxt+)= —(Ant; pK) 
= —(An-; nK*), 
Qis= (Ar; pA*+)= (An; nK°). 
Due to isotopic spin conservation, there exist certain 
relations among these four-point functions. These are 
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found, for example, by writing the 2°r+ and +tr°® in 
terms of isotopic spin 2 and spin 1 functions and then 
noting that pA° is a pure spin 1 function. In this 
manner the following relations may be found: 

Qie = —V2Q13; 


V20,+2;—2, == (): 


221, —-Qi9 -—Q9=0; 


V2N5+26—22=0. (33) 

In order to compare with experiment, it is necessary 
to first form the matrix elements from these operators 
and then their cross sections. The formation of the 
matrix elements involves taking these operators be- 
tween physical particle states. This implies that the 
matrix elements will depend explicitly on the masses 
of the incoming and outgoing particles, the functional 
form of which is unknown from the present con- 
siderations. Therefore, it would seem that a comparison 
of a set of reactions that are related by the above sym- 
metries but whose incoming or outgoing products do 
not have corresponding masses is possible only at 
energies which are sufficiently large so that the mass 
differences are negligible. 

At sufficiently high energies, the three-term relations 
in Eq. (33) can be used to form the usual triangular 
inequalities among the magnitudes of the various 
amplitudes. If we denote the amplitude for the process 
represented by the operator Q; by A ;, then the triangular 
inequalities are 
A(2A 11,4 10,A9)>0; A(V2A4,A3,A )>0; 

A(V2A;5,A6,A 2)> 0, (34) 
where A(a,b,c)>0 means |a|+]|6|—|c|>0, |a|—|d| 
+ !c|>0, and — la} + /b|/+/\c|>0. 

With the present experimental evidence at moderate 
energies, it seems difficult to establish whether any of 
these relations are valid or not. However, if an addi- 
tional assumption is made, it is possible to make an 
experimental test of the symmetry. Namely, if we 
assume that the electromagnetic field is introduced 
into the Lagrangian according to the principle of 
minimal electromagnetic coupling, we then note that 
the total Lagrangian, strong plus electromagnetic, is 
invariant under 
the rotation exp[+3(lis—Ts6) | 


and A,— -—A,, 
a be 


[+39 (20 s7+TistT 2s) | 
and 


the rotation 


A-~+ dp 


since the first rotation takes all charged particles into 
particles with the opposite charge and neutrals into 
neutrals, while the second rotation takes particles into 
other particles of the same charge. In the manner of 
reference 26, we now consider the three-point func- 
tions, say for the A, i.e., 


(TLV (%1)Wa(x2)A y(%3) ])o, (36) 
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which is related by a simple linear integral transform” 
to the e-m vertex operator for the A, symbolized by 
I',*. By applying the first transformation, we find that 
l'y“=—I'y4“=0. In a similar manner we obtain the 
results 1-5 of reference 26. However, in addition, we 
obtain the following results 


(37) 


Since these are the total electromagnetic vertex 
operators, it follows that both the magnetic moment 
and the charge distributions of the neutron are zero. 
Experimentally, the charge distribution of the neutron 
does indeed seem to be zero, but that of the magnetic 
moment is definitely not. However, two observations 
are important at this point: (a) This result depends 
essentially on the use of the principle of minimal 
electromagnetic coupling. It is conceivable that this 
principle might not be valid. For example, if the 
baryons had intrinsic anomalous magnetic moments 
(Pauli terms), then this principle would be violated, 
and by the same token, the results we just found would 
not be valid. (b) The effect of the K—-z mass difference 
on the predictions of the G2 symmetry is particularly 
important when evaluating quantities proportional 
to powers of the momentum transfer g, at small values 
of g’. In fact, a second order calculation using the G2 
symmetry and the principle of minimal electromagnetic 
coupling gives corrections proportional to (ux—p,)/m, 
where m is the baryon mass (the >—.V mass difference 
has been neglected in this calculation). Numerically, 
one obtains a result u,~ —1 nuclear magnetons. Such 
large corrections to the predictions as occur in this case 
would tend to make this a poor process for testing the 
G2 symmetry. 

These two observations that no definite 
conclusions with respect to the validity of G2 can be 
drawn from electromagnetic processes (at least at 
small momentum transfers) and that it might be 
preferable to test this symmetry by nonelectromagnetic 
phenomena. 

Other predictions follow from the transformation 
(35a), namely, (nx°; nA,)=—(nm0; nA,)=0, i.e., pho- 
toproduction of 7’s from neutrons is zero. Also, 
{AA ,; 2°)=—(AA,; 2°)=0, ie., the decay 2°—> A°+7 
is forbidden. Again, these disagree with experiment but 
are subject to the comments given above. 


suggest 


V. WEAK INTERACTIONS—PREDICTIONS 


In a previous section, we derived the vector currents 
which are quasi-conserved in the presence of the 
strong interactions when both the AK and 7 couplings 
are present and when only the z couplings are present. 
We now will make the following assumption: (iva) 
The vector part of the currents which appear in the weak 


* See, e.g., Y. Takahashi, Nuovo cimento 6, 371 (1957). 
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interaction are quasi-conserved in the presence of all strong 
interactions, both K and r, as expressed in the Lagrangian 
of Eq. (26); or (ivb) the vector part of the currents which 
appear in the weak interaction are quasi-conserved in the 
presence of only the strong x-baryon interactions of Eq. 
(26). These alternative assumptions will, of course, 
give rise to different experimental predictions. 

The most general vector part of the current J,“ 
under (iva) may then be written 


J FY = Boys, 4, 
J AV =i, LD py’r, OD ays dd 
+BvS,y hd +e, sas" 
ay 


 — 
5,4-D 


Prt v2 


= po} iy 1,0 + poy’, 1 


v2 
+ —By Sy L- 
Pov 


Hav 7p +nv yz’, 
v3 

' oe 

oa —ByS, i.—) 
P3v 


2 ae — 
p vt," D+ pay an 


where these various currents are explicitly listed in the 
discussion of the symmetries” (I) to (V), and the 
conditions n8=n/8=0 are understood. As was seen in 
the last section, symmetry (III) is definitely not a 
symmetry of the strong interactions.?? However, this 
symmetry must be satisfied in order that r,“" 
s,“*™ be quasi-conserved. Thus, if we require condition 
(iva) to be satisfied, we are forced to exclude the 7,“ 
and s,@™ currents, i.e., ay =0=piyv.*! 

The most general vector part of the current J,“ 
under assumption (ivd) is 


and 


ony ie ; 
J SFOV = 40.0 + py'h, oY +av$, 1p 
4 , + 
tay’ $4)’ el, 


: 1 ay 
yor = poy ty! + poy f (1,0) iL —§, 4-4 
v2 Pov 
/ 
ay ine 
é —4)’ 4 (0,0 7) 
: ——§,{t. » t+nvju Env Yu 


V2 pov , 
1% (0,0) 
t+ny t,, 


J PY = psyt, + psy? 

*” |’, Giirsey has independently discussed the possible existence 
of a quasi-conserved 7=} current [private communication and 
Ann. Phys. (to be published) J. 

41 It is perhaps interesting to note that if the J=4 currents were 
accepted and the seven dimensional rotation symmetry were, in 
some sense, a symmetry of the strong interactions, one could 
determine a and £6 from the ratio of the Kt — x°+e*+» and 
K® — w-+e++»; decays and from their absolute rates. If it were 
further assumed that in (pA) the vector and axial vector parts 
enter in the combination 1-tys; in the effective matrix element, 
one would obtain a prediction for the 8 decay of the A of about 
1.2 parts in a thousand, which is consistent with experiment 
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where these various currents are given in the discussion 
of the symmetries (A) to (E). In this case, there are no 
definite results from the interactions which 
necessitates the exclusion of any of the above currents. 
' are the usual quasi-conserved 
currents which arise from isotopic spin conservation, 
we obtain the well-known lack of renormalization of 
the vector part of neutron 8 decay. For the same reason, 


strong 


Because i,“ and 7," 


both currents will give rise to the decay m+— 7° 
+tet+y, at the predicted rate.' The other predictions 
which follow from such a current are valid here also. 

For decays not involving leptons, no predictions can 
be made without further specifying the form of the 
axial vector part of the current J,‘°4. Thus, for ex- 
ample, the absence of an isotopic spin } part of the 
vector current is of sufficient to guarantee a lack of 
asymmetry in the A 
now turn strangeness- 
changing decays which involve leptons. If we neglect 
terms of relative order (ux?—yu,”)/my? in the matrix 
elements, then assumption (iva) permits the prediction 
of the ratio of the A,.3; and A,3 modes of decay, valid 
to all orders in the strong coupling. Sugawara® has 
shown that this ratio is 


> N+ decays. 


Let us our attention to 


RK R(Kt+ > 7+ 4.55. 


(40) 


This result is independent of the relative strengths of 


the strangeness-changing currents, a and 8. By using 
the Gell-Mann and Rosenfeld®* averages, the experi- 
mental value is 1.04+0.22. 


It also follows, when this current is quasi-conserved 
under assumption (va), that we can obtain the absolute 
rate, R(K+— 7°+e++y,), as a function of Be, inde- 
pendently of any closed loop diagrams involving the 
strong couplings. The analogous case of r+ — 2°+e++ », 
was discussed by Feynman and Gell-Mann.! The rate 
is, up to terms of relative order (ux*—y,”)/my* and 
further neglecting the electron mass,™ 


R(K+ > +e++,) 


[( 437 €,°G?/ (27)? }ux (ux)*(0.54). (41) 
Substituting the observed rate, we obtain 


(€,3)?+1.2X10 (42) 


By using this value of (€,8)*, it is possible to obtain 
a lower limit on the rate for the decay 2- + n+e-+ iy. 
If in this decay we neglect the mass of the electron, it 
that 
the vector and the 


is well ‘known there is no interference between 


axial vector contributions to the 
total rate, so that the pure vector part provides a lower 


32M. Sugawara, Phys. Rev. 112, 2128 (1958). 

33M. Gell-Mann and A. H. Rosenfeld, Annual Review of 
Nuclear Science (Annual Reviews, Inc., Palo Alto, California, 
1957), Vol. 7, p. 407. 

4 J.C. Pati, S. Oneda, and B. Sakita (to be published). 
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limit. We obtain® 


R(2-— nte-+ 5,)/R(Z- > nt+0-)>1.7X10- (43) 


for rz-=1.6X10-" sec. Similar results can be calcu- 
lated for the decays Z~—> >°+e~+%, and =°—2t 
+e-+ 7. 

We again point out that the pure 7=} current, 
which arises from assumption (iva), will lead to the 
predictions of Eq. (17b), which appear, at present, to 
be in disagreement with experiment. However, this 
result implies the additional assumption ¢,=0 which 
can be investigated independently [see the discussion 
after Eq. (15) ]. 

For the condition (ivb), we have the prediction of 
Eq. (17a), and the absence of decays with AQ=AS. 
Without making an additional assumption concerning 
the form of the axial vector part of the current, no 
further predictions for assumption (ivb) are feasible. 


ACKNOWLEDGMENTS 


One of us (REB) wishes to thank Professor Oppen- 
heimer for the kind hospitality at the Institute for 
Advanced Study. He also would like to express his 
appreciation to many members of the Institute for 
stimulating discussions and helpful comments, but 


36 R. E. Behrends and C. Fronsdal, Phys. Rev. 106, 345 (1957). 


BEHRENDS 


AND A. SIRLIN 


especially to F. Giirsey, J. P. Lascoux, T. 


M. Nauenberg, and C. N. Yang. 


D. Lee, 


APPENDIX 
In this Appendix, we illustrate the fact that the 

relationships implied by the |A/|=43 rule can be 
readily obtained by means of Eqs. (5a) and (5b). Let 
us, for example, consider the decays ©—> N+. We 
write the matrix element 
M,=(na-|I_L£,,*I,.|2 

((1/vV2)pa-+ nw | Ly*| 2°). 
As | 


commutes with L£,,"%, we also have 


M,=(nw-| Lu} (2? —T2—13) |Z nx~| £,*|> 
We consider now 
M2=((1/V2) pa-+n® | I_L.'I | ° 
= —(V2 p9°— nat | £y*| >t 
On the other hand, by using Eq. (7a) again, 
M2=((1/v2) pa-+n7®| £.°|2°)= My. 
Thus, we obtain 
(nx—| Ly*|2-)= —Vv2(pr| L.*| Et 
+(nrt 


£e*\Z*), (AS) 


which is the well-known relation of the | A/J| = 
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A terrestrial atomic clock at noon can be some 10° cm nearer 
the sun than an antipodal clock at midnight. The difference in 
gravitational potential due to the sun corresponds to a difference 
of time rates corresponding to a red shift Av/y=8X10~". But 
this red shift is almost exactly cancelled by a violet shift arising 
from the relativistic Doppler effect, so that the resultant shift is 
essentially zero. If the earth shielded or focussed the solar gravi 
tational field, the gravitational contribution to the red shift would 
be altered and one might expect a resultant shift. But the motional 
coatribution to the shift is also altered and, except for unrealisti 
cally large shielding or focussing, the resultant shift would still 
be zero. 


I 


. JITH clocks becoming more and more accurate, 
experiments that only a few years ago would 
have seemed impossible to perform begin to enter the 
realm of feasibility. The recent feat of Pound and 
Rebka' of measuring, by means of the Méssbauer effect, 
a relativistic difference in time rates of one part in 
2X10" leads one to examine again some of the relativ- 
istic effects that have hitherto lain beyond the range of 
experimental detection. 

A clock on the earth is nearer the sun at noon than 
at midnight. It is, therefore, at a lower gravitational 
potential at noon than at midnight, and this would 
cause it to show a gravitational red shift at noon 
compared with its rate at midnight. 

For simplicity, consider two antipodal clocks, V, M, 
on the equator at their respective noon and midnight 
at the time of an equinox. The gravitational red shift 
depends on the difference of their gravitational po- 
tentials. The gravitational potential due to the earth is 
the same for both clocks (assuming that the earth is a 
uniform spheroid), but that due to the sun is not. 
Denote the radius of the earth’s orbit by R, the mass 
of the sun by M, and the Newtonian gravitational 
constant by G. Then, to a sufficient degree of accuracy, 
the relative difference in frequency of the two clocks 
due to the difference in gravitational potential is 


Av,/n= (GM/2){ (R—9)— (R+9)-4) 
= 2MGr/c?(R?—r’). (1) 


Since G=6.67X10—-§, M=1.98X 10", r=6.3X10°, R 
= 1.510", we have 


Av,/v,=8X 107%, (2) 


which would be a measurable quantity if the technical 


*Some of the ideas in this paper were contained in a non- 
technical Gravity Research Foundation prize essay submitted in 
March, 1960. 

1R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 7, 337 
(1960). 
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However, all this is true only if the principle of equivalence is 
valid. The Pound-Rebka experiment confirms its local validity 
with a 10% accuracy. A 10% discrepancy could imply a noon- 
midnight red shift Avy/y=8X10-", compared with 5X10~'* in 
the Pound-Rebka experiment. Moreover, since the solar gravi- 
tational contribution to the value of g is only 5X10~‘g, the 
Pound-Rebka experiment is insensitive to solar effects and would 
not detect possible anomalies arising from shielding or focussing 
by the earth of the locally almost uniform solar gravitational 
field which might nevertheless affect the noon-midnight shift. 
Detection of a significant noon-midnight shift would be a disproof 
of the general theory of relativity. 


difficulties of comparing the rates of such widely 
separated clocks on a seismic earth could be overcome. 

However, the above calculation ignores the Doppler 
contribution to the red shift. That this is significant 
can be seen by considering a special case in which the 
earth is taken to be a test body and to rotate on its 
axis once a year so that N is perpetually a noon clock 
and M perpetually a midnight clock; the same effect 
could be obtained by imagining V and M to be mounted 
in hypothetical jet planes that kept them in the noon 
and midnight positions as the earth turned on its axis. 

In a Schwarzschild reference frame with the sun at 
the pole we have, in isotropic coordinates, 


d= ic 1- 32)/(1+ $2) Ped? 
— (1432)! (dx?+-dy’+dz*), (3) 
where 
Q= MG/e2 (2+ y’+27)). (4) 


Since Q is small, we can write (3) as 


ds*= (1—2Q)c*df?— (14-20) (dx*+dy*+dz2?). (5) 
A light signal from M to JN passing around the 
equator will follow a certain trajectory relative to the 
present coordinate system. But the line element is 
static and spherically symmetric, and we have arranged 
matters so that M and N are moving in concentric 
circles around the sun with equal angular velocities. 
Therefore all such light trajectories will be congruent, 
and time intervals will be faithfully transmitted from 
M to N. The same is true for transpolar light signals, 
or any others following a fixed path relative to the earth. 
So, from (5), in the usual manner, we obtain 


Av/v= A0Q+ A(2”)/2¢, (6) 


where A(v*) is the difference in the squares of the speeds 
of V and M, the term containing it arising from the 
second-order Doppler effect and corresponding to a 


change in “centrifugal potential.” If w is the orbital 


/ 
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angular velocity of the earth, we have 


A(v*)/2ce?= { (R—1)?— (R+1)*}0?/2e? = — 2Rre’/c*. (7) 
But in the Newtonian approximation, which is suffici- 
ently accurate for our purposes here, 

Ru? = MG/R’; (8) 


so (7) becomes 
A(v®) /2ce?= — 2MGr/c?R’, (9) 


which is 8X10-" and thus cancels the gravitational 


contribution (2). Indeed, by (1) and (9), we find from 
(6) that Av/v is of order 10-% (though, of course, our 
approximations break down before such a small value 


is reached). 

The diurnal rotation of the earth poses a compli- 
cation. If we replace (7) by 
{ (Rw— rw, cos23°)?— (Rw+rw, cos23°)?} /2¢ 


[_~ 2Rrww, cos23°) ri P (10) 


A(v*)/2c? 


where w, is the diurnal angular velocity of the earth, 
we find that the term A(v”)/2c? is of order 2.6X10~" 
which is alarmingly large and would have serious 
implications for terrestrial chronometry and the meas- 
urement of artificial satellite red shifts. Adding the Rw 
and rw, velocities according to the special relativistic 
instead of the Galilean formula does not alter the order 
of magnitude of this second-order Doppler term. 
However, the rotation of the earth relative to the radial 
line from the center of the sun to the center of the 
earth causes the light trajectories between M and 
relative to the present coordinate system to be no 
longer congruent. This means that there will be a 
“first-order” Doppler effect—which turns out to be of 
the second order, and, indeed, of the same order of 
magnitude as the “second-order” Doppler effect in 
(10). It is not clear, from the present point of view, 
though, to what order the two terms cancel each other 
and what the residual noon-midnight red shift will be, 
because too many dangerous assumptions have to be 
made in estimating the contributions of various effects 
to the order of accuracy required. For example, one 
does not know precisely what coordinate shape the 
rotating, moving earth would have, and so one cannot 
calculate the crucial “first-order” Doppler shift to the 
second order with any assurance. 

Therefore, a different approach is necessary, and it is 
given in the Appendix. It is shown there that, so far 
as the solar field is concerned, to a sufficient degree of 
accuracy the principle-of-equivalence cancellation of 
gravitational and centrifugal (second-order Doppler) 
effects allows one to use Minkowskian coordinates to 
well beyond distances 7 from the center of the earth. 
Essentially this is because, to a sufficient degree of 
accuracy, the solar gravitational field can be regarded 
as uniform between V and M, a fact strongly suggested 
by the null result in the special case considered above. 
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II 


The result of the calculations in the Appendix is that 
there is essentially zero noon-midnight red shift even 
when the diurnal rotation of the earth is taken into 
account. Since the null result can be regarded as due to 
the cancellation of gravitational and centrifugal effects 
in accordance with the principle of equivalence, an 
experimental test of the null result would be a test of 
that principle. But the principle has already been 
tested on a local basis by Pound and Rebka, so that a 
further, and more difficult test would seem superfluous. 

However, in all these calculations it is assumed that 
there is no gravitational shielding, using the term in its 
broadest possible sense. Yet 8000 massive miles of 
earth are interposed between the midnight clock and 
the sun. There is no a@ priori reason why gravitational 
shielding should be impossible. On the contrary, the 
nonlinearity of the ) 
general theory of relativity shows that, 
that theory, there must be gravitational 
effects 


gravitational equations of the 
according Lo 

“Shielding”’ 
in the sense that 
the gravitational field of the sun and the earth together 
is not equal to the sum of their individual fields. 
Admittedly, these nonlinear effects are extremely small 
and, in the situation envisaged, well below the present 


either positive or negative 


limits of measurability. Also they are of a different 
nature from i 
arise from the existence of charges of both signs. But 
they show that there is nothing inherently impossible 
about the idea of gravitational shielding of some sort. 


electromagnetic shielding effects which 


The success of the Newtonian theory suggests that 
small. The 
Eétv6s experiment, being a differential experiment that 


purely mechanical shielding effects are 


balances centrifugal against gravitational forces at the 
Same place, does not exclude the possibility of weak 
gravitational shielding. Moreover, it is a purely me- 
chanical experiment, and involves gravitational fore e, 
whereas experiments on the red shift are partly optical 
in nature and involve the gravitational potential. Even 
if purely mechanical experiments gave no evidence of 
significant shielding, it would still be worthwhile to 
see whether semi-optical experiments did too. We shall 
see that the noon-midnight red shift can give such 
evidence only if the principle of equivalence is not valid. 


ITI 


If the earth shielded the solar gravitational field, it 
would affect the gravitational contribution to the red 
shift given in (1), and one would therefore expect a 
resultant red shift because the gravitational and 
motional contributions would no longer cancel. But a 
closer examination of the situation that this 
reasoning ignores an important factor; for the shielding 
would alter the gravitational pull of the sun on the 
earth, and this, by altering the radius of the earth’s 
orbit and the value of w, would affect the motional 
contribution to the red shift. It is true that the gravi- 


show S 
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tational contribution (1) depends on the potential at 
one clock minus the potential at the other clock, and 
not on the manner in which the potential behaves be- 
tween those two points, while the motional contribution 
depends on the forces throughout the body of the earth, 
so that in theory one could have a sizeable difference 
between the effects of shielding on the gravitational 
and motional contributions and thus a resultant red 
shift. But, in practice, no significant resultant shift 
would occur in any reasonable situation because po- 
tential and force are related. For example, consider the 
rather extreme case in which the solar gravitational 
force is assumed to be unshielded as far as the plane 
through the center of the earth perpendicular to the 
radius from the sun, and is completely shielded beyond 
that plane. 

Since the ratio of the maximum to the minimum solar 
gravitational forces on the earth is 


(R+r)?(R—r)?*~14+4r7/R~14+1.6X10, (11) 


if we denote the mass of the earth by m, we may write 
the gravitational pull of the sun on the earth in the 
present situation as 


GM {3m(1+ )}/R’, (12) 


is smaller than 1.610‘. Also, since the 
gravitational potential due to the sun is now constant 
from the center of the earth to the midnight clock, 
the difference in potential at V and M will be 


GM{(R—1)"—R} =GMr/R(R—-»). 


where e€ 


(13) 
So the resultant red shift will be, by (6), 


Av/v= (GMr/c*?){ (R?— Rr) 1—R?—eR™®}. (14) 


The first two terms on the right, when their common 
coefficient is taken into account, are each of order 
4X 10-" and cancel each other to within 10~* (we are 
using the old value of RX in these estimates since that 
would anyway be the observed value). The term 
involving ¢ will therefore yield a residual shift, but it 
will be of order 6X10~'? at most, and thus negligible. 
We see, then, that a comparison of the rates of noon and 
midnight clocks would show no significant difference in 
rates whether there were a realistic amount of shielding 
or focussing or whether there were none. 


IV 


However, the above is predicated on the validity of 
the general theory of relativity, and, in particular, on 
the validity of the principle of equivalence. 

In the Pound-Rebka experiment, the difference in 
“clock” rates at different heights above the ground at 
the same geographical location is found to be in 
accordance with the formula 


Av/v= gh/c’, (15) 


where / is the difference in heights and 
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acceleration due to gravity” in the vicinity of the 
experiment. Pound and Rebka found that 

(Av) exp/ (Av) theor= 1.05+0.10. (16) 

Let us consider two possibilities: that there is a 10% 
discrepancy in the principle of equivalence, and that 
there is no discrepancy detectable by the Pound-Rebka 
procedure. 

A 10% discrepancy could imply a 10% change in the 
solar gravitational contribution to the noon-midnight 
red shift. Such a change would yield a resultant shift 
of 8X10-", compared with the 5X 10~'* that is 10% of 
the Pound-Rebka shift (though the difficulties of the 
noon-midnight experiment may well nullify this 
numerical advantage). 

Still considering the hypothetical 10% discrepancy, 
let us suppose that it arises from a shielding or focus- 
sing of the earth’s radial gravitational field by the 
earth, its nonmechanical effect differing from its me- 
chanical effect by an amount equal to g#/10c?. Then it 
would be possible that the shielding or focussing effect 
of the earth on the locally almost uniform solar gravi- 
tational field would be significantly different from that 
of the earth on its own radial field. If so, the discrepancy 
in the noon-midnight case could be larger than 10%. 

Let us now assume that there is no discrepancy 
detectable by the Pound-Rebka procedure. This would 
not settle the question of the validity of the principle 
of equivalence. It would only show that, so far as that 
principle is concerned, any shielding or focussing by the 
earth of its own radial field has approximately equal 
mechanical and nonmechanical effects. It would not 
ensure that possible shielding or focussing by the earth 
of the locally almost uniform solar gravitational field 
would behave similarly. Therefore there could still be 
a significant noon-midnight red shift; and it could 
occur even if the purely mechanical effect of shielding 
or focussing were zero. 

One must ask, though, whether such a shift would be 
detectable by performing the Pound-Rebka experiment 
at midnight and comparing the value of Av/yg so 
obtained with the value obtained when the experiment 
was performed at noon. It would not. While g is not 
really ‘the acceleration due to gravity” but the 
resultant of many effects, including the gravitational 
force of the sun and centrifugal and Coriolis forces, the 
main contribution to it is that of the earth’s gravita- 
tional field. The solar gravitational field contributes 
only an amount 5X10~“g. Therefore even a 100% 
discrepancy in the solar effect would not be detectable 
by this technique. In the Pound-Rebka experiment the 
solar effect is negligible. Since it is a major factor in 
the noon-midnight experiment, that experiment, if it 
could be performed with sufficient accuracy, could be 
a more searching test of the principle of equivalence 
than the local experiment of Pound and Rebka. 

If the calculations in this paper are correct, the 
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general theory of relativity predicts zero noon-midnight 
red shift whether or not there is small shielding or 
focussing. Therefore, the detection of a shift different 
from zero would be significant; for, if not otherwise 
accounted for, it would not only imply that there was 
a shielding or focussing effect but would amount to a 
disproof of the general theory of relativity. 


Vv 


The experiment would not be easy to perform. 
Signalling between antipodal clocks would have to be 
by coaxial cable, or, failing that, by radio ground wave 
to avoid time distortion due to reflections of the air 
wave. Differences in the heights of the antipodal clocks 
above the geoid—an equipotential surface closely 
approximating the shape of the earth—could be de- 
tected by performing the experiment at 12-hour inter- 
vals, and other extraneous effects could be allowed for 
by comparing results with those for the same clocks in 
the 6 a.m.—6 p.m. positions, where there would be no 
significant difference in the terrestrial shielding of the 
two clocks. 

According to the argument in the Appendix, the 
presence of the moon should not affect the null result 
of the calculation. If the principle of equivalence were 
not valid and this was due to shielding or focussing, 
the lunar contribution would probably be negligible 
because the expression (1) with lunar instead of solar 
constants comes to only 5X 10~* times the solar value. 
In general, lunar effects could be recognized by their 
monthly periodicity. 

Vertical tidal distortions of the surface of the earth 
can be neglected since, apart from being small, they 
act to raise (or lower) both clocks by substantially the 
same amounts. Lateral tidal and seismic distortions of 
the earth’s surface could be more important since by 
introducing a relative velocity (i.e., time rate of change 
of circumferential distance) between the clocks they 
could give rise to small “first-order” Doppler effects 
that would rank as large second-order effects. However, 
random distortions of this sort would tend to cancel 
out over an interval of time, and any residual effect 
during the course of an experiment might be recognized 
by comparing the shifts obtained when light signals are 
sent in opposite directions, for a lateral distortion that 
gave a red shift in the one case would tend to give a 
violet shift in the other, though the two would not be 
of equal magnitude. 

The great difficulty with experiments on gravity is 
that the gravitational force is intrinsically extremely 
weak. But the earth is a massive body that generates 
relatively large gravitational effects, and the suggested 
experiment shows how to use it as a piece of experi- 
mental apparatus in an investigation of the possible 
failure of the principle of equivalence through the 
effects of gravitational shielding or focussing. 
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APPENDIX 


Starting from the line element (5), with 2 given by 
(4), we shall make a series of transformations that lead 
to a locally Minkowskian reference frame having the 
center of the earth, C, as spatial origin. 

Let the earth’s orbit be in the plane z=0. Then we 
may take the coordinates of the center of the earth to 
be (R cosw/, R sinw/, 0,/). Since we shall be dealing 
with values of / that run from zero to approximately 
axr/c~6X10-, so that wf is at most of order 10-8, we 
may take the coordinates of C to be 


(x,y,2,1) = {R(1—*?/2), Rat, 0, /}, (17) 


despite the fact that R is 1.510". 

We now transform to new coordinates, x1, yi, 21, 41, 
relative to which C will have the coordinates (0,0,0,/;) 
to the desired degree of accuracy, for values of ¢, from 


zero to beyond 6X10~*. The following transformation 
accomplishes this: 


y=B(nit Rot), 1=B(4i+ Rwy/c*), 
x= 21+ R(1—w°6?t,?/2), sz=21, B=(1— R?w?/c?)-3. 
For its inverse is 

yi=B(y— Rot), 4=B(t— Rwy/c*) 

a= x— R(1— 30°78" (t— Rwy/c*)?}, a1 =2, 


and when y= Rw/ we not only have at once that y;=0 
but also that the quantity 3w°8'(/— Rwy/c*)? becomes 


3wf? so that 


(19) 


xy=x-R(1 


and this, by (17), is zero. 

Writing the line element ds? in (5) in terms of the 
new coordinates and rejecting terms of order 10~'* and 
terms smaller than this in the coefficients of Cdt,, 


cdtydx,, cdtydy,, dx;*, etc., we have 


ds?= (1— 20)c*dty?— (14+ 2) (dx?+dy.?+ dz,") 


+ (2Re*t)/c)cdtydx,;— (8RaoX/« \edtydyy. (20) 


Though the coefficient of cdfjdy, is of order 8X10-" 
and that of cdt;\dx; at most of order 2.4X10-, the 
former turns out to be negligible but the latter not. 
This is because of the presence of /; in the latter, as will 
be seen. 

Denote 2Rw®/c by u, so that w is approximately 
2X 10-", and make the transformation 


Ch=Cletuye, Yi=—ucl+ye, X1=%2, 2=22. (21) 


that 
we find 


Then if we ignore pw? and Qu, and note 
(2Rw*/c)(uy2/c) is negligible even when yo=r, 
that 
ds?= (1 - 22) cdt.?— (1+ 20) (dx.?+dy2+ dz.) 
+ (2Rw*to/< \edtodxs. (22) 
We now write 


Clo= cl3(1— Ro®x3/c?), x2= x3, 





NOON-MIDNIGHT 


Then, since even when x;=r the quantity Rw*x;/c® is 
only 4X 10-", we have 
ds? = ( 1 -~ 20—- 2Ru*x3/c*) dt; 
— (14+ 2Q) (dx3?+ dy3?+ dz"). 
Now 2=MG/c(x2+y*+2*)!. We wish to express it in 
terms of x3, ys, and zs. Consider the quantity p’=.* 
+y*+2?. By (18) we have, to a sufficient degree of 
accuracy, 
p?= (41+ R)?+ (914 Roots)? +27 
= R*{1+2x,/R+ 2wyiti/R+ (x2+yP+21*)/R’}. 
But at most x’2+y?+s%=r", m1=7, and yiti:=10"'r. 
So we may ignore the last two terms, and since, by 
(21) and (23), x;=23, we have 
p’= R?(1+2x3/R). (25) 
Therefore we can take 
Q= MG/2e&R—MGx;/c2R’, 


(24) 


(26) 

and so 

ds?= {1—2MG/c??R+2MGx;3/2R?— 2Rerxs/c*} dt; 

—{1+2MG/?R—2MGx;/cR’} (dx3?+dy3?+dz;3*). (27) 
We now wish to change the coefficient of the spatial 

part to minus one. To do this we first write 


A=1+2MG/R, B=2MG/CR’, (28) 


so that the coefficient of the spatial part is — (4 — Bx). 
We note that 4 is of order unity, while Bx; is at most 
of order 8X 10~", and we write 
1V¥+ (B/4A?*) (X°— 
y3= AY + (B/242)XY, 
=A-*Z+ (B/2A*)XZ, t3=A'T. 


23> 


inant gS 


So™ 2 { 


Then, on neglecting terms involving B’, we obtain 


ds?= (1+2MGX/c?R?—2Ro*X/c*)cedT? 
—dX?—dY?—dZ’, 


and since, by (8), the second and third terms in the 
parentheses cancel, we see that our coordinate system 
is Minkowskian.? 


(30) 


2 The fact that this Minkowskian line element cannot account 
for the tides is puzzling at first, and makes one question the 
validity of the approximations used in ayy bo But there is 
a significant difference between tides and red shifts quite apart 
from the important 1/c* factor in the expression for the red shift 
which is absent from expressions for tidal forces—a factor that 
is partly offset by the precision of modern methods of detecting 

shifts. Since a red shift depends on a difference of potential, 
it can be caused by a uniform force; but a uniform force cannot 
produce tides because it accelerates everything equally. In 
expanding p? we kept the term 2x,;/R but rejected the smaller 
term (x;?+ y;2+2,?)/R*. The former contributes to AQ between V 
and M and the latter does not (because V and M are equidistant 
from C). But since the former yields a uniform force, it would 
not cause tides no matter how large it might be, while the latter, 
yielding a nonuniform force, does produce tides. Even if the 
latter term did contribute to the red shift, its contribution could 
be neglected since its greatest value is only 10~* times that of 
2x,/R which produces a shift of 8x 10~*. We see from this that 
it is not unreasonable that an approximation valid for calculating 
a noon-midnight red shift should lack tide-producing terms. 
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We have so far neglected the gravitational field of 
the earth, But on the surface of the earth it is essentially 
constant, and can be combined there additively with 
the solar gravitational field up to the degree of accuracy 
at which nonlinear effects become important. Since the 
nonlinear effects will be of order (2MG/c?R)(2mG/cr), 
where m is the mass of the earth, and since this product 
is 3X10-", we may safely include the effect of the 
earth’s gravitational field on its surface by adding the 
constant 2mG/cr to 2, and since this can be absorbed 
1 A it can be transformed away leaving us with the 
same Minkowskian line element (30), but now valid 
only on the earth’s surface.’ 

Because m/M=3X10~*, the error in having treated 
the earth as a test body moving in the sun’s gravita- 
tional field will not be significant. And the fact that 
the above calculations show that the solar gravitational 
field is sufficiently uniform between V and M to permit 
its effective cancellation by the centrifugal field to 
extend from the center of the earth (where we knew 
beforehand that the cancellation must occur) to well 
beyond the surface of the earth shows that such a 
cancellation would hold too when the earth was not 
treated as a test body, for in that case too we know, 
from the principle of equivalence, that the cancellation 
occurs at the center of the freely falling earth. The 
same argument applies when we take account of the 
effect of the sun and moon combined, provided that the 
lunar gravitational field is sufficiently uniform across a 
terrestrial diameter. [he maximum nonuniformity will 
occur at the point on the earth nearest the moon. And 
the rate of change of the lunar gravitational potential 
there is only 5.2 10~* times the corresponding rate of 
change of the solar gravitational potential. Thus the 
uniformity of the lunar gravitational field is ample. 

We now consider the effect of the earth’s diurnal 
rotation. In terms of the Minkowskian coordinates in 
(30), there is no difficulty about the coordinate shape 
of the earth (we are assuming the earth to be a sphere, 
or, at least, the path of the light signal to be a part of 
a circle). Let the light signal travel in a great circle 
perpendicular to the axis of the earth, and denote the 
earth’s angular velocity about this axis by w,. Using 
polar coordinates in the plane of this circle, we may 
take the coordinates of V, M, and the tip, Z, of the 
light signal to be (7,4n,7n), (7,8m,Z'm), (7,01,71), respec- 
tively. For ZL we must have ds=0. So, from (24), 


cdl, = rd6 1, 


6,:=(c/r)T +k. (31) 


wo], 0,=0,.1 +7. Let 
T, and reach 


At any time 7, we may take 6,,= 


the light signal be sent out from M at T= 


34 Minkowskian line element would, of course, also be valid 
on any spherical surface having its center at the center of the 
earth and a radius not too great. 
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N at T=T>. Then 


wel = (c/r)T: +k, (32) 


wel otma= (c/r)To +k. (33) 
So 
T2— T= 29/ (c—Twe), (34) 
which shows that the coordinate time interval taken for 
the transmission is constant, a result that is hardly 
unexpected in the present simple circumstances. There- 
fore, since the line element is static, being Minkowskian, 
time intervals at M are faithfully transmitted to N, 
with zero first-order Doppler effect. Since the second- 
order Doppler effects (i.e., the time dilatations) of the 
two clocks are identical, it follows that there will be 
zero red shift. 
It is worth remarking that if the light signal were 
sent in the opposite direction, (34) would be replaced by 


T2—T\= mr/ (c+ Tw). (35) 


The time taken is different from before, but it is still 
constant, and therefore the difference has no effect on 
the faithful transmission of the rate of the clock. 

The difference in time, 4rr*w/c?, between (34) and 
(35) corresponds to the time difference that produces a 
displacement of fringes in the Sagnac experiment.* 

It is clear that a light path along any other great 


‘For references see W. Pauli, Theory of Relativity (Permagon 
Press, New York, 1958), p. 18, footnote 51. 


HOFFMANN 


circle would also occupy a constant coordinate time and 
thus lead to zero red shift. 

The quantities 2MGX/c?R? and —2Ru*X/c? in (30) 
are essentially the quantities representing the gravi- 
tational and motional contributions (1) and (7) when 
X=r. This justifies the use of the simple case in the 
body of the paper, for the arguments concerning the 
effects on (1) and (7) can be applied to the above 
terms in (30) and will lead to the same conclusions, 
except that when applied to (30) they yield conclusions 
that are seen to be valid for the general case of a 
correctly rotating earth, and for every given great- 
circle light path around the earth. 

In connection with the null effect of shielding dis- 
cussed in Sec. III, we can here argue that if there were 
such shielding there would still be some point, on the 
line joining the centers of the sun and the earth and 
within the earth, at which the solar gravitational and 
centrifugal forces cancelled. We could have transformed 
to this point as origin instead of to C, and the same 
calculations would then have shown that the new 
reference system was essentially Minkowskian to well 
beyond the surface of the earth, so that the shielding 
would not disturb the null shift. Though the center of 
the rotating earth would not be at the spatial origin of 
this Minkowskian frame but at some other point having 
constant coordinates, that would not affect the argu- 
ments concerning the addition of the constant terrestrial 
gravitational! potential at the earth’s surface and the 
lack of effect of the earth’s diurnal rotation on the 
noon-midnight shift. 
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Some Singularities of Scattering Amplitudes on Unphysical Sheets 
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An investigation of the consequences on unphysical sheets of a Mandelstam-type representation holding 
for a two-particle scattering amplitude on the physical sheet is described. The domain of analyticity in the 
energy and momentum transfer variables is constructed and compared with perturbation theory. A theorem 
on multiplication of singularities for Legendre polynomial expansions used in our discussion is proved. 


1. INTRODUCTION 


HIS paper is a direct continuation of a previous 

* paper' on unstable particles (hereafter denoted 
by UP). We investigate more fully the implications for 
our previous results of a Mandelstam-type representa- 
tion holding for the two-particle scattering amplitude 
on the physical sheet. In Sec. 2, the domain of ana- 
lyticity in both variables on the first unphysical sheet 
is constructed. In Sec. 3 the results are compared with 
perturbation theory, which is used to provide a simple 
picture of the nature and origin of the extra singularities 
appearing on the unphysical sheet. At the same time we 
obtain some results on the existence of singularities of 
perturbation theory on unphysical sheets. An important 
theorem on “multiplication of singularities” for Legendre 
polynomial expansions is proved in the Appendix, as we 
have not found a statement or proof of it in the standard 
literature. 


2. TWO-PARTICLE SCATTERING AMPLITUDE 
ON UNPHYSICAL SHEETS 


In UP, the continuation of the two-particle scattering 
amplitude M(W?,A?) round the lowest branch point 
W?= (m+uy)? is given by 


W « C,(W?) 
M’ (W?, A?) =8mr— >> (2/+1)-——————P (cos), (2.1) 
K 1-0 1—2iC,(W?) 


using the same notation. For fixed W?, the semiaxis sum 
R(W?) of the ellipse of convergence of this series is given 
by 
C,(W?) |-¥ 
R(W?)=lim inf |—— — 
ro 11—21C ,(W?) 


=lim inf|C,(W?)|-"",- (2.2) 
je 


which is just the expression for the ellipse of convergence 
on the physical sheet. This ellipse exists for all 17? except 
for values of W? on the left-hand cuts in the partial wave 
amplitudes C;(W?). As convergence is uniform on any 
closed subdomain of this ellipse, analyticity in cos@ for 

* This work is supported in part by the Air Research and De- 
velopment Command, U. S. Air Force. 

‘J. Gunson and J. G. Taylor, Phys. Rev. 119, 1121 (1960). 


fixed W? is assured inside the ellipse. However, the 
Mandelstam representation for M (W?,A*) implies more 
than this. For sufficiently large /> L, say, and fixed W?, 
we can write (2.1) as 


Wet C(W?) 
M' (W?,A?) = r_| > (2/-+1)—————P (cos) 
KlLi= 1—2iC,(W?) 


+ ¥ (21+1)C,(W?) P(cosé)+ > (2/+1) 


L+1 L+1 


w 


+> (2l+1) 


L+1 


X 2iC 2(W?) Pi(cosé)+--- 


(27)" 


C,"(W?) 
—_—§P (cos) 

1—2iC ,(W?) 

*+AnitBn, say. (2.3) 
The domains of analyticity in cos# of each term of this 
expansion can be determined from the known singu- 
larities of the Mandelstam representation and an appli- 
cation of theorem 1 of the Appendix. For example, 
the singularities of A» are found at the points 
{caa’+ (a2?—1)!(a”—1)3}, where a and a’ are two singu- 
larities of A,, which is essentially the amplitude on the 
physical sheet. Repeated applications of the theorem 
give the singularities of the other terms. The remainder 
B,, is analytic inside a large ellipse of semiaxis sum 


(2i) n- 1," / W?) 
in (40) ae 
sii 1—2iC ,(W?) 


=[lim (2.4) 


inf|C,(W?)|-/" J"=R"(W?), 


which becomes arbitrarily large as n + ©. That all the 
extra singularities are definitely present follows from the 
fact that the multiplied coefficients in this case are 
simply integral powers of the original ones. 

If we consider a path from a point W?<0 on the 
physical sheet going round the branch point W?= (m+)? 
and back to the same point on the first unphysical sheet, 
then initially we have cut plane analyticity in cos@ with 
branch points determined by the physical thresholds 
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Fic. 1. Subset of perturbation series satisfying unitarity condi- 
tion for (m+yp)?<W?< (m+2y)?; 2u<m. The line XX shows a 
transverse dissection into lower order diagrams. 


A?= (2u)*, (3u)", etc., and for the crossed processes. This 
condition holds until we reach the boundary of the 
physical sheet at (m+yu)?<W?< (m+2y)? when we still 
have cut plane analyticity in cos@, but with all the extra 
branch points now appearing on the normal cuts. As W” 
becomes complex in the unphysical sheet, these extra 
branch points swing out from the original cuts into the 
complex cos@ plane and appear in most directions from 
the origin for sufficiently large cosé. 

From these observations it is possible to construct 
the domain of analyticity of M’(W?,A?) in both vari- 
ables. A point (W?,A*) is in this domain if M’ is analytic 
in a neighborhood of this point in each variable sepa- 
rately.2 M’ is thus analytic in the usual domain of 
the Mandelstam representation except for the poles at 
1—2iC ,(W?) =0, the kinematic cuts in W? which appear 
in the partial wave amplitudes and the complex cuts in 
the cos@ planes described in the previous paragraph. 


3. COMPARISON WITH PERTURBATION THEORY 


The Mandelstam representation has been verified for 
some orders of perturbation theory,’* and the singu- 
larities of the fourth order graphs have been worked out 
in detail. However, it is of little value to compare 
analyticity regions on unphysical sheets of the fourth 
order amplitude directly with our results, as a single 
order of perturbation theory does not satisfy the 
unitarity condition as used in UP. In effect we need to 
consider an infinite subset of the perturbation series, 
containing at least the ladder diagrams (Fig. 1). Let the 
formal sum of this series be 


T(W2,A2)= > "Te" (W2,A), 3.1) 
n=l 


where g is the (unique) coupling constant. For 
(m+)? <W?< (m+2y) the unitarity condition implies 
ImT ;(W?)= | T,(W?) |? for the /th partial wave. Substi- 


2S. Bochner and W. T. Martin, Several Complex Variables 
(Princeton University Press, Princeton, New Jersey, 1948), p. 140. 

3S. Mandelstam, Phys. Rev. 115, 1741 and 1752 (1959). 

* J. Tarski, J. Math. Phys. 1, 154 (1960). 

“* Note added in proof. This has now been extended to all orders 
of perturbation theory in preprints of papers by R. J. Eden and 
by P. V. Landshoff, J. C. Polkinghorne, and J. C. Taylor. 
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tuting 3.1 and comparing coefficients, we get 


n—1 
ImT 2” (W2)= ¥ TAlO-P1(W2)T 2 (W2). (3.2) 
r=] 


In particular, the fourth order graph (Fig. 1) has the 
imaginary part 7,*®(W?)T,@(W?), where the second 
order amplitudes are just those obtained by cutting the 
graph with the line XX. The analysis of Tarski‘ gives 
the possible singularity spectrum for real values of the 
invariant variables as shown in Fig. 2, using his nota- 
tion. For convenience we have taken m= 2y, when the 
only singularities on the physical sheet are the branch 
points at y:3=—1 and yos=—1. Continuation into the 
first unphysical sheet corresponds in this case to con- 
tinuation around y2,;=—1, and the continued function 
is obtained simply by adding the jump across the cut 
Vo4< —1, which is just 27 Im7™, where 


ImT (W?,d?) 


W « 
=8r—¥ (U+1)T*® (W2)T,® (W2)P(cosd) 


1=0 


a 


7 (21+-1)Q 1(20)Qi(%0) Pi(cos8), 
32nWK®? t=0 


where 
so= 14+ (m?+2y?— W?)/2K?. 
Summing,’ we get, 
¥ 
64rW K3N (20, cosé) 


cos — so? +N (2, 
xin] : 
Cosd— Z°-+.N (Zo, 


Im7 (W?,A?) = 


cos@) 
— | (3.4) 


cos@) 
where 


N (0, cos@) = {cos*0-+ 2z?— 1— 22? cos8}?. 


This expression has been calculated using different 
methods by Mandelstam,* who discusses the analytic 
properties in cos#. The logarithmic singularities of the 
Legendre functions Q;(zo) at zo=+1 give rise to loga- 
rithmic branch points of 7 (y13,¥24) in the unphysical 
sheet at yos=—p/2m and you= (u/2m)(3—p?/m?), 
agreeing with the 1,* and L;* of Tarski (Fig. 2). 

The right-hand side of (3.4) is analytic in cos, except 
for a cut running from the value z; to ~, where 


2,= 22,°—1. (3.5) 


The jump across this cut for real W?> (m+)? is just the 
spectral function appearing in the Mandelstam repre- 
sentation for the fourth order amplitude. This singu- 
larity corresponds to one of the “multiplied” singulari- 
ties appearing in the general case of Sec. 2 arising from 


5 P. Henrici, J. Ration. Mech. Analysis 4, 983 (1955), Eq. 98. 
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Fic. 2. Spectrum of possible singularities of fourth order ampli- 
tude of Fig. 1. The variables are defined by yo4=(m?+-y? —W?)/2myp 
and ¥:3=1—(A?/2m*). The two branches of I' are joined by a 
surface of singularities for complex values of y13, vou. 


the single-particle pole at W?= (p—k’)?=m?, which is 
the source of the value cos@= z in (3.3). The curve [ in 
Fig. 2 is determined also by (3.5). 

We see that the source of all the singularities ap- 
pearing in unphysical sheets of the fourth order graphs, 
apart from the usual physical cuts, can be traced back 
to the singularities of the second order amplitudes on 
the physical sheet. An analogous statement will hold for 
all the ladder diagrams of Fig. 1, in that if we have the 
Mandelstam representation holding on the physical 
sheets,® then the extra singularities on the first un- 
physical sheet arise from singularities on physical sheets 
of the lower order amplitudes obtained by cutting the 
graph transversely across any pair of internal lines. 
There are two types of singularity arising in this way. 
Singularities of the first type depend only on W? and 
appear in the separate partial wave amplitudes of the 
lower order diagrams, whereas those of the second type 
appear only on summation over all partial waves. The 
singularity spectrum produced by the totality of these 
graphs is then identical with that obtained inde- 
pendently of perturbation theory in Sec. 2. This now 
includes the unstable particle poles obtained in UP, as 
the arguments presented there apply unchanged to the 
sum of the ladder graph contributions. 
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§ This has been proved in the single-meson approximation for all 
the ladder diagrams by Mandelstam in (3). 
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ON UNPHYSICAL SHEETS 


APPENDIX 


The theorem for ‘multiplication of singularities” of 
Legendre series is an analog of Hadamard’s classic 
theorem for power series expansions.’ It may be ex- 
pressed in the following form: 

Theorem 1. Let a(z) and 6(z) be two functions regular 
on [—1, +1] and such that the Legendre expansions, 


rn 


a(z)= >> a,P,(sz), 


n= 


b(z)= > b,P,(2), (A.1) 


converge inside the largest ellipses , and /, with foci 
+1, inside which the functions are analytic. Let {a} 
and {8} denote the sets of singular and external points 
of a(z) and 6(z). Then the function 


£ 


f(z)= ¥ anb»P (2) (A.2) 


is regular on [—1, +1] and has an analytic continua- 
tion along any finite path which does not pass through 
any point of the set {a3+ (a?—1)!(6?—1)!} and does not 
return to [—1, +1 ]. Stated otherwise, the singularities 
and external points of f(z) are to be found among the 
points {a@8+ (a?—1)!(8’—1)*}, where initially the prin- 
cipal values of the roots are taken. 

The proof is based on the following lemma: 

Lemma. The singularities and external points of 
A(h)=Do no” ah” are the points {a+ (a?—1)!}, under 
the conditions of the above theorem. 

The Cauchy-Hadamard formula 


lim inf|a@,|—"/*"=R,>1, 
*x 


n 


(A.3) 


where R, is the sum of the semiaxes of the ellipse Ea, 
implies that the radius of convergence of the above 
expansion of A (/) is just Ra. We set 


; A(1,h)=A(h), 
A(z,h)= > a,h"P,(z), 
A(z,1)=a(z), 


n=O 


which converges uniformly in hk for |h|<R,|z 


+ (2—1)i/I—e. 


The coefficients a, are determined by 


2n+1 
: f P,,(z)a(z)dz, 
2 3 


where ZL is an arc connecting z=—1 and s=+1 and 
lying initially inside the ellipse E.. So 


1 
A(i)=- f dsa(e 
2/71 


on interchanging the summation and integration as 


> (2n+1)h"P, (2), 


n=O 


7See, for example, E. C. Titchmarsh, Theory of Functions 
(Oxford University Press, New York, 1939), p. 157. 
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permitted by the uniform convergence of the sum in / 
and z for small enough /. This gives 


1 1—h* 
A=; [ deat )———— 
2 (1—2sh+h2)!" 


(A.5) 


where we choose L so as to avoid singularities arising 
from the denominator. Using standard techniques of 
continuation,® we see that A (A) can be continued along 
any finite path starting from 4=0 and not passing 
through any of the points {a+(e?—1)4}, or k=1, or 
returning to the origin. The initial coincidence of 
singularities for = {a—(a?—1)!} is harmless as the arc 
L is not pinched. It is also easy to see that A=1 is not 
actually a singularity of A(k), as the radius of con- 
vergence of >> a," is R,>1. 

The main theorem follows from the above lemma if we 
express - in the form 


A (A) B(h') 
jr f anf aw | 
(27) (ah! y2— 2shh’ 417" 
which follows on elt the expressions 


1 dh 
2ri c hint) 


8 These are fully described in (4) and by J. C. Polkinghorne and 
G. R. Screaton, Nuovo cimento 15, 289 (1960). 


(A.6) 


1(h), 
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and likewise for },, into (A.2) and summing over n. C is 
a circle centered on the origin and of radius any value in 
between R,—e and 1+ € (e>0), if we keep g initially on 
the interval [—1, +1 ]. C’ is defined in a similar manner. 
The integration in (A.6) is over the distinguished surface 
CXC’ of a circular bicylinder. This can always be de- 
formed into a general bicylinder when we attempt to 
continue in z, so as to avoid singularities of the integrand, 
unless it: is pinched by a triple coincidence of the 
singularities 
h=a+t+(a—1)!, A’=8+(6?—1)!, (Ah’)?—2chh’+1=0, 
which gives 


2=a8-+ (a?—1)3(6°—1)}. (A.7) 

(A.6) thus gives the continuation of f(z) required for 
the theorem. The singularities of [ (4h’)*—2zhh’+1]}- 
are in general branch points at Ah’=2-+ (2?—1)! joined 
by a cut. This cut has usually to be deformed when 
continuing in z and gives no trouble unless we attempt 
to continue back to s=+1 on another sheet of the 
function, as the ends of the cut coincide to form a simple 
pole at these points. Thus we cannot exclude the 
possibility of singularities at z=-+1 on other sheets of 
its Riemann surface, as well as those of the type arising 
from h=a— (a?—1)! 
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Structure of the S Matrix in the Presence of a Bound State* 
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It is shown that the phase factor associated with the “orthogonality phase shift” 


due to a bound state 


should be factored out of the S matrix. A crucial test of this statement is found in a study of the final state 
interaction of an inelastic process which ends in a channel involving the bound state. If we assume that the 
sum of the Born series for the S matrix gives a right answer after we separate the effect of the bound state in 


terms of the orthogonality phase shift, an agreement with Watson’s 


has the factored structure. 


1. INTRODUCTION 


ECENTLY it has been stated by Nishijima,! 
Zimmermann,? and Haag* that there is no dif- 
ference between a composite particle and an elementary 
particle as far as the theory of scattering is concerned. 
This is true to the extent that it is possible to have an 


. S. Air Force. 


* This oak 1 is supported by the 
¢ On leave of absence from Tokyo University of Education, 
Tokyo, Japan. Address after September, 1960: Physics Depart- 


ment, New 
New York. 

1K. Nishijima, Progr. Theoret. Phys. (Kyoto) 17, 765 (1957); 
Phys. Rev. 111, 995 (1958). 

2 W. Zimmermann, Nuovo cimento 10, 597 (1958). 

*R. Haag, Phys. Rev. 112, 669 (1958). 


York University, University Heights, New York, 


result obtains only when the S matrix 


initial or a final state in which the composite particle 
moves as a single entity at a distance from all other 
particles. However, it is not quite arbitrary to regard 
a particle as elementary or as composite, since there 
is some experimental indication even in scattering when 
two “elementary” 
particle. 
attractive force acts between two colliding 


particles form a stable ‘‘composite”’ 
Thus, a positive scattering length, when an 
“elementary” 
particles, suggests that there is a bound state, i.e 
“composite” particle formed of the two “elementary” 
particles, of not too large a binding energy.‘ 


a 


* See, for instance, J. M. Blatt and V. F. Weisskopf, Theoretical 
Nuclear Physics (John Wiley & Sons, Inc., New York, 1952), p. 68. 
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It was shown by the author® that the well-known 
theorem on the zero energy limit of the scattering phase 
shift is connected with the sign of the scattering length, 
and that this theorem is a direct consequence of the 
fact that the scattering states are orthogonal to a 
bound state. It was suggested in I that the formation 
of a bound state is a sudden change in the character of 
the system of the two colliding particles, and that the 
Born series for the S matrix, which is based on the 
idea of the adiabatic change of the system, does not 
apply at low energies if a bound state is actually present. 
Incidentally, the converse of the last statement was 
established by Davies.* The Born series does converge 
when there is no bound state when one deals with 
potential scattering by a nonsingular potential of finite 
range. 

In the case of potential scattering studied in I, 
thorough consideration was given to the “orthogonality 
phase shift.” This paper is concerned with the orthogo- 
nality phase shift in a channel of more complicated 
nature. The points in which we are particularly inter- 
ested are summarized as follows. 

(1) The phase factor concerned with the orthogo- 
nality phase shift is factored out of the S matrix. 
Actually we have 

S= SorntSreeSorth*, (1) 


where Sun is the part of the S matrix concerned ex- 
clusively with the orthogonality phase shift, and Sy. is 
what we shall call the residual part of the S matrix. 
The Born series, which fails to apply in the straight- 
forward calculation of S, is supposed to apply to the 
calculation of Sres. 

(2) The final-state interaction introduces the factor 
(siné/6) into any matrix element for inelastic scattering. 
Here 6 denotes a suitably defined part of the scattering 
phase shift for the elestic scattering in the exit channel. 
Since the inelastic scattering is properly accounted for 
by Stes, it turns out that the 6 which should be sub- 
stituted into (siné/6), is the residual phase shift drs, 
defined as the total phase shift minus the orthogonality 
phase shift: 


? 


Ores = Otot — Oorth- (4) 


The total phase shift 6,., must be used in the discussion 
of the elastic scattering. 

(3) dres Vanishes at the threshold, while 6.:tn, and so 
Stot, assumes there the value mz, where n is the number 
of bound states. There is therefore a crucial difference 
in the threshold behavior of the scattering matrix ele- 
ment, depending on whether Eq. (1) holds or not, 
since the factor (sindtot/dtor) would vanish at the thresh- 
old [Eq. (1) not valid], while (sindres/Sres) does not 
vanish there [Eq. (1) valid ]. It is found that our result 


*S. Tani, Phys. Rev. 117, 252 (1960); this paper is referred to 
as I in the following. 
8H. Davies, Nuclear Phys. 14, 465 (1960). 


Sou = exp[i p Dy B,,*( k Sorth | k’) By: 1, 
bn’ 
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for the effect of the final-state interaction agrees with 
that of Watson’ in spite of the differences in approach. 

(4) It is unlikely that electrodisintegration of a deu- 
teron into the triplet S state is forbidden at threshold 
just because of the existence of a stable deuteron state. 
If however this process is forbidden, Eq. (1) is not 
valid so that an experimental investigation of the appro- 
priate electrodisintegration cross section at threshold 
will test our theory. 

Finally, let us comment on the form of Eq. (1). 
Once the S matrix is fixed as a whole, there are, of 
course, many other ways of decomposing or factoring it. 
The’ particular factorization shown in Eq. (1) keeps 
track of the order in which the mathematical operations 
are made and eliminates the effect of the formation of a 
bound state before the Born series is summed.® 


2. THE STRUCTURE OF THE S MATRIX 


Let us specialize the discussion, for the sake of 
definiteness, to the study of an inelastic scattering of 
the type 


ata— 6+ £8, (3) 


where there is a strong attraction between the two 
particles 6 and 8, so that there is a bound state c=[b@ | 
composed of these two particles. We denote the entrance 
channel by (A) and the exit channel by (B). As dis- 
cussed in I, it is convenient to introduce a set of inde- 
pendent creation-annihilation operators for the particle 
c. Accordingly we have to perform a unitary trans- 
formation to deal with the nonlocal potential which 
represents the effect of the bound state c. Other kinds 
of physical effects in the channel (8) will be computed 
by summing up the Born series in the transformed 
representation. 

When all terms which are irrelevant for the study of 
the reaction (3) are ignored, the S matrix is given by 
(1), where 


(4) 


Sres=expl2i 32’ Bu*(K| bres] k) Bue 
kk’ 


+ eBay B,*(k| M\k’)Ay: 


kk’ 


+i 3°’ Ay*(k| Mt|k’)By ]. (5) 
kk’ 


Several conventions on notations are introduced in 
Eqs. (4)—(5). First, the product of the creation operators 
for the a and the a (for the 6 and the 8) is abbreviated 
as 4* (B*). The suffixes k, k’ attached to the creation- 
annihilation operators denote the center-of-mass-frame 
linear momenta and angular momenta of the pairs of 

7K. M. Watson, Phys. Rev. 88, 1163 (1952). 

8 Whenever one divides the interparticle interaction into two 
parts, one of which is taken into account exactly at the beginning, 
one observes that the S matrix assumes a form similar to Eq. (1). 


See, for instance, p. 217 in W. Brenig and R. Haag, Fortschr. 
Physik 7, 183 (1959). 
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particles in their respective channels.’ The eigenfunc- 
tions of angular momentum are absorbed in the defini- 
tion of the matrix element. (See Appendix for details.) 
The prime attached to the summation symbol implies 
that the sum over & and &’ runs only over values which 
are consistent with the conservation of energy. 

The dun is the orthogonality phase shift which is 
caused by the bound state c. The ds is the residual 
phase shift, which together with don is used in the 
discussion of the elastic scattering in the channel (B): 


b+8— b+8. (6) 


The quantity (k| Mk’) in S,.. is the matrix element of 
the inelastic scattering (3) with the effect of the final- 
state interaction on the energy shell excluded. It is 
important to note that (k|_M|k’) is porportional to k” 
near threshold, when the orbital angular momentum 
concerned is L."° This follows simply from kinematical 
considerations in first Born approximation and the same 
threshold behavior obtains from higher order Born 
approximations. Consequently, this threshold behavior 
must be true in general if our conjecture about the 
existence of the well-defined Born series for Sys is valid. 
A similar argument shows that near threshold dye. is 
proportional to k?“+'. A straightforward Born series is, 
however, ruled out for 54.4 because the individual terms 
of this series vanish at threshold, so that their sum can 
never give a multiple of x. In fact, the threshold be- 
havior Of bror=Srest+Sortn is given by: 


(const )R24+!+nr—nr. 


3. THE FINAL-STATE INTERACTION 


Let us study the matrix element of the inelastic 
scattering (3), starting with the S matrix as given by 
(1), (4), and (5). We first introduce a further assump- 
tion which simplifies the analysis without sacrificing 
our general goal. Thus we consider cases where the 
inelastic process (3), produced in lowest order by a 
“weak” interaction, is followed by a “strong” final state 
interaction (6). 

Accordingly we retain only the terms linear in 
(k| M|k’) in the following calculation. The higher order 
terms in (k! M|k’) take into account the “shadow” in 
channel (B) caused by the inelastic transition into 
channel (A); in other words, the effect of these higher 
order terms is equivalent to the replacement of dre. by a 
complex phase shift. 

We have to expand S into power series in the A’s 
and B’s, Insofar as we consider only one pair of a and a, 
or 6 and 8, it turns out that the following expression for 
the commutation relations is sufficient; even any dif- 
ference of statistics does not matter. We can take 

* Such a device is discussed by B. Lippmann and J. Schwinger; 
a in B. Lippmann and J. Schwinger, Phys. Rev. 79, 469 
© It is important to note that the contribution of the normaliza- 


tion of the angular momentum eigenfunction is included here. 
See the last paragraph of Appendix. 


(7) 
with all other commutators vanishing. With use of Eqs. 
(7), (4), (5) we expand Eq. (1) as 


[A,,A «* |= [By,By* =$6(k— k’), 


S=1+D' By*(k! exp[ 2d... ]—1| k’) Be: 
kk’ 


+i >’ By*(k) explidrot |X (sindres/Sres) 
kk’ 


XM|k’)Ayet+---. (8) 
Equation (8) shows that the expected result is obtained 
for the elastic scattering; the total phase shift drt 
appears here. Watson showed’ that the inelastic scatter- 
ing matrix element including the effect of the final state 
interaction is proportional to 


exp[i6 ](sind/k**'). (9) 


The other factors being independent of k; in Eq. (9) 
6 should be identified with our d,... To compare Eq. (9) 
with our result in Eq. (8) we note first of all that the 
phase factor exp(74) is identical in both equations. 
Secondly, sindtor=sin(Sres+dortn) in Eq. (9) is almost 
equivalent to +siné,..; this is because dorm is nearly mr 
around the threshold. Thirdly, as mentioned in the last 
section, dr, and the (k!M\|k’) vary as 4+! and k# 
near threshold so that (k! (1/5..)-M|k’) varies as 
1/k'*', Thus our result given by Eq. (8) is essentially 
equivalent to Watson’s result in Eq. (9), although the 
derivations of the two results are quite different. (More 
details of the necessary kinematical considerations are 
given in the Appendix.) 


4. DISCUSSION 


Summarizing, we can say that, if our conjecture 
about the structure of the S matrix involving a bound 
state is valid, we get the same threshold behavior of 
inelastic scattering cross sections as Watson.’ Watson 
based his investigation on the asymptotic form of the 
scattering state wave function in configuration space. 
In our approach, we worked in the momentum space 
representation exclusively, since it is useful at high 
energies and since we are interested in its consistent 
development in all connections. To the extent that we 
do not measure the orthogonality phase shift directly, 
its distinction from the other part of the total scattering 
phase shift might appear ambiguous. What is to be 
emphasized, however, is that one can restore the appli- 
cability of the Born series, if one follows our prescription. 

It is interesting to test the predicted threshold be- 
havior by an experiment. The most promising experi- 
ment seems to be the electrodisintegration of a deuteron 


e+d— e+p+n. 


This reaction does not fall exactly into the category as 
schematized by Eq. (3), but since the electron does 
nothing but break up the deuteron by means of the 
impulse it provides, the final-state interaction can be 
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treated in the same way as in the last section. Experi- 
ments on the electrodisintegration of the deuteron were 
done by Friedman" at an electron energy of 175 Mev. 
But the energy resolution at such high energies, being 
comparable to the deuteron binding energy, unfor- 
tunately does not allow any definite conclusions to be 
drawn on the threshold behavior. It would, however, 
be interesting to extend these experiments to lower 
energies, since, as discussed by Jankus," one can expect 
that at lower energies the contribution of the electron- 
proton Coulomb interaction, which produces p+» in 
the triplet § state, is relatively enhanced. 

If the predicted threshold behavior is confirmed, one 
will establish the inapplicability of the Born series for 
the inelastic scattering matrix element in a formulation 
in which the orthogonality phase shift is not factored 
out as in Eq. (1). The inapplicability of the Born series 
for the calculation of the elastic scattering phase shift 
was noted already at the end of Sec. 2. 
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APPENDIX 
In accordance with our convention for the notation 
for k, the operators which appear in Eqs. (4) and (5) 


are given explicitly by 


¥’ By*(k|8| k’)By 


kk’ 


=f fe PRd®k’ Pp» Bitm* By mY tm(0,¢) 


1 
X—5(k— k’)5“) (Rk) V rm (6, ¢’) 
kk’ 


D’ Byt(k| Mk) Ay 


kk’ 


a J Pkd®k’ >» Bitm* Y tm(0,¢) 
Lym 


C(k))M“ (k,k’) Vim(O’',¢’)Aketm, (A.2) 


1 
x—i(k’— 
kk’ 


6 and ¢ (6 and ¢’) are the angular variables for k(k’). 
We assume that the particles are spinless and the inter- 
action is spherical symmetric, for simplicity. The con- 
servation of energy in the inelastic scattering is repre- 


1 J. I. Friedman, Phys. Rev. 116, 1257 (1959). 
2V. Z. Jankus, Phys. Rev. 102, 1586 (1956). 


IN 


PRESENCE OF BOUND STATE 


sented by 
RP p2 


+Q=—, 
2M 4 


(A.3) 
2Mep 


where M, (Mz) is the reduced mass in the channel (A) 
((B)). C(R) in (A.2) is defined by 
C(k)=[2M 40+ (Ma/Mp) ke}. (A.4) 


In our notation the radial wave equation is treated 
exactly as a one-dimensional problem. The commuta- 
tion relation in Eq. (7) reads as 


[BetmBerim’*] 


Obviously one gets 


=511/bmmd(k—-R’). —(A.5) 


exp[1 >’ By*(k|6| k’) By: | 


=1+ f i Pkd*k! S Berm* Be tmY tm(0,¢) V rm(0’,¢’) 
Lm 


5(k—k’)(1/kR’){explis 


and other relations as used to derive Eq 
the extra factor (1/kk’) in (A.1) 
volume element in the 
mediate states. 

Due to the fact that we are dealing with the one- 
dimensional problem (the free radial wave function for 
L=0 is sinkr), a matrix element of the interaction in 
any channel is proportional to (&)"*+'(k’)4+! when both 
k and k’ are small. By multiplying the delta function 
to take into account the energy conservation, we get 
the k dependence of 5“) (k) and M‘)(k,k’) in (A.1-2). 
For the elastic scattering, energy conservation is taken 
into account by multiplication with 


k? k” Mp 
2na(— )=2"( )ale—#’), (A.7) 
2My 2Mp k 


and for the inelastic scattering, by 


k? k’? Ma 
2n0( —+0— -) =2"(—*)acc)—#). (A.8) 
2 Mp 2M 4 ¥ 


Thus, we find near threshold 6““(k) is proportional to 
K24+1 and M“)(k,k’) to K**'. (k’=const near thresh- 
old.) This situation for 6 has been described in the text 
by the statement that 6. is proportional to k?4+, 

In order to get the threshold behavior of the scatter- 
ing amplitude and compare it with the result of Watson, 
we have to take out the energy conservation factor 
(A.8) from the S-matrix element given by (8) in the 
text. We find that (1/%) due to the normalization of the 
radial wave function is left. This reduces the k depend- 
ence of M“)(k,k’) to k”; this situation has been de- 
scribed in the text by the statement that (k|M|k’) is 
proportional to k”. [The extra factor (1/k) for the 
elastic scattering can be shown to give rise to the well- 
known formula for the section: o= (472/k?) 


XE ,(2L+1) sins (k).] 


(k)J-1}+--- (A6) 


(8). Note that 
is canceled by the 
integrations over the inter- 


cross 
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The relationship between the properties of the propagator of 
an unstable particle and the observation of mass and lifetime is 
considered. For illustrative purposes a model of a scalar (or 
pseudoscalar) particle (@) weakly coupled to two pions is treated. 
The propagator is shown to have a simple pole on the second 
(unphysical) Riemann sheet and it is assumed, as suggested by 
Peierls, that this is generally the case. By analysis of a prototype 
experiment in terms of wave packets, it is shown that the measured 
mass and lifetime are determined by the real and imaginary parts 
of the pole, respectively. Nonexponential terms occur in the life 
time curve, as is well known. These are shown to be related to the 
uncertainty in the time of the production or detection event under 
normal circumstances. This conclusion is similar to those of Lévy 


1. INTRODUCTION 


ARIOUS aspects of the treatment of unstable 
particles in quantum field theory have recently 
been discussed by several authors.'~® From these dis- 
cussions, several questions have emerged. Although it is 
well established on the basis of the uncertainty prin- 
ciple that a measurement of the mass of an unstable 
particle will not lead to a unique answer, it is neverthe- 
less possible to pose the problem of defining some quan- 
tity, to be called the ‘‘mass” of the particle, which 
locates a focus for the mass distribution. It has been 
suggested by Peierls,! by Matthews and Salam,’ and 
by others that the definition of this quantity should be 
related to the spectral function of Lehmann’ defining 
the propagator. In particular, Peierls suggested that 
there is a pole in the lower half plane of the second 
Riemann sheet of the propagator, and that the real and 
imaginary parts of the pole serve to define the mass and 
lifetime of the particle. The existence of the pole in the 
case of the Lee model of an unstable particle has been 
clearly demonstrated by Lévy‘ and we shall demonstrate 
it below in perturbation theory applied to a highly 
simplified model of the decay mechanism of the @ 
particle. 
When the form of the propagator is given, it is gen- 
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and of Schwinger, but more closely related to experimental con- 
ditions. In particular it is found that the wave packets introduce 
a “mass filter” in a somewhat different manner from that sug 
gested by Schwinger. 

Under special conditions a ¢~} term may occur in the amplitude 
but would be unimportant in magnitude for, say, the decay of a 
strange particle. It is noted that such nonexponential decay curves 
might occur for certain low-energy nuclear processes. 

Consideration is also given to the treatment of two degenerate, 
unstable particles, such as the neutral AK mesons. The general 
method for handling the problem leads, in the weak-coupling 
limit, to the same result as the Wigner-Weisskopf method. 


erally assumed that the history of the particle may be 
described in terms of the time-dependence of the pro- 
pagator. This leads not only to the characteristic ex- 
ponential decay of the particle, but also to certain 
additional terms decreasing as inverse powers of the 
time for sufficiently large times. In particular, there is 
associated with the branch point in the propagator, 
following from the possible decay or dissociation of the 
particle, a characteristic asymptotic time dependence 
proportional to ¢~! (for S-wave decay). The question of 
the measurability of such behavior naturally comes to 
mind and in this connection both Lévy® and Schwinger® 
have considered to some extent the influence of pro- 
duction and observation mechanisms on the asymptotic 
time dependence. We shall look further, and somewhat 
more directly, into these matters below. It will be 
shown that the distribution in time is not given directly 
by the time-dependence of the propagator but, instead, 
by a function incorporating the form of the wave 
packets which serve to express the experimental con- 
ditions. Under “normal” conditions, i.e., when the 
energy spectrum of the production process is reasonably 
limited, the nonexponential time behavior is governed 
entirely by the time distribution of the production and 
detection events. On the other hand, when the produc- 
tion and detection processes encompass a wide energy 
range, overlapping the branch point in the propagator, 
the ¢-? term should occur. However, in the event that 
the instability of the particle is due to a weak inter- 
action, the coefficient of this term is so small that the 
probability of the event corresponds to the order of 
magnitude of cross sections for weak-interaction events 
[such as production of A+2z by a pion-nucleon colli- 
sion below the threshold for (A,K) production]. If a 
strong interaction is responsible for the instability, a 
measurement of the chronological behavior is not usu- 
ally feasible. 

For illustrative purposes, attention will be directed 
to the simple model of @ decay mentioned above al- 
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though the results are clearly much more general. The 
properties of the @ particle are of particular interest in 
this connection because a direct measurement of the 
difference in masses between the two particle species, 
6, and 6», is feasible. Just how the mass difference be- 
tween two unstable particles can be sharply defined is 
exactly the question concerning a sharp definition of 
mass that was raised above. It will be shown that the 
quantity being measured is the shift in the real part of 
the pole in the propagator, as expected. 


2. STRUCTURE OF THE PROPAGATOR 


The model to be used as the basis for our discussion 
of the structure of the propagator is that of a scalar (or 
pseudoscalar) particle, which we call the @ particle, 
subject to a direct weak interaction of strength g con- 
verting it into two pions. This is the only interaction 
that will be included in the considerations of this Sec- 
tion. The influence of a mass degeneracy, such as occurs 
for the physical @ particles, will be treated in Sec. 5. 

The propagator of the bare @ particle is 


Ar(k?)= lim 


a—k2+ ie 


[s—-Me}, (1) 


where M9 is the bare 6 mass and k is the four-momentum 
with metric chosen so that &? is positive for timelike &. 
The propagator corrected for the coupling to pions is 
denoted by Ap’ (k?) and 


Ap’ (Rk?) lim [z—-M,?—II*(z) }', 


zk € 


where II*(k*) gives, in Dyson’s notation, the proper 
self-energy contribution to the propagator. To lowest 
order in g® (the pion bubble diagram), straightforward 
calculation of II* yields 
[1— (4m?/k?) }!+1 

T1* (k?) =5M2+ g°[1— (4m?/k?) |! h———— —, 
[1— (4m?/k?) }!#—1 
for k?<4m?. 5M? is a logarithmically divergent real 
constant which may be incorporated into the mass re- 
normalization in the usual way. If 


M?=M?+6M?, 
we may write Eq. (2) in the form 
Ap’ (k*) 


lim F(z), 


z—k2+ie 
where 


F(z)=[s— M?— f(z) (4) 


and f(z) is defined in the complex plane cut along the 
real axis from s=4m’ to ~ by 


[1— (4m?/z) }#+-1 
[1— (4m?/z) }#— 1 


The boundary values of f(z) on the cut from the 





f(s) =g°[1— (4m?/s) } In 


OF 


UNSTABLE PARTICLES 


upper and lower half-planes are (x> 4m?) 


f(xzie) = g[1— (4m?/x) }} 


1+[1—(4m?/x) ]! 
X | n—_——_—_—_—_—_ Fix 
| 1—[1—(4m?/x)]} 


To generalize the discussion, we write 


f(x te) = u(x) ¥Fi0(x) 


(7) 
and note that in the special case described by Eq. (6), 


1+[1— (4m?/x) }* 
u(x) = g*[ 1— (4m?/x) |}! lh———_———_, 
1—[1—(4m?/x) }! 


and 


v(x) = ag’ 1— (4m?/x) ]}. (8b) 


The spectral function p(x) for the propagator is 
defined by’ 


a) 


F(z)= ( 


“p? 


p(x’) 
dx’— *s (9) 
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where F(z) is given by Eq. (4) and & is the branch 
point for f(z); 


b= 4m? (10) 


in the special case. Since 


F (x+ie)— F (x—ie) = —2rip(x), 


(11) 


according to Eq. (9), we find by means of Eq. (4) and 
Eq. (7) that p(x) is given by 


2mrip(x) = 2iv(x){[a—M*— u(x) P+0(x)}-. (12) 


Using, for example, the expressions Eq. (8) for u(x) and 
v(x), we may define p(z) for complex z. The roots zo and 
Zo" of 
to— M*— u(z0)+i0(20)=0 (13a) 

and 

zo* — M?— u(2y*) — iv(2o*) =0 (13b) 
then define poles in p, provided that they exist. In fact, 
for small coupling constant g, « and v are small compared 
to M*; hence zo~ M? and the positions of the poles to 
first order in g* are 


zo= M?+-u(M?)—10(M?), (14) 


and its conjugate complex, 20*. 
These poles in p may also be 

Peierls’ suggestion,’ as poles on 

sheet of the function F(z). Since 


interpreted, following 
the second Riemann 


Ar’ (x)= F (x+ie)=[a—M?—u(x)+i0(x) }-, 


the continuation of the propagator into the lower half 
plane has just the pole zo given by Eq. (13). At the same 
time, the distribution p(x) has the form assumed by 
Matthews and Salam.* The question of whether the 
mass and lifetime as determined by experiment are 
related directly to 2 (Peierls) or to moments of p 
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(Matthews and Salam) is concerned with the nature 
of the measurements, which is taken up in Secs. 3 and 4. 


3. ANALYSIS OF THE PROTOTYPE EXPERIMENT 


The prototype experiment for measuring the mass 
and lifetime of an unstable particle can be described as 
follows: Two particles such as the pion and proton 
collide to produce the unstable particle (6), possibly in 
association with another (such as a hyperon which is 
taken to be stable for the purpose of this discussion). 
The @ either decays or interacts with an additional in- 
cident particle after some time has elapsed. The corre- 
sponding Feynman diagram is indicated in Fig. 1. We 
take all particles to be scalar particles for the sake of 
simplicity. The only essential feature of this diagram 
is that there are two vertices connected by a single 
internal line which describes the virtual @ particle. We 
denote by p; the /ofal 4-momentum of the external lines 
coming into the right-hand vertex and by p, the /olal 
emitted 4-momentum. Similarly p,’ and p,’ refer to the 
external lines at the left-hand vertex. Note that the 
fourth component of ;, say, includes the internal 
energy of the particles incident upon the one vertex. 
All other internal variables are denoted collectively by 
Ni, Ne, 1, and n.’, respectively. 

The result to be expected from an observation of the 
above type may be obtained from the corresponding 
element of the S matrix. However under normal condi- 
tions the incoming and outgoing particles are not in 
plane wave states but in wave packets; hence we wish 
to determine the S-matrix element between states 
described by appropriate packets. The amplitude of the 
packet describing the collection of external lines enter- 
ing the right-hand vertex will be denoted by y,, and the 
amplitudes associated with the other sets of external 
lines will be y., ¥;’, and y.’, respectively. The packet y; 
must describe, at early times, localized fields which are 
progressing toward a common meeting point r. Let us 
assume that, in the absence of interaction, the packets 
would meet at this point at time ¢. Then the 4-vector 
x= (r,t) denotes the space-time location of the center 
of mass of the incoming system at the instant of colli- 
sion. We denote the Fourier amplitude of the packet 
at this instant by y.(pi,n;) exp(—ip,-r). At an arbi- 
trary time 7, the Fourier amplitude of the noninteract- 
ing packet would be y¥;(p:,n:) exp[tpi- (X—x) ], where 
X= (0,7). In a similar fashion, we may write ¥.(p.,n.) 


Fic. 1. Protype of production and detection events. The dashed 
line represents the unstable (6) particle. 
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Xexp[ip.:(X—x)] for the packet of outgoing waves 
which extrapolates back to the same space-time point 
x of the initial collision. Finally, if x’ is the space-time 
point of decay or final collision, the packets at the 
left-hand vertex have the amplitudes® y,’(p,’,n,’) 
Xexplip,’: (X—x’) ] and y.'(p.’,n.’) expLip.’: (X—x’) ]. 
The S-matrix element between the states described 
by the packets is 


S= fap fam fax ve*V*1'5(p.’— pi’—k) 


Ar’ (R)8(pi— pe — kW,’ expl—i(p.’— p,’) 
-(X—x’)—i(p.— pi): (X—x)], 
with 
dp=d'p,'d'p,'d'p.d'p, 
and 


dn= dn.'dn,'dyn.dn;. 


The vertex functions I’ and I may be taken to be 
constant since the vertex interactions take place over a 
region which is exttemely small compared to the dis- 
tance traveled by the unstable particle. 

The essential features of the packets are described by 
the function 


(ik) =0'T f dn f dpe ¥*(pe nd (bE ni) 


x fa. Ve" (pi—k, ne Wilpini). (16) 
In terms of ¢, Eq. (15) becomes 


s=| d'k o(k?,k) Ap’ (R?)e**§ (17) 
with 

f=x'—x. (18) 
We shall write 
(19) 


&=(o0,7), 


and note that 7 is positive since we intend that the 
process progress from right to left in the diagram of 
Fig. 1. 

We separate the space and time dependence of S by 
writing 


S= f a explik-9)1(k,9), (20) 


where 


I(k,x)= f ate ¢(k?,k) Ap’ (R?)e~ i", (21) 


The significant question now concerns the behavior of 
S as a function of — or, more specifically, the behavior 
of J as a function of r. The probability for an event in 

8 When dealing with a decay process having no particles incident 
on this vertex, we simply set ¥;’=4();’) 
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which incoming packets collide at x to produce a virtual 
6 which then decays or interacts with a packet at x’ 
to yield the specified outgoing state is given by |.S|?. 
Hence it is appropriate to designate by S(£) the ampli- 
tude for such an event. 

An evaluation of 7(k,r) requires some knowledge of 
the functions ¢(k?,k). We assume that the energy spec- 
trum of all incident particles is limited to a finite range 
of energy. Consequently the function ¢ is distinct 
from zero only for k® within certain bounds which we 
take to be M,? and M,”. The crucial property of ¢ will 
be the manner in which it vanishes at M;? and M.?. We 
take . 


¢ (R?,k) = (k?— M *)"(k?— M7) "b(R?,k)/n!, 
M?<R<M-,?, (22) 
¢(k?,k)=0, otherwise. 

The symmetrical behavior at M,? and M.,? is chosen 
only to simplify the algebra. @(k,k) is taken to be 
analytic in k® over the domain of interest. 

Setting 

s=RP=k?—k, 


we may now rewrite Eq. (21) as 


M 27+ ie 


-f 
2 M \2+ie 


dz(z+k*)— 9(z,k) F(z) 


Xexp[—i(z+k*)!7], (24) 
where F(z) is the function appearing in the expression 
Eq. (3) for Ar’ (k?). The branch point of F(z) occurs at 
b? and we must distinguish the case for which 0? lies 
between M,? and M-? from the more usual situation in 
which M;? and M,)? lie close together and well above 8’. 
Unless otherwise specified, it is assumed that M? 
<Rez< M;?. 

For the usual case the path of integration is that 
shown as P, between M,? and M.-?, in Fig. 2. It is as- 
sumed that the upper limit, M,?, on the wave packet 
spectrum lies below any other branch points occurring 
in F(z). Otherwise the physical mode of dissociation 
characterizing these branch points would also occur in 
the reaction. The path of integration is now deformed 
as indicated in Fig. 2. 

The continuation of F(z) to the next Riemann sheet 





Fic. 2. Path of 
the integration in 
the ‘usual’ case, 
BR<M2< M-?. 
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on passing through the cut is denoted by Fr(z), 


Fy (z) = [2— M?—u(z)+i0(z) }-, (25) 


according to Eqs. (4) and (7). It is assumed that u(z) 
and v(z) are analytic within the domain of deformation. 
F(z) has a pole at z» given by Eq. (13a); hence Eq. 
(24) becomes? 


T= —mi(zot+k*)—! 9(20,k) exp[—i(zo+k*)!7] 
+Jo(7,k)+Ji(7,k), (26) 
where 
1 , 
J ;(7,k) = -f dz(z+k?)—! ¢(z,k) F(z) 
2/ p; 
Xexp[—i(ztk?)'7]. (27) 
The paths P; in Fig. 2 are defined by allowing w to 
range from 0 to © for j7=1 and from » to 0 for 7=2 
in the expression 


s=[—iw+(M 24 k?)) P— k?. (28) 


Therefore 


J 5(7,k) = (—1)4i exp[ —i(M? 1 k?)i, 


x f dw ¢(z(w) , k)Fir(z(w) Je sade (29) 


An asymptotic expansion of J(r,k) for large + may 
be obtained by substituting y=wr for the integration 
variable and expanding the integrand in powers of r~'. 
Because ¢ has the form indicated by Eq. (22), the lead- 
ing term in the expansion is found to be 


JT j(7,k) = — (— 14) (ir) - 
x (M2—M2)"2"(M 2+ k)""b(M 2k) 


< Ar’ (M?) exp[—i(M?+ k?)'r ], (30) 


when use is made of Eq. (3). The higher order terms in 
7! involve derivatives of Fy;(M,*) and it can be seen 
from the form of F1:(z), Eq. (25), that these are of the 
order of [2M ,/(M?— M?) ]Ar’(M,?) = (AM)~"Apr’, where 
AM=M-—M,. Therefore the critical time interval in 
the asymptotic expansion is of the order of (AM), 
namely, of the order of the uncertainty in the definition 
of the time of arrival of the wave packets. It will be 
very short compared to the lifetime under normal 
conditions.” 

We turn now to the less usual case in which the in- 
cident spectrum overlaps the branch point: M/’<0? 
<M,?. Then the path of integration for Eq. (24) is 
shown as P in Fig. 3, and the path is deformed as 
indicated. 

The result differs from Eq. (26) only in the contribu- 
tions of the paths P,’ and P», the former lying on the 


®The propagator has been renormalized (wave function re- 
normalization) so that F(z)=(z—z )~! in the neighborhood of 
the pole. 

10 Tt follows that the asymptotic form of the integrals J; may 
be used for values of r smaller than or comparable to the lifetime, 
as well as for much longer time intervals. 
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Fic. 3. Path of 
integration for M;? 
<BP<M?. 





second Riemann sheet and the latter on the physical 
sheet. Thus, the addition to Eq. (26) is 


1 
: f dz(s-+k*)-4o(z,k) [Fn (2)—F(2)] 
id 


. Xexp[—i(st+k2)!r], (31) 
where the path P,’ is now defined by 
s=[—iwt+ (P+k)! P—-k. 


From Eq. (11) we find 


Jy =—2n exp[—i(?+k*)!1 | 


(33) 


x f deo oz (w),k)p(2(w) )e-*". 


The asymptotic behavior of the integral is controlled 
by the manner in which p(x) goes to zero at «=—? 
rather than by the form of the wave packet (¢ is 
assumed to be regular at 5) as it was in the usual case. 
The behavior of p(x) depends in turn, on the behavior 
of v(x) near «= 6, as can be seen from Eq. (12). Follow- 
ing the suggestion of Eq. (8b), we assume that for the 
general case of an S-wave threshold 


(34) 


v(z)= (z—B*)*+°(z), 


where the “reduced width,” y?, is a regular function of 
z. Then the integral is asymptotically 


(b?+k?) (6?) 
[ee — M2—u(b?) F 


X< ¢(8k) exp[—i(h+k*)!r]}. (35) 
In this case the parameter in the asymptotic expansion 
is 70, where 0 M—6 is the energy release on decay of 
the unstable particle. 

The asymptotic expression for J in the event that the 
mass spectrum overlies the branch point is then 


I = —wig(z0,k) (otk?) exp[ —i(2o+ k?)!7 ] 


+J2(7,k)+Ji(7,k)+Jo(7,k). (36) 


AND 


R. G., SACHS 


4. INTERPRETATION OF THE ANALYSIS 


The expressions Eq. (26) or Eq. (36) for J(r,k) are 
now to be inserted into Eq. (20) to obtain the S-matrix 
element. The matrix element is then made up of two 
distinctly different types of terms, those having an 
exponential r-dependence and those depending on some 
inverse power of r. The exponential terms are governed 
by the location of the pole z. In particular, the decay 
rate of the amplitude for fixed momentum & is 
2 Im(zo+k*)!, as would be expected. Correspondingly, 
Re(zo+k?)! determines the phase of the decaying 
amplitude so that Rezp may be defined as the (unique) 
mass of the unstable particle. 

The terms J; and J, proportional to 7~‘"*» have a 
very simple explanation. They arise as a consequence 
of the way in which the mass spectrum is cut off, as 
shown in Eq. (22). But the amplitude of the time dis- 
tribution associated with this mass spectrum is also 
proportional to 7~‘"* for large r. Hence these terms in 
I are just a manifestation of the uncertainty in the time 
at which the interactions take place. They can, of 
course, be modified by changing the form of the wave 
packets describing the reacting particles. 

The magnitude of these terms relative to the ex- 
ponential term is roughly 


rai )-‘**), (37) 


where AM is, as before, the order of magnitude of the 
uncertainty in the experimental mass spectrum. For r 
of the order of the @; lifetime this ratio is 10-!‘"*» if 
the mass is determined to 0.19%. In the probability dis- 
tribution, |S 
averaging over a very small time interval as a conse- 
quence of the time dependence of the relative phases of 
the exponential and /; terms. Hence a measure of the 
contribution of J; to the observation is the square of 
Eq. (37), which is very small. 

The J, terms in Eq. (36) appear only when the ex- 
perimental mass spectrum overlaps the branch point. 
This is a consequence of the natural cutoff in the spec- 
trum introduced by the threshold for dissociation of the 
unstable particle. Its form is governed by the behavior 
of the propagator; hence it is not very sensitive to 
experimental conditions other than the important con- 
dition on the location of the mass spectrum." For just 
this reason, the possibility of actually detecting the 
term is of some interest. 


2. the interference term will vanish after 


The r~! dependence may be understood in the follow- 
ing way. If a particle is produced at a point x having a 
velocity between v and v+d2, it will appear after a time 

4 Note that the condition can be satisfied by considering the 
interaction of a pion, say, with a nucleus producing a A particle 
and a virtual @. The propagator discussed here would then provide 
a description of the virtual @;-component of the @ field. This would 
interact with matter as a (virtual) 6, producing another A although 
the energy might be below the threshold for production of a real 
6 or even below the 27 threshold, which defines the branch point. 
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7 within a spherical shell of radius v7 centered on x. The 
thickness of the shell will be rdv. The probability that 
it will be found within a small element of volume 
within the shell is inversely proportional to the volume 
4arr*v’dv of the shell. Hence the probability amplitude 
is proportional to r~!. Therefore the entire amplitude S, 
given by Eq. (20), will be proportional to 7~? if the 
location of the center of mass of the packet is specified 
to be within a small volume centered at r’. The addi- 
tional factor 7~! appearing explicitly in J, results from 
the fact that éwo particles are involved.” The contribu- 
tion at the branch point corresponds to production of 
two real pions at r and both must arrive within the 
element of volume at r’ in order to produce the desired 
reaction. 

The order of magnitude of the amplitude relative to 
the exponential term is 


(rQ)-1(A/Q), (38) 


where J is the decay rate of the unstable particle 


A\=v(M?)/M, (39) 
and Q=M-—b is the energy release on decay. Since 
\KQ(A/O~ 10-" for the @ particle) the ratio Eq. (38) 
is extremely small when r~A~. Since again, the quan- 
tity to be observed is proportional to the square of 
Eq. (38), the probability of observing the effect in 
competition with the exponential decay is very small 
indeed (10-65). 

In general, the effect in question has a probability 
of the order of (A/Q)°5. For it to be observable, the width 
\ must be of the order of Q. Even for \/Q=10"', the 
detection of the deviation from an exponential decay 
would be difficult. Resonances are known for which the 
width is of the same order as the Q value, for example, 
the (3,3) nucleon isobar. The difficulty in these cases 
is that the time scale is too short to permit a detailed 
measurement of the shape of the decay curve. For the 
sake of discussion we may assume that such a measure- 
ment requires a lifetime greater than 10-“ sec, or 
\<0.1 ev. Then a reaction with Q<1 ev would be 
required. 

It may be worthwhile to note that for a number of 
nuclei there are slow neutron resonances which seem to 
satisfy these conditions. The decay curve of the corre- 
sponding compound nucleus produced in the proper 
fashion should be nonexponential in character. 

Except under very unusual circumstances it is clear 
that the chronological history of the particle has the 
expected form of an exponential decay to a very good 
approximation. The mass of the particle, which deter- 
mines the phase of its amplitude, is Rezo and the life- 
time is (2 Imzo)™'. 


This point was brought out by discussion with Professor 


R. Haag. 
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5. THE CASE OF DEGENERACY 


In connection with the @;, 4 problem it is of some 
interest to consider the case of a mass degeneracy be- 
tween two or more particles. The degeneracy in ques- 
tion is removed by the weak interaction, so that the 
mass operator II* is in general a matrix connecting the 
degenerate states. For example, if the mass operator of 
the @ particle is calculated it will be found to have terms 
connecting it to the 6. The 6, and 6, particles are to be 
defined in such a way that they are uncoupled. If the 
weak interactions are subject to a strong invariance 
condition, such as CP invariance, it is trivial to define 
the decoupled 6; and 62 as eigenstates of the appropriate 
operator. Then the treatment of Sec. 2 would yield the 
propagator of the @; particle, that being the one capable 
of decaying into two pions. The @, would be stable in 
this model, and its propagator would be that of a 
particle of fixed mass. 

In the absence of a simple invariance condition, the 
problem is somewhat more complicated. It’s solution 
has been given’ in terms of the standard Wigner- 
Weisskopf perturbation theory, and it will be of interest 
to demonstrate that the same result is obtained by the 
present methods. 

In an arbitrary representation of the particle states, 
the quantities M? and f(z) are matrices. Hence we define 
the matrix function 


G(z)=21—M?— f(z), (40) 


where I is the unit matrix. In the 6, 62 case, G will be a 
2X2 matrix but we need not limit attention to this 
example. Note that although M,? is a multiple of the 
unit matrix, M? is not. The propagator is now also a 
matrix defined by Eq. (3) in terms of 


F (z)=G""(z). (41) 


Similarly a spectral matrix p(x) may be obtained from 
Eq. (11). 

As before, the extension of the matrix F(z) to the 
second sheet, i.e., the continuation Fy,;(z) of F(x+ie) 
into the lower half plane, is expected to have poles at 
points Za. We address ourselves to the problem of locat- 
ing the poles and determining an appropriate repre- 
sentation of the matrices. 

Our assumption is that in the immediate neighbor- 


hood of za, Fr: has the form 
Fy1(z)=Qa(s—Za)'+Qa(z), (42) 


where 2, is a constant matrix and Q,(z) is regular at 
Z=Za. The poles z. are roots of the equation 
detGi1 (za) =0. (43) 


To show this, Eqs. (41) and (42) are combined to give 


(2—2a) "Gir (2) Qat+Gr(2)Va(z)= 1 (44a) 


13T. D. Lee, R. Oehme, and C. N. Yang, Phys. Rev. 106, 340 
(1957). 
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and 


(s—ta)"2.Gu(s)+0a(s)Gu(z)=1 (44d) 


for z#zq. In order that these equations be valid for z 
in the neighborhood of z,., we must have 


Git (Za)Qa=QaGir (Za) = 0. (45) 


It follows that 
Qa=WaX Va; 


(46) 


where w, and vq are appropriately normalized column 
and row vectors given by the solutions of the homo- 
geneous linear equations 

Gi1(Za)Wwa=0 (47a) 
and 


(47b) 


veGu (Za)= 0. 


These solutions exist by virtue of Eq. (43). 
We may now write 


Fy (2)=D0 a WaX Va(Z—Za)'*+Q0(z), (48) 


where the sum is taken over all roots of Eq. (43) and 
Q(z) is regular in the domain under consideration. 

From Eqs. (40) and (47) we find that the w, are 
solutions of 


[M?+- f (fa) wa=ZaWa- (50) 


In the special case of weak coupling, f(z2) may again be 
replaced by {(M”), whence it follows that the z. are the 
characteristic values of the matrix M?+ {(M?). The real 
part of each of these characteristic values defines the 
mass of a particle and the reciprocal of the imaginary 
part defines twice the mean life of the same particle. 
This result is identical with that obtained by means of 
the Wigner-Weisskopf method." 


6. CONCLUSIONS 


Our results are in complete accord with Peierls’ sug- 
gestion' that the mass and lifetime of an unstable 
particle are determined by the pole in the spectral 
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function of the propagator which lies in the lower half 
plane. An analysis of a typical experimental situation 
in terms of wave packets shows that the amplitude of 
the particle state is essentially the Fourier transform 
of the propagator, as generally assumed, but that there 
are corrections due to the experimental limitations on 
the energy. These corrections are not described by 
Schwinger’s® “mass filter” acting on the spectral func- 
tion. Instead, the filter effect of the wave packets acts 
directly on the propagator. The resulting corrections 
are a direct manifestation of the uncertainty in the 
definition of the time associated with the spread in 
energy of the packets in the usual case of an event 
having a rather well-defined energy. This corresponds 
to the points made by Lévy and Schwinger that the 
nonexponential terms in the decay amplitude are 
strongly dependent on experimental conditions. How- 
ever, if the spectrum is broad enough to overlap a 
branch point (for an S-wave threshold) the terms pro- 
portional to r~! will occur and will not be otherwise 
sensitive to the experimental conditions. But the mag- 
nitude of the effect is such that it may not be possible 
to observe the deviations from a purely exponential 
decay with presently available techniques. 

It has been assumed throughout this discussion that 
the analytic structure of the propagator has the general 
form suggested by the model. No attempt has been 
made to justify this assumption on general theoretical 
grounds.'* However it is clear that if the propagator has 
this general form, in particular if the pole occurs on the 
second sheet, then the characteristic behavior of an 
unstable particle will be observed. Although it has not 
been proved, it seems unlikely that this behavior will 
occur under distinctly different circumstances. 
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